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Introduction 


Frederick Engels wrote in ‘Anti-Diiring’: “Pure mathematics deals 
with the spatial forms and quantity relations of the real world— 
that is, with material which is very real indeed”. Accordingly, 
mathematics, in general is divided into Geometry and Analysis. 

Mathematics originated in hoary antiquity. Its first period has 
been named ‘Elementary Mathematics’ and is characterized by the 
following features; (a) immovability of objects under consideration, 
(b) non-utilization of the idea of infinity, (c) absence of general 
methods. | 

The rapid growth of production, engineering, and the natural 
sciences in the seventeenth and eighteenth centuries necessitated 
the creation of mathematical means suitable for studying functional- 
ly related variable quantities. There arose a new mathematics, the 
so-called ‘Higher Mathematics’, with its various branches: analytical 
geometry, differential and integral calculus, theory of differential 
equations, etc. 

Analytical geometry provided a general method for solving geo- 
metrical problems (the method of coordinates). Powerful new notions; 
such as the infinitesimal, the derivative, the integral, an infinite 
series, and so on, which found their origin in differential and integral 
calculus not only enabled mathematicians to cope with ease with 
the famous ancient problems concerning the tangents, areas, vol- 
umes of solids, etc., but also supplied the means for solving even 
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more difficult problems previously considered unsolvable. Urgent 
problems (for those times) arising from mechanics, physics, and 
engineering were successfully solved with the aid of differential 


equations. 
Here is a brief historical review of the development of higher 


mathematics. 

The foundations of analytical geometry were provided by the 
famous French philosopher and mathematician, René Descartes 
(1596-1650). The superb English mathematician, physicist and 
astronomer, Isaac Newton (1642-1727), and the great German philos- 
opher and mathematician, Gottfried Wilhelm von Leibniz (1646- 
1716), invented differential and integral calculus independently; 
though we should not forget that the ideas for the new calculus 
can be found in the publications of their numerous predecessors*. 
An outstanding role in creating classical mathematical analysis 
was played by Leonhard Euler (1707-1783), Joseph Louis Lagrange 
(1736-1813), Carl Friedrich Gauss (1777-1855), Augustin Louis 
Cauchy (1789-1857), Karl Theodor Wilhelm Weierstrass (1815- 
1897), and other well-known scientists. 

It being impossible for us to completely elucidate the role Russian 
scientists played in the development of higher mathematics, we 
will confine ourselves to mentioning the most important contribu- 
tions by our countrymen**. 

Fundamental discoveries in almost all fields of mathematical 
knowledge and its applications are credited to the great.mathema- 
tician L. Euler, member of the Academy in St. Petersburg. His 
works have retained their importance until the present day. 

The Russian mathematician of genius, N. I. Lobachevsky (1792- 
1856), brought about a genuine revolution in geometry by creating 
a new science—the Lobachevskian geometry. His ideas were so 
new that his contemporaries did not understand them and only 
comparatively recently was his theory generally recognized and 
developed further. Lobachevsky also contributed to mathematical 


analysis. 


* See G. M. Fichtenholz, Foundations of Mathematical Analysis, v. I, Chap- 
ter 14 (A Historical Essay on the Origin of the Principal Ideas of Mathematical 
Analysis), Nauka, 1968 (in Russian). 

** For more detail see B. N. Delone, Mathematics and Its Development in 
Russia, Pravda Publishing House, 1948; and B. V. Gnedenko, Essays on the 
History of Mathematics in Russia, Gostekhizdat, Moscow, 1946 (in Russian). 
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The outstanding academician M. V. Ostrogradsky (1801-1861) 
derived an important relation in the theory of multiple integrals 
which is widely used in many applications. 

The great Russian scientist, P. L. Chebyshev (1821-1894), by 
publishing his remarkable works on the theory of mechanisms, 
founded a new branch of mathematics—the theory of the best approx- 
imation of functions; it is still being strongly developed today. 
Chebyshev obtained classic results in many other branches of mathe- 
inatics including probability theory, number theory, and integral 
calculus. He was the first to achieve success in solving the most dif- 
ficult problem of the distribution of simple numbers, one which had 
remained unsolved for more than two thousand years. 

Chebyshev was the founder of the Petersburg school of mathema- 
lics, one of the strongest schools in the world, including among its: 
brilliant members A. A. Markov, A. M. Lyapunov, V. A. Steklov, 
A. N. Krylov, and others. 

The well-known Russian mathematician, S. V. Kovalevskaya 
(1850-1891), obtained important results in the theory of differential 
equations in theoretical mechanics. 

Soviet mathematicians take an active part in the development of 
science. Thanks to the presence in the USSR of a large number of 
outstanding scientists in all fields of modern mathematics, assisted 
by their active followers, the achievements of Soviet mathematicians. 
are abreast of the most advanced mathematical thought. 

The aim of this text is to set forth the essentials of higher mathe- 
matics and their applications in various fields. At present higher 
mathematics serves as the theoretical foundation for most branches 
of the natural, applied and engineering sciences. Therefore, every 
natural scientist must necessarily master its methods to be able 
lo apply them for practical purposes. 
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The Rectangular 

Coordinate System in the Plane 
and Its Application 

to Simple Problems 


Sec. 1. Rectangular Coordinates of a Point in the Plane 


The coordinates of a point in the plane are defined as the numbers 
delermining the position of this point in a plane. 
In the plane the rectangular Cartesian coordinates* are introduced 


in the following way: a 
point O (the origin of coordi- 
nales or, simply, the ori- 
vin) and two mutually per- 
pendicular directed straight 
lines Ox and Oy (the coor- 
dinate axes) are chosen in 
(his plane (Fig. 1). For the 
sake of convenience we as- 
sume that the axis Ox (the 
axis of abscissas, or the x- 
xis) is horizontal and is 
directed from left to right, 
and the axis Oy (the azis of 
ordinates, or the y-axis) is 
vertical and directed up- 
wards. Thus, the axis Oy 
is rotated anticlockwise 


FIG. 4 


with respect to the axis Oz through an angle of 90°**. Besides, a scale 
unit (a unit of length) is chosen to measure distances. 

For a given point // let us consider the following two numbers: 
(he abscissa x and ordinate y of this point. 


* Cartesian system of coordinates may be rectangular or oblique; here we 
consider only a rectangular system of coordinates. 

René Descartes (1596-1650), celebrated French philosopher and mathema- 
lician. Cartesius is the latinized version of his name. 

** Generally speaking, the arrangement of coordinate axes as well as their 
posilive and- negative directions are chosen arbitrarily. 
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The abscissa x is defined as a number expressing (in a certain scale) 
the distance of a point from the axis of ordinates taken with the 
plus sign if the point lies to the right of the axis of ordinates, and 
with the minus sign if the point lies to the left of this axis. 

The ordinate y is defined as a number expressing in a certain scale 
(usually in the same as taken for the abscissa) the distance of a point 
from the axis of abscissas taken 
with the plus sign if the point 
lies above the axis of abscissas, 
and with the minus sign if the 
point lies below this axis. 

The two numbers x and y are 
called the rectangular _ coordi- 
nates (or, simply, coordinates) of 
point M, since they completely 
determine the position of the 
FIG. 2 point in a plane, namely, to any 

pair of the numbers x and y there 
corresponds a unique point, these numbers being its coordinates; 
and conversely, any point of a plane has a pair of definite coor- 
dinates x and y. If a point M has the coordinates x and y, then 
this isf}denoted in the following way: M (zx, y) (the abscissa zx is 
followed by the ordinate y). In writing down the coordinates, the 
plus sign, as usual, may be omitted. 

The z- and y-axes separate the plane into four compartments 
called the quadrants. Numbering the quadrants (I, II, IJI, and IV) 
in the anticlockwise direction, starting from the quadrant where 
both coordinates are positive, we get the following table indicating 
the signs of the coordinates of points located in the different quad- 
rants: 


The line segment OM joining the origin O to the point M (Fig. 2) 
is termed the radius vector of this point. Denoting by @ the angle 
formed by the segment OM with the positive direction of the x-axis, 
and by r its length, from the triangles OMM’ and OMM" we get 
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for the point M located in the first quadrant 


L=Prcosq, 
mn : (1-1) 
y=rcos (+-—9} —rsin @. 


It is obvious that these formulas are valid for the coordinates of 
points situated in all the quadrants. Hence, the sign of the abscissa x 
of the point M coincides with the sign of the cosine, and the sign 
of its ordinate y with the sign of the sine in the appropriate quadrant. 

It is easy to see that if a point lies on the axis of abscissas, then 
its ordinate y is equal to zero; if a point lies on the axis of ordinates, 
then its abscissa x is zero, and conversely. Consequently, if a point 
coincides with the origin, then both of its coordinates are equal 
to zero. 


Example. The points M, (z,, y1), Me (Xe, Y2), Ms (x3, ys) and 
M, (x,, y,) in Fig. 1 have the following coordinates: 


(1) 2, = QM, = OP, = +2; y, = PM, = OQ, = +3; 
(2)2,=0,.M,=O0P,=—4; y,=P.M,= 00, = +2; 
(3) 3 = Q35M, = OP; = —2; y, = P,;M, = OQ; = —4; 
(4) 4, = Q,M, = OP, = +9; y, = P,M, = 00, = —2. 


For the sake of brevity, henceforth we shall call the rectangular 
Cartesian coordinates simply rectangular coordinates. 

Below we are going to consider a number of simplest problems 
solved by using the rectangular coordinates in the plane. 
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Sec. 2. Transformation of Rectangular Coordinates 


When solving problems, it is sometimes advantageous, instead 
of a given rectangular coordinate system Ozy, to choose another 
rectangular coordinate system O’z’y’ oriented in a certain way with 
respect to the first one. For instance, for the purpose of interplanetary 
journeys we may use the coordinate system associated with the 
centre of the Earth (the so-called geocentric coordinate system); but 
it is more convenient to take advantage of the coordinate system 
associated with the centre of the Sun (the heliocentric coordinate 
system). 

There arises a problem of transformation to new coordinates, 
i.e. the problem of substituting one (“old”) coordinate system by 
another (“new”) system. 

We shall first consider the simplest case (Fig. 3) when the axes 
of the new coordinate system O’z’y’ are parallel to the corresponding 
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axes of the old coordinate system Oxy and are in the same directions 
(this case is called the translation of a coordinate system). 

Suppose the origin of the new coordinate system (point O’) has 
the coordinates (a, 6) in the old coordinate system. The point M 
with the old coordinates (zx, y) will have certain new coordinates 
designated for clarity [z’, y’]. From Fig. 3 we get directly 
“x=x—a, y =y—), (2-1) 
i.e. the new coordinates of a point are equal to its old coordinates less 
the old coordinates of the new origin. 

Conversely, from (2-1) we find 


x=2x +a, y=y +b. (2-2) 


Let now the new coordinate system Oz’y’ be rotated with respect 
to the old system Oxy through an angle a, with the origin O remain- 
ing unchanged (Fig. 4). That is, 7 z’Ox = a, a being regarded as 
positive if the rotation is accomplished anticlockwise, and as negative 
in the opposite case (rotation of the coordinate system). 

Let us denote by £ the angle formed by the radius vector r = OM of 
the point M with the axis Oz’. Then, taking into account the sign 


FIG. 3 FIG. 4 


of the angle B*, the line segment OM will make with the axis Ox 
an angle a + 6. Whence on the basis of formulas (1-1) for any loca- 
tion of the point M we have 


x =rcos(a+ ~) = rcosacos Bp —rsina sin f (2-3) 
and 
y =rsin(a + 8) =rsinacos§i + rcosa sin B. (2-4) 


* Here the angle B is regarded as positive if the radius vector OM is rotated 
about the axis Ox’ anticlockwise, and negative if it is rotated about this axis 
clockwise. 
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Since the new coordinates of the point M are, obviously, 
x’ =rcosB, y =r sin B, (2-5) 
from (2-3) and (2-4) we get 


x=2' cosa—y’ sina, 
ee , (2-6) 

yY=ax sina-+y cosa. 
When memorizing formulas (2-6) note the lack of order in the 

expression for z (cosine in front of sine, minus sign between terms on 

the right). On the contrary, 

there is complete order in YA 

the expression for y (first the 

sine, then the cosine, and a ae NL 

plus sign between them). J Ne 
Formulas (2-6) express the abe \ 

old coordinates x and y of the Miey 1 2,4) 

point M in terms of its new co- 120° 

ordinates x’ and y’. To express 

the new coordinates x’ and iy Z 

y in terms of the old ones z 

and y, it is sufficient to solve 

system (2-6) with respect to FIG. 09 

x and y’. But we may proceed 

simpler, namely, to take the system Oz’y’ for the “old” one, and 

the system Ozy for the “new” one. Then, taking into consideration 

that the second system is rotated with respect to the first one through 

an angle —a, replacing in formulas (2-6) x’ and y’ respectively by x 

and y, and conversely, and taking into consideration that cos (—a) = 
: cos @, sin (—a) = —sin a, we shall have 


3 


(2-7) 


x =xcosat+y sina, 
y = —azxsina+ycosa. 


Finally, in the general case, when point O’ (a, b) is the new 
origin, and the axis O’x’ forms an angle a with the axis Oz, combin- 
ing (2-2) and (2-6), we find 


ms x’ cosa—y sina, 
aed be sina+ COS a. -) 
Analogously, from (2-1) and (2-7) we get 
x =(x—a)cosa--(y—)) sina, (2-9) 
y’ = —(x—a) sina+ (y—)) cosa. 


From (2-8) and (2-9) it follows that the formulas for transition from 
one rectangular coordinate system to another rectangular coordinate 


22 A Brief Course of Higher Mathematics 


system are linear functions of both the new and old coordinates, 
i.e. they contain these coordinates in the first power. 


Example. The line segment OM whose end-point M has the coor- 
dinates (z, y) is rotated anticlockwise through an angle a = 120° 
(Fig. 5). Find the coordinates x’ and y’ of the new position M’ of 
the point M. 

+ Supposing that the point M is associated with the moving coordi- 
nate system Ozx’y’, by virtue of formulas (2-6), we shall have 


x’ = 260s 120°—y sin 120° = —4 (x+yV3), 


y’ =xsin120°+ ycos 120° => (xV 3—y). 


Sec. 3. The Distance Between Two Points in the Plane 


(1) We first find the distance r of the point M (x, y) from the 
origin O (0, 0) (Fig. 6). 

Obviously, the distance r = OM is the hypotenuse of the right- 
angled triangle OMM’ with the legs OM’ = | 2 | and M’M = | y |. 

Using the Pythagorean theorem, we get 


r= V 22-4 y2, (3-1) 


Thus, the distance of a point from the origin is equal to the square 
root of the sum of the squares of the coordinates of this point. 
(2) In the general case, for instance, for the points A (z,, y,) and 


FIG. 6 FIG. 7 


B (£2, Ye) (Fig. 7), it is required to find the distance d = AB between 
these points. 

Let us choose a new coordinate system Az’y’ whose origin coin- 
cides with the point A and whose axes are parallel to the old axes, 
being in the same direction with them, respectively. Then in the 
new coordinate system the points A and B will have the following 
coordinates: A [0, 0] and B [z, — 21, y, — y,] (see Sec. 2). Hence, 
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on the basis of (3-1), we get 
d= V (@2— r4)*-+ (Y2—Y1)?, (3-2) 
i.c. the distance between two arbitrarily chosen points of a plane is 


equal to the square root of the sum of the squares of the differences of 
like coordinates of these points. 


Note. Formula (3-2) also yields the length of the line segment AB. 

It is easy to determine the direction of this segment. From the 
right-angled triangle ABC we have 

dy=aACOSA=X.— 4X4, 

Cee (3-3) 

d,=d Sin&@=Yo— 4 
(d, and d, are called the projections of the line segment AB on the 
coordinate axes Oxy). Whence we get 


Le— Ly Yo— V1 


cosa=—[—+, sina= ae tan @ = #2 4 


Lgo—— ty ‘ 


where d is determined by formula (3-2). 

Example. A tank moved across the country from point A (—30, 
80) to point B (50, 20) (relative to a coordinate system Ozy); the 
coordinates are given in kilometres. Find the distance d covered by 
ihe tank if it moved without changing the direction. 

Applying (38-2), we have 


d= VY (50+ 30)2+ (20— 80)2 == V 6400 + 3600 = 100 km. 


Sec. 4. Dividing a Line Segment in a Given Ratio 


Suppose the line segment AB (Fig. 8) joining the points A (z,, y;) 
and B (25, Ye) is divided by the point C into two segments AC and 
CB, and the ratio of AC to CB is 


equal to 1 (l> 0): 
AC 
CB. = l. (4-1) 


It is required to express the coordi- 
nates x and y of the point C (z, y) 
in terms of the coordinates of the 
cid-points of the line segment AB. 
We drop. perpendiculars AA,, 
BB,, and CC, onto the axis Oz 
from the points A, B, and C, FIG. 8 
respectively. Now we have three 
parallel lines A,A, C,C, B,B intersecting the sides of the angle (not 
shown in the drawing) formed by the lines AB and Oz. As is known 
from elementary geometry, a pencil of parallel straight lines cuts 
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the sides of an angle into proportional parts; therefore 


AC) _ AC 
whence, by (4-1), we shall have 

A,C, = 

CB, = |, (4-2) 


As is obvious from Fig. 8, 
A,C, — OC; == OA, = I — Z15 
CiB, — OB, ae OC; = Lo — ww. 


Substituting these expressions into (4-2), we get 


L— Ly _ = 
por ae l. (4-3) 
Solving (4-3) with respect to the unknown abscissa x, we shall have 
_ alr, , 
er 2 
analogously, 
a Yitlye 
Y ~ 4+1 ° 


Thus, the coordinates of the point C (z, y) dividing the line 
segment AB in the ratio J (as measured from A to #) are determined 
by the formulas 


ae 4, +12, \ 

ne (4-4) 

oe Yitlys 

4+1 

If the point C bisects the segment AB, then AC = CB and, con- 
sequently, 
AC 

l= 73 di 


Denoting the coordinates of the midpoint of AB by xz, y, we get 
by virtue of (4-4) 


= fa 

} (4-5) 
Coe oi YitYe | 
=> 2 ) ) 


i.e. the coordinates of the midpoint of a line segment are equal to the 
half-sums of the corresponding coordinates of its end-points. 
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Note. When deriving formulas (4-4) and (4-5), we proceeded from 
(he assumption that the end-points A and B of the line segment AB 
lic in the first quadrant, and, hence, the coordinates of the points A 
and B are positive. It is easy to prove that formulas (4-4) and (4-5): 
will also hold when one or both end-points of AB lie in other quad- 
rants and, consequently, some or all coordinates of the points A 
und B turn out to be negative. 


ixample. Compute the coordinates of the point C (z, y) dividing 
(he line segment AB between the points A (—5, —3) and B (4, —6): 


AC 3 
in the ratio GE 
In this case 1 = > and, hence, 
3 3 
_ —5+5-4 _ —38+5+(—8) a 
oy Sg BaD -_ 3 SE aoe 
{>> 1+ 


Sec. 5. The Area of a Triangle 


Let it be required to find the area S of the triangle ABC (Fig. 9): 
with the vertices A (z,, y,), B (2s, Yo), C (X53, Ys). 

Let AB =c, AC = b, and the angles formed by these sides with 
the z-axis are equal to a and 8, respectively. 

On the basis of Sec. 3 (see the note) we have 


A'B’ =c,=cCCOSa= %o— 21, 

A" B" = cy =C SING = Yo— Yy ae 
and 

A'C' =b, =bcoospB=23— 2%, (5-2) 

A"C" =b, =bsinB = y3— 4. 


Let » =Z CAB; obviously (Fig. 9), 


p=pi—a. 
Using the known trigonometric formula, we get 


4 ; 1 ; 
S= = be sin p= 5 be sin (B—a) = 
=> bc (sin B cos a— cos sin a) = = (b,C,—b,Cy). (9-3): 
Hlence, by (5-1) and (5-2), we have 
1 
S = + [(Ys— y1) (Lo— t1) — (L3— 41) (Yo— Y1)]- (9-4), 
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It should be noted here that with the vertices arranged in a dif- 
ferent way formula (5-4) may yield the area S of the triangle with 
a minus sign. Therefore the formula for the area of a triangle is 

usually written in the form 


S = +5 [(#.—2) (Y3s— 


_— 
o“~T 
wa SN 
_— 


—Y4) — (%3— 21) (YY2o— 1) | 


Fy) ao Gee (5-4') 
—"B(Z2,0) @ where the sign is chosen 

so that a positive number 

FIG. 9 is obtained for the _ re- 


quired area. 
Using the notion of a second-order determinant 


a b ai 
g| = ad — be, 
formula (5-4’) may be written in the form to be readily memorized 
Giex +4 La— XL L3y— Hy (5-5) 
Yo YU1 Ya MN 


Formula (5-4’) becomes simplified if the point A (x, y,) is situated 
at the origin. Namely, putting x, = 0, y, = 0, we get 


4 
S= > (LaY3—m— L3Yo)e 


Let us note that if A, B, C are collinear points, then the area 
SS = 0; and conversely, if S = 0, then the vertices A, B, and C 
are on a Single straight line. 


Example. A field has the form of a triangle with the vertices 
A (—2, —1), B(3, 5), and C (—1, 4) (the dimensions are given 
in kilometres). Determine the area S of this field. 

By (9-9), we have 


lent ae 1 


S=+ = — 
~ 21/544 4t 4 sa 


5 4| 
6 5|— 
=+5(25—6)=9.5 km?=950 ha. 


Note. The determination of the area of a polygon is reduced to 
determining the areas of triangles. Therefore, it is sufficient to divide 
a polygon into triangles whose areas are calculated by (5-4). 
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Exercises 


{. Construct the following points: A (2, 3), B (—4, 1), C (2, —3), 
1) (—2, —2), FE (—98, 

2. Determine the coordinates of the vertices of an equilateral 
triangle located in the first quadrant with the side equal to 10 if 
one of its vertices coincides with the origin O, and the base of the 
lriangle is situated on the z-axis. 

3. Determine the coordinates of the point M (zx, y) symmetrical 
to the point A (1, 2) about: (a) the z-axis; (b) the y-axis; (c) the 
bisector of the first and third quadrants; (d) the bisector of the 
second and fourth quadrants. 

4. A straight line MN is parallel to the axis of ordinates and lies 
lo the right of it at a distance of 5 length units. Find the coordinates 
of the point A, symmetrical to the point A (2, 4) about the line MN, 
und coordinates of the point B, symmetrical to the point B (—1, 3) 
nhout the same line MN. 

9. On the axis Ox find the point whose distance from the point 
A (3, 4) is equal to 5. 

6. A line segment AB with the end-points A (2, 5) and B (4, 8) 
is divided by a point C in the ratio 2: 3. Find the coordinates of 
(he point C. 

7. Point C (2, 3) divides a line segment in the ratio 1: 2. Find 
(le coordinates of the point B if it is known that the point A has 
the coordinates z= 1, y = 2. 

8. The vertices of a triangle are A (—2, 0), B(6, 6), and 
(’ (1, —4). Find the length of the bisector drawn from the vertex A. 

9, Placed at points A (—2, 1) and B (7, 4) are the masses m,= 

lO g and m, = 20 g, respectively. Determine the coordinates 
of the centre of mass of this system. 

{0. Find the coordinates of the centroid N of the triangle ABC 
with the vertices: A (—2, 1), B (2, —1), C (4, 3). (The centroid 
of the triangle coincides with the point of intersection of its medians. 
This point is two-thirds of the distance from a vertex to the opposite 
side along a median.) 

11. The line segment between the points A (xo, y,)) and B (x, y) 
is divided into m equal parts. Determine the coordinates 7;, y; 
(( =1, 2, ..., m — 14) of the division points. 

{2. Compute the area of the triangle with the vertices A (—2, —2), 
i (—1, 3), and C (3, —1). 

13. Show that the points A (—7, —3), B(—1, 1) and C (2, 3) 
are collinear. 

14. The area of the triangle ABC with the vertices A (—2, 1), 
1} (2, 2), C (4, y) equals 15. Determine the ordinate of vertex C. 

15. A forest has the shape of a quadrilateral whose vertices are: 
A (0 m, 200 m), B (200 m, 100 m), C (500 m, 300 m), and D (100 m, 
700 m). Find the area of the forest. 


Chapter 2 


The Equation of a Line 


Sec. 6. Sets 


A set X = {x, x’, x", ...} is understood as a collection of some 
elements (or members) x, 2’, x”, ... . If x2 is a member of a set X, 
then we write 

rEX 


(we read € as “is a member of, or belongs to”, hence, the above 
expression is read as “x belongs to X”); if y is not a member of this 
set, then we write 


ygx 
(which is read as “y does not belong to X”). 
Example 1. X, the set of all students in a given lecture-room. 


Example 2. X = {1, 2, 3, ...}, the set of natural numbers. 

It is convenient to introduce the notion of the empty (or null) 
set, i.e. a set that contains no elements, which is denoted by #¢. 
In particular, this frees us from the necessity to prove each time 
the existence of at least one element belonging to a given set. 


Example 3. The set of three-headed people is empty. 
The sets X and X’ are considered to be equal, written 


xX = X’ 
if they consist of precisely the same elements. 


Definition 1. A set Y comprising a part of the elements belonging 
to the set X or coinciding with it is called a subset of X; in this case 
we write 


YcX (6-1) 


and read as “Y is contained in X”. 
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An empty set is conventionally regarded as a subset of any set. 
(iraphically the idea of subset is illustrated in Fig. 40. 

If the symbol V is understood as “for any”, then relationship (6-1) 
is equivalent to the following: 


VyeY >yeEXx, (6-1°) 
where the arrow = substitutes the word “follows”. 


Iixample 4. Let X be the set of all students of the first course, 
ind )” the set of all girl students of the first course. Obviously, 

ye XxX. 

If Yo X and X CY, then, obviously, 

) a 

Definition 2. The union (or sum) of two sets X and Y (written X |) Y) 
is defined as the set (or collection) of all the elements belonging to at 


FIG. 10 FIG. 11 


4 


least one of the given sets, i.e. to X or Y, or to both sets (see Fig. 11). 

The union of more than two sets is defined analogously. For in- 
stance, the union X |) Y |) Z of three sets is understood as the set of 
ill elements belonging at least to one of the sets X, Y, Z. Logically, 
(le symbol for the union of sets corresponds to the copulative “or”. 


ixample 5. (1, 2, 3}U {2, 3, 4} = (4, 2, 3, 4}. 


Definition 3. The set of all elements which belong to both X and Y 
‘xs called the intersection (or product) of the sets X and Y (the common 
part of the sets), written X (| Y (Fig. 11). 

Thus, logically the symbol for the intersection corresponds to the 
conjunction “and”. If the sets X and Y have no common elements, 
(hen their intersection 13 empty 


Yn Y=¢. 
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The intersection of more than two sets is defined similarly. For 
instance, the intersection X () Y (| Z of three sets is understood as 


the set of all elements which belong simultaneously to the sets 
X, Y, and Z. 


Example 6. 
{1525 Of) 42658, 4} == 42, 3). 


Definition 4. The set consisting of all elements of X that do not 
belong to Y is called the difference between the sets X and Y and is 
denoted X \_Y (Fig. 12). 

If 


Vie Xx. 


then the set 
Yo XY 


is called the complement of the set Y to the set X (Fig. 13). 
Obviously, 


YU ye =X, Yo) Yo = ¢. 
Example 7. 
{1, 2, 3} \ £2, 3, 4) = {1}. 


Sec. 7. The Method of Coordinates in the Plane 


It was shown in Chapter 1 how, using rectangular coordinates, 
we can solve geometrical problems algebraically. 

The branch of mathematics which studies the properties of geo- 
metrical figures with the aid of algebraic methods of reasoning is 
named analytical geometry (Cartesian, or coordinate geometry). 

Analytical geometry grew out of the need for establishing uniform 
techniques for solving geometrical problems, the aim being to apply 
them to the study of curves, which are of particular importance in 
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practical problems. This aim was achieved, in the coordinate method. 
ln this method, calculations are fundamental, while constructions. 
play a subordinate role. 

The origins of the coordinate method go back to the works of the 
uncient Greek mathematicians, in particular Apollonius (3-2 cen- 
(ury B.C.). The coordinate method was systematically elaborated 
in the first half of the 17th century in the} works: of Fermat* and 
Descartes**. However, they considered only plane curves. It was 
uler*** who first applied the coordinate method in a systematic 
study of space curves and surfaces. 

In the preceding chapter we used the coordinate method for 
solving a number of important but particular problems. Now we 
ure going to start a systematic study of how analytical§ geometry 
solves the general problem consist- 
ino in the determination of the 
shape, position, and properties of 
i given line using the methods of 
mathematical analysis. 

Suppose we have a line in the 
plane (Fig. 14). The coordinates x 
ind y of a point lying on this 
line are not completely arbitrary. 
They must meet certain limita- 
lions stipulated by the geometrical 
properties of a given line. The FIG. 14 
lnct that the numbers z and y are 
(he coordinates of a point lying on a given line is written analyti- 
cally in the form of an equation. This equation is said to be the 
equation of a line in the plane. 

By representing each point in the plane by its coordinates, and 
each line by an equation that relates the running (moving, or cur- 
ront) coordinates, we reduce geometrical problems to analytical 
(computational) problems. Hence, the name “analytical geometry”. 

Thus, the essence of the coordinate method in the plane consists 
in that any plane line is associated with its equation (or, more 


* Pierre Fermat (1601-1655), celebrated French mathematician, one of 
(he forerunners of Newton and Leibniz in developing the differential calculus; 
ude a great contribution in the theory of numbers. Most of Fermat’s works. 
(including those on analytical geometry) were not published during the author’s 
lifetime. 

** The year 1637, which saw the publication of his Geometrie, an appendix 
\o his philosophical treatise, is taken to be the date of birth of analytical geo- 
Inclry. 

*** Leonhard Euler (1707-1783), gifted Swiss mathematician, wrote over 
HO scientific papers and made important discoveries in all of the physico- 
tnauthematical sciences. He spent most of his life as a member of the Academies 
i Berlin and in St. Petersburg (now Leningrad). 
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precisely, the class of equivalent equations), and then the proper- 
ties of this line are studied analytically investigating the correspond- 
ing equation. 


Sec. 8. The Line as a Set of Points 


A line in the plane is usually specified as a set of points possessing 
certain geometrical properties inherent exclusively in them. 


Example 1. A circle of radius R (Fig. 15) is a set of all points of 
the plane situated at a distance R from one of its points O (the centre 
of the circle). 

In other words, situated on the circumference of a circle are those 
and only those points whose distance from the centre of the circle 
is equal to its radius. 


Example 2. The bisector of the angle ABC (Fig. 16) is a set of 
all points lying inside the angle and equidistant from its sides. 
This statement asserts that: (1) for any point M lying on the 
bisector BD the lengths of the perpendiculars MP and MQ dropped 


beg 


FIG. 415 FIG. 16 


onto the sides BA and BC, respectively, are equal to each other, 
i.e. MP = MQ, and (2) any point lying inside the angle ABC but 
not on its bisector will be nearer to one side of the angle than to the 
other. 


Sec. 9. The Equation of a Line in the Plane 


Let us now formulate more precisely the definition of the equation 
of a line* in the plane. 


* The line will be frequently called the curve irrespective of whether it is 
rectilinear or not. 7 
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Definition. The equation of a line (curve) on the plane Oxy is defined 
as an equation which is satisfied by the coordinates x and y of each point 
of a given line, and is not satisfied by the coordinates of any point not 
lying on this line. 

Hence, in order to establish that a given equation is the equation 
of a line K, it is necessary and sufficient to prove that: (1) the coor- 
dinates of any point lying on the line K satisfy this equation, and (2) 
conversely, if the coordinates of a point satisfy this equation, then 
the point necessarily lies on the line K. 

Whence it follows automatically that: (1’) if the coordinates of 
a point do not satisfy a given equation, then this point does not lie 
on the line K, and (2’) if a point is not on 
the line AK, then its coordinates do. not 
satisfy the given equation. 

If a point M (xz, y) moves along the 
line A, then its coordinates z and y con- 
tinuously vary but all the time satisfy 
this equation. Therefore, the coordi- 
nales of the point M (z, y) are called 
the current (running, or moving) coordi- 
nates of a point of the line K. 

In the plane Oxy the current coordi- 
nates of a point M of a given curve K are — 
usually denoted by z and y, the first of FIG. 17 
them being the abscissa of the point M, 
and the second its ordinate. But if it is appropriate, the current 
coordinates of the point M may be denoted by any letters, for in- 
stance, M(X, Y), or M(&, n), and so on. Thus, for instance, 
(he equations 


= 27 and Y = 2X, 


4 


where the points NV (z, y) and N (X, Y) are situated in the plane 
(xy, represent the equation of one and the same straight line con- 
(nined in this plane. 

Let us explain the principal concept of analytical geometry, 
i.c. the equation of a line by giving a number of examples. 


ixample 1. Form the equation of a circle of radius R with centre 
at. the origin. 

We take on the circle (Fig. 17) an arbitrary point M (zx, y) and 
join it to the centre O. By definition we have OM = R, i.e. 


o2+y=R 


whence , 


o  y® = RR (9-1) 


1 875 
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Equation (9-1) relates the coordinates z and y of each point of the 
given circle. Conversely, if the coordinates of the point M (z, y) 
satisfy equation (9-1), then, obviously, OM = R and, hence, this 
point lies on our circle. Thus, (9-1) represents the equation of a circle 
of radius R with centre at the origin. 


Example 2. Form the equations of the bisectors of the quadrants. 
We first consider the bisector of the first and third quadrants 
(Fig. 18, a). Let us take on it an arbitrary point M (za, y). If the 
point M lies in the first quadrant, then its coordinates are positive 
and equal to each other (by the property of the bisector). Now, if 


FIG. 18 


the point M (zx, y) lies in the third quadrant, then its abscissa and 
ordinate will be both negative, their absolute values being equal 
to each other. Therefore, the coordinates z and y of this point will 
also be equal to each other. Consequently, in both cases we have 


y=. (9-2) 


Conversely, if the coordinates x and y of some point M (sz, y) 
satisfy equation (9-2), then this point, obviously, lies on the bisector 
of the first and third quadrants. Therefore, (9-2) represents the 
equation of the bisector of the first and third quadrants. 

Let us now consider the bisector of the second and fourth quadrants 
(Fig. 18, 6). We take on it an arbitrary point N (z, y).Its coordi- 
nates x and y are equal to each other by the absolute value and differ 
in signs irrespective of whether this point is situated in the second 
or fourth quadrant. Hence, in both cases we have 


ers (9-3) 


Conversely, if for some point N (z, y) equation (9-3) is fulfilled, 
then, obviously, this point lies on the bisector of the second and 
fourth quadrants. Hence, (9-3) is the equation of the bisector of the 
second and fourth quadrants. 


Ch. 2. Equation of a Line 35 


Example 3. Form the equation of a straight line parallel to the 
axis of ordinates. 

Let the straight line AB be parallel to the y-axis, and the line 
segment OA be equal to a (Fig. 19, a). Then for any point M (a, y) 
of the line AB its abscissa x is equal to a: 


ee (9-4) 
Conversely, if the abscissa of some point M (z, y) is equal to a, 
then this point lies on the straight line AB. 


Thus, (9-4) represents the equation of a straight line parallel to 
the y-axis and situated at a distance equal to the numerical value 


FIG. 19 


(6) 


of a; in this case if the line is situated to the right of the y-axis, 
then a is positive; and if it is to the left of the y-axis, then a is nega- 
live. 

In particular, for a = O we get the equation of the axis of ordi-. 
lates: 


x=—0. 


Example 4. Form the equation of a straight line parallel to the 
axis of abscissas. 

Quite analogously, if the line CD is parallel to the z-axis and. 
OC = b (Fig. 19, 6), then its equation will be 

y = 5b; 
here if the line CD is situated above the z-axis, then b is positive,. 
and if it is below the z-axis, then 0 is negative. 

In particular, for b = 0 we get the equation of the axis of abscis- 
sas: 

y=0. 


Example 5. Find the line the distance of whose points from the- 
point B (12, 16) is twice their distance from the point A (3, 4). 
4 


aa 
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If M (x, y) is an arbitrary point of the required line, then, accord- 
ing to the initial condition of the problem, we have 
2AM = BM. (9-5) 


To form the equation of this line, we have to express AM and BM 
in terms of the coordinates z and y of the point 1. By virtue of the 
formula for the distance between two points (see Sec. 3), we have 


AM =V@—3F FU—OF, 
BM =V@— 12+ YT, 

whence, according to (9-9), 
2V@=3P + = V = DE HIE, 


which is the equation of the required line. 

But it is difficult to judge by such a form what line is represented 
by this equation, therefore we are going to simplify it. Squaring 
both members and removing the parentheses, we get 

47? — 247 + 36 + 4y? — 32y + 64 = x? — 247 4+ 144 + 

+ y? — 32y + 256, 
and after simple transformations we have an equivalent equation 

x? + y? = 100. 


Comparing the obtained equation with (9-1), we see that the 
required line is a circle of radius 10 with centre at the origin. _ 


Sec. 10. Constructing a Line on the Basis 
of Its Equation 


If the variables z and y are related by some equation, then the 
set of points M (z, y) whose coordinates satisfy this equation repre- 
sents, generally speaking, a line in the plane (“geometrical image of 
an equation”). 

In particular cases this line may degenerate into one or several 
points. There are also cases when to an equation there corresponds 
no set of points. 

For instance, to the equation 


(x — 1)? + (y — 2)* = 0 
there corresponds a single point (1, 2), since this equation is satis- 


fied by a single pair of values: z = 1 and y = 2. 
To the equation 


geiy= —1 
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there corresponds no set of points, since this equation is satisfied 


by none of the real values of x and y. 
Knowing the equation of a line, we can plot this line point by 


point. 


Example. Construct the line represented by the equation 

Yy = 2? (10-1) 
(we usually say: construct the line y = 2x’). 

Assigning numerical values to the abscissa x in the equation (10-1) 
and calculating the corresponding values of the ordinate y, we obtain 
the following table: 


Plotting the corresponding points on a plane, we see that the 
configuration of these points determines the contour of some line; 
the more points are plotted, the more distinctly its contour is seen. 
Joining the constructed points with a curve 
which takes into account the positions of 
the intermediate points*, we get the line 
defined by the given equation (10-1). This 
line is called the parabola (Fig. 20). 


Sec. 11. Some Elementary Problems 


If the equation of a line is known, then 
we can easily solve elementary problems 
concerning the arrangement of this line 
in the plane. 


Problem 1. Given: the equation of line 
kK and coordinates of the point M (a, b). 
Ikequired: determine whether |the point FIG. 20 
M lies on the line K or it does not. In 
other words, it is required to find out whether or not the line K 
passes through the point M. 

On the basis of the concept of the equation of a line, we obtain 
the following rule: To find out whether a point M lies on a given line K, 
we have to substitute the coordinates of our point into the equation of 


* For more detail see Chapter 11. ‘ 
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this line. If the equation is satisfied (i.e. the substitution results in an 
equality), then the point lies on the line, otherwise the given point does 
not lie on the line. 

In a particular case the line passes through the origin if and only 
if the equation of the line is satisfied for x = 0 and y = 0. 


Example 1. Given: a circle 
gy 25. (11-1) 


Required: find out whether the points M (—3, 4) and N (4, —2) 
lie on this circle. 

Substituting the coordinates of the point M into equation (11-1), 
we get an identity 


(—3)? + 42 = 25, 


Hence, the point M lies on the given circle. 
Analogously, substituting the coordinates of the point N into 
the equation (11-1), we shall have 


42 4 (—2)? = 25. 
Consequently, the point N does not lie on the given circle. 


Problem 2. Find the point of intersection of two lines specified by 
their equations. 

The point of intersection is situated simultaneously on both lines. 
Consequently, the coordinates of this point satisfy the equations 
of both lines. Hence, we obtain the rule: Jo find the coordinates of 
the point of intersection of two lines, it is sufficient to jointly solve the 
system of their equations. If this system has no real solutions, then it 
means that the lines do not intersect. 


Example 2. Find the points of intersection of a parabola y = 2 
and a straight line y = 4. 
Solving the system 


7] = 7, 
y=4, 
we obtain two points of intersection: A (—2, 4) and B (2, 4). 


Problem 3. Find the points of intersection of a given line with 
the coordinate axes. 

This problem is a particular case of Problem 2. 

Bearing in mind that the equation of the z-axis is y = 0, we get 
the rule: Zo find the abscissas of the points of intersection of a given 
line with the x-axis, we have to put y = O in the equation of this line 
and to solve the obtained equation with respect to z. 

Analogously, since the equation of the y-axis is x = 0, we get 
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the required rule: To find the ordinates of the points of intersection of 
a given line with the y-axis, we have to put x = 0 in the equation of 
this line and to solve the obtained 
equation with respect to y. 


Example 3. Find the points 
of intersection of the circle 


oy? 4 (11-2) 


with the coordinate axes. 
Putting y = 0 in the above 
equation, we get x? = 1, i.e. 2, = 
=-—1 and x, = 1. Whence we 
find two points of intersection of 
the given circle with the z-axis 
(Fig. 21): A (—4, 0) and B (4, 0). 
Similarly, putting «=O in FIG. 2t 
equation (11-2), we get y*? = 1, 
i.e. y; = —1 and y, = 1. Consequently, there are two points of 
intersection of the given circle with the y-axis (Fig. 214): C (0, —1) 
and D (0, 1). 


Sec. 12. Two Basic Problems of Plane 
Analytical Geometry 


Summarizing the contents of this chapter, we may say that to 
any line in the plane there corresponds some equation relating the 
current coordinates (z, y) of a point belonging to this line. Con- 
versely, to any equation relating x and y, where z and y are the coordi- 
nates of a point inthe plane, there corresponds, generally speaking, 
a line whose properties are fully defined by a given equation. 

Naturally, there arise two fundamental problems of plane ana- 
lytical geometry: | 

(1) Given: a line regarded as the set of points. Required: form the 
equation of this line. | 

(2) Given: the equation of a line. Required: study the geometrical 
properties (the shape and position) of the line by its equation. 


Sec. 13. Algebraic Lines 


Definition. A plane line is called an algebraic line (or curve) of 
degree n (n = 1, 2, ...), if it is defined by an equation of the nth 


degree with respect to the current rectangular coordinates. 
q 
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For instance, the lines 
rcty—1=0, #4+y=1, #4+y% — 3ry = 0 


are curves of the first, second, and third degree, respectively. 
The general form of first-degree curves is 


Az+ By +C= 


where the coefficients A and B are not both zero, i.e. A? + Bb? 40. 
As will be proved below (see Chapter 3), all curves of degree one 
are straight lines. 

The general form of second-degree curves is 


Az? + Bray + Cy?+ Dz+ Ey+ F =0, 


in which the coefficients A, B, and C are not all zero, i.e. A? + B? + 
+ C2 = 0. 

It is worth noting that not to any second-degree equation there 
corresponds a real curve. For instance, no curve in the plane Ozy 
corresponds to the equation x? + 2zry + y? + 1=0, since, ob- 
viously, there are no real numbers z and y satisfying this equation. 

In the subsequent chapters we shall study in detail the curve of 
the first degree (the straight line) and consider the main representa- 
tives of the second-degree curves (the circle, ellipse, hyperbola, and 
parabola). 

The equation of a curve of the mth degree may be written in the 
following form: 


S} apqa?y?=0, (13-1) 


p, q=0,. 
p+qxn 


where at least one of senior coefficients apg, i.e. such that p + q = 
—n, is nonzero (>) is the symbol for summation). 

Let us mention here the following important property: the degree 
of curve (13-1) is independent of the choice of a rectangular coordinate 


system. 
Indeed, taking another system of rectangular coordinates O’x’y 
by the transition formulas (see Sec. 2), we have 


aan’ + by’ +c, 
y = a,x" + bey’ + C2, 


where a;, 0;, c; (i = 1, 2) are constant coefficients. 
Hence, the equation of curve (13-1) in the new coordinates O'z’y’ 
will have the form 


(13-2) 


n’ 

NS  Aprg tpg = 0, (13-3) 
p’, a’=0 
p’+q’ <n’ 
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where n’ is the degree of the transformed curve. It is obvious that 
no<on. 

Analogously, proceeding from equation (13-3) and petal: back 
to the coordinates x, y, we get (13-1) in which n<n’. Hence, 
n' =n. 


Exercises 


1. Form the equation of the line the distance of whose points from 
the z-axis is twice the distance from the y-axis. 

2. Form the equation of the line whose points are equidistant. 
from two given points: A (2, 1) and B (—3, 0). 

3. What curve is described by the centroid of the triangle ABC 
with two fixed vertices A (6, 0) and B (—6, 0) if the third vertex 
C (x3, Ys) describes a circle x} + y3 = 36? 

. What geometrical images correspond to the following equa- 
tions: (a) zy = 0; (b) x? + y? = 0; (c) 2? — 1 = O; (d) y? — 38y + 
+2=0; (e) 2? — zy = 0? 

5. Plot the curves specified by the equations: (a) y=2—z2; 
(b) y= 2a—2%; (c) y= + V100—2 (d) y= +2 V 100—@?. 

6. Which of the given points A (0, 0), B (41, 1), C (4, —41), 
D (—1, —1), E (4, 2) lie on the curve y = 2? and which do not? 

7. Find the points of intersection of the curve y = 2+ 2x — 2? 
with the coordinate axes. 

8. Find the points of intersection of the circle x? + y? = 8 and 
the straight line x — y = 0 


Chapter 3 
The Straight Line 


Sec. 14. The Equation of a Straight Line 


Let PQ be a straight line in the plane Ozy (Fig. 22). Through an 
arbitrary point M, (29, Yo) on this line (conventionally called the 
“initial point”) we draw a straight line Mz’ parallel to the z-axis 
and in the same direction. Then the least non-negative angle mo = 
=/ OM,x' (0< 9 < 2x) formed by the half-line M,Q lying above 
the axis Mz’ or coinciding with it with the axis M, 2’ is called the 
angle between the given straight line and the z-axis. Obviously, 


FIG. 22 FIG. 23 


this angle is independent of the choice of the point /,. If the straight 
Jine intersects the z-axis at some point A (a, 0), then @ is a usual 
angle between directed straight lines. If PQ is parallel to Oz, then, 
obviously, g = 0. The initial point M, of a straight line and the 
angle @ (the “direction of the line”) uniquely determine the position 
of this line in the plane. 


(1) Let us first consider the case OS g< = . In this case the 


straight line PQ intersects the y-axis at point B (0, b) which may 
be taken for the initial one. 

The ordinate y = NM of a moving point M (z, y) of a straight 
jine (Fig. 23) consists of two parts: 


y= NC+CM (14-1) 
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of which the first part is constant and the second is variable. Introduc- 
ing the slope 


tan @ = &, 
from Fig. 23 we shall have 
NC =b and CM = BC tang = kz (14-2) 


for x > 0. 
Thus, 


y=b+kz (14-3) 


for x= 0. 

It is easy to check that formula (14-3) also holds for z< 0. 

We have proved that the coordinates of any point M (z, y) of 
‘the straight line{PQ satisfy equation (14-3). It is easy to prove the 
converse: if the coordinates of an arbitrary point M, (z,, y,) satisfy 
equation (14-3), then the point M, necessarily lies on the straight 
line PQ. Consequently, (14-3) represents the equation of the straight 
line PQ (so-called slope-intercept form of the equation of a straight 
line). {The constant quantities b and k (parameters) have the following 
meaning: b = OB is the initial intercept (or more precisely, the 
initial ordinate), and k = tan @ is the slope. It is worth noting that 
if the point}B is situated above the z-axis, then b > 0, and if below 
it, then b< 0. For 6 = O the line passes through the origin, and 
the equation of such a straight line is 


y = kz. (14-4) 
For k = 0 we get the equation of a straight line parallel to the x-axis: 


y = 0b. ’ 


(2) If =< ~<a, then, reasoning in an analogous manner, we 
also arrive at equation (14-3). 

(3) If gp = >: i.e. the line AB is perpendicular to the axis Oz, 
then its equation is (see Chapter 2) 

x= 4, (14-5) 


where a@ is the abscissa of the trace of this line on the z-axis (i.e. its 
point of intersection with the axis Oz). 


Note. As particular cases, we get the equations of the coordinate 
axes: 


y = O(z-axis) and x = 0 (y-axis). (14-6) 


A straight line can be readily constructed from its equation. 
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Example. Construct the straight line given by the equation 
y= cs x— 4, 


As is known, two points completely determine the position of 
a straight line. Therefore, it suffices to 
find two points through which our line 
passes. In the given equation b = —4; 
hence, the straight line passes through 
the point B(0, —4). On the other 
hand, the coordinates x and y of any 
point lying on our straight line are re- 
lated by the given equation. Therefore, 
given the abscissa of some point lying on 
the line, we find its ordinate from its equa- 
tion. For instance, putting x = 2, we 
find from the given equation: y = — 
Hence, our straight line passes through 
the points A (2, —1) and B(0, —A). 
FIG. 24 Constructing these points and drawing 

through them a straight line (Fig. 24), 
we get the required straight line. 


As is clear from what was said, for an arbitrary straight line in 
the plane it is possible to form its equation; conversely, knowing 
the equation of a straight line, we can construct this line. Thus, 
the equation of a straight line completely characterizes its position 
in the plane. 

From formulas (14-3) and (14-5) it is seen that the equation of 
a straight line is a first-degree equation with respect to the current 
coordinates x and y. The converse is also true. 

Theorem. Any non-degenerate equation of degree one 


Az + By+C=0 (A?-+ B? 40) (14-7) 


represents the equation of a straight line in the plane Oxy (the general 
equation of the straight line). 

Proof. (1) Let first B 4+ 0. Then equation (14-7) may be rewritten 
in the form 


A C 
Y= —FZrt—-Fz- (14-8) 
Comparing the above equation with (14-3), we see that this is the 
equation of the straight line with the slope 

A 


k= ~~ Be 
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and the initial ordinate 


b= — 5. 
(2) Let now B = 0; then A ~0Q. We have 
Ar +C=0 
and 
go (14-9) 


Equation (14-9) represents the equation of a straight line which is 
parallel to the y-axis and intercepts a segment a = ey 
Since all possible cases are exhausted, the theorem has been proved. 


Sec. 15. The Angle Between Two Straight Lines 


Consider two straight lines (not parallel to the y-axis) given by 
their equations in the slope-intercept form (Fig. 25): 


y =kx-+ 6b, where & = tan gq, (15-1) 
and 
y=k’'x+ 0’, where k’ = tanq’. (15-2) 


It is required to determine the angle 0 between them. To be more 
precise, by 0 we shall understand the least angle measured anti- 
clockwise through which the second line is rotated with respect 
to the first (OO<0< 7n). 

This angle @ (Fig. 25) is equal to the angle ACB of the triangle 
ABC. Further, as is known from elementary geometry, an exterior 
angle of a triangle is equal to the sum of interior angles not adjacent 
to it. Therefore, | | 


p=9+89, 
or 
8=9 —@ 
hence, applying the known trigonometric formula, we get 


tan gm’ — tan @ 

1+ tan @-tan g’ * 
Substituting tan @ and tan q’ by k and k’, respectively, we shall 
finally have 


k’—k 
tan OS quae (15-3) 


tan 0= tan (9’ — 9) = 
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This formula expresses the tangent of the angle between two straight. 
lines in terms of the slopes of these lines. 
Let us now consider the conditions of parallelism and perpen- 
dicularity of two straight lines. 
If the straight lines (15-1) and (15-2) are parallel, then qg’ = @ 
and, consequently, 


ki =k. (15-4) 


Conversely, if the above condition is. 
fulfilled, then, taking into account. 
that m’ and @ are contained withim 
the limits from 0 to a, we get 


p = ®, (15-5) 


and, hence, our lines are either par- 
allel or coincide (parallelism in a 
broad sense). 

Rule 1. Straight lines in the plane 
are parallel (in a broad sense) if and 


FIG. 25 only if their slopes are equal to each 
other. 
If the lines are mutually perpendicular, then 0= > and, hence, 
4 Atkk’ _o, 
cot 8=—— = = 9; 
whence 1 -+ kk’ = 0 and 
1 on 
k'=—-—. (15-6) 


The converse is also true. 
Rule 2. Two straight lines in the plane are perpendicular if and only 
if their slopes are reciprocal quantities with opposite signs*. | 
Let now the equations of straight lines be given in the general form: 


Ar + By +C=0 (15-7) 
and 

A'ra t+ By +c’ =0. (15-8) 
Hence, assuming that B +0 and B’ #0, we get 

y=—32-F (15-7’) 

* For straight lines parallel to z- and y-axes we conventionally put : = 00 


1 


and —= 0. 
[e.@) 
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and 


A’ C? ; 
Consequently, the slopes of these lines are 

A ; A’ 
k=— >) k ae (15-9) 


Using formula (15-3), after simple transformations we find the 
tangent of the angle between these lines: 
AB’— A'B 
AA'+ BB’ ° 

Whence we obtain: (1) the parallelism condition for straight lines 
(0 = 0) 


ea (15-11) 


tan 0= (15-10) 


and (2) the perpendicularity condition for straight lines (0 -_ ) 


AA’ + BB’ =0. (15-12) 
It should be noted, in particular, that the straight lines 
Az+ By+C=0 

and 
Bre—Ay+C,=0 

are mutually perpendicular. 


Example. Determine the angle between the straight lines y = x 
and y = 1.001z + 10. 

Here the slopes of the lines are: k = 1 and k’ = 1.001. 

By formula (15-3) we get 


1.00i—1 — 0.001 _ | 
tan 8= T7700 = 2.007 © 9:0009 = sooG - 


Since for small angles 0 the approximate equality 0 ~ tan 90 is. 
valid, we have 


1.7’, 


_ a4 of qr. 3438’ 
8 sOgp Tad & Bpqq 9718" = go 9 


Sec. 16. The Equation of a Straight Line Passing 
Through a Given Point in a Given Direction 


Let the straight line PM form an angle @ with the positive direc- 
tion of the z-axis (Fig. 26) and pass through a given point P (z,, y;). 
Let us derive the equation of this line assuming first that the line- 
is not parallel to the y-axis. 
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As we know, in this case the equation of a straight line has the 
form 


y = kx +b, (16-1) 


where k = tan q@ is the slope of the line, and b is the length of the 
segment intercepted by the line on the y-axis. Since the point 
P (x1, y,;) lies on the straight line PM, its coordinates x, and y, 
must satisfy the above equation, i.e. 


Y, = kx, + 0. (16-2) 
Subtracting equality (46-2) from equality (16-1), we get 
y—y, =k(e@— 4). (16-3) 


This is just the equation of the required line. 
If a straight line passing through the point P (2, y;) is parallel 
to the y-axis, then its equation will, obviously, be 


t= a ° (16-4) 


If k is a given number, then equation (16-3) represents a quite 
definite straight line. But if k is a varying parameter, then this 


FIG. 26 FIG. 27 


equation will determine a pencil of straight lines passing through 
the point P (z,, y,) (see Fig. 27). In this case k is called the pa- 
rameter of the pencil. 


Example 1. Write the equation of the straight line passing through 
the point P (3, 2) parallel to the line: 


y=pa—T. 


Since the required straight line is parallel to the given line, its 


slope k= 7 Consequently, on the basis of formula (16-3), the 


Ch. 3. Straight Line 49 


equation of this straight line has the form 
y—2=2(2—3) 
or 


y=ta—2. 


Example 2. Write the equation of the straight line passing through 
the point P (4, 5) perpendicular to the line 


2 
y= =e r+ Ts 
Since the required line is perpendicular to the straight line having 
the slope k = — = , its slope is 
—_ ae 
anaes ae, 


Consequently, on the basis of (16-3), the equation of this straight 
line is 


3 
y—0= 5 (4—4) 


or finally, 
y= = x— i. 


Sec. 17. The Equation of a Straight Line Passing 
Through Two Points (Two-Point Form) 


As is known, through two non-coincident points we can draw only 
one straight line. Let us find the equation of the line passing through 
the points P (x,, y,) and Q (», y,). 

We first suppose that xz, 22, i.e. the line PQ is not parallel 
to the y-axis. Since PQ passes through the point P (z,, y,), its 
equation has the form (see Sec. 416) 


y—y=k(x— 2X), (17-1) 


where & is the unknown slope of this straight line. But since our 
line also passes through the point Q (x., y.), the coordinates z, 
and y, of this latter point must satisfy equation (17-1). Hence 


Yo — Wy = k (2, — XY) 
and, consequently, for 7, +4 2, we have 


ae eel : 
kao (17-2) 


4—0875 
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Substituting the above expression for the slope k& into (47-1), 
we get the equation of the line PQ: 


y= (em). (17-3) 


Lg— 2X 


This equation for y, = y, can also be written in the form of a pro- 
portion 


L— Ly —= Y— U1 : (17-3’) 
Lg— ty Yo— VW 


If x, = 2g, i.e. if the straight line passing through the points 
P (x1, y,) and Q (xs, Ye) is parallel to the y-axis, then the equation 
of this line will, obviously, be 


w= X4. 


Example. Write the equation of the straight line passing through 
the points P (4, —2) and Q (3, —1). 
By virtue of (17-3), we have 


xr—A y+2 


8-4 =—1+4+2” 


or y= —2+2. 


Sec. 18. The Intercept Form of the Equation 
of a Straight Line 


We are going now to derive the equation of a straight line whose 
position in the plane is specified by non-zero segments intercepted 
by this line on the coordinate 
axes. Suppose, for instance, 
that the straight line AB in- 
tercepts a segment OA =a 
on the x-axis, and a segment 
OB = b on the y-axis (Fig. 
28). As is clear, the position 
of the line is thus completely 
determined. 

For deriving the equation of 
the straight line AB, let us 
FIG. 28 note that this line passes 

through the points A (a, 0) ‘and 
B (0, b). Therefore, its equation is easily obtained from (17-3’) if 
we put z,; =a, y, = 0, and z, = 0, yg = b. We have 


x —Qa y—O 
O—a = b--0° 
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Whence 


and finally 
a 2 
—+ a= 1. (18-1) 


Equation (18-1) is the intercept form of the equation of a straight 
line. Here, as usual, x and y are the coordinates of an arbitrary 
point M (x, y) lying on the line AB (Fig. 28). 


Example. Write the equation of the straight line AB intercepting 
a segment OA = 9 on the z-axis and a segment OB = —4 on the 
y-axis. 

Putting a = 5 and b = —4 in (18-1), we get 


Note. The equation of a straight line passing through the origin 
or parallel to one of the coordinate axes cannot be written in the 
intercept form. 


Sec. 19. The Point of Intersection 
of Two Straight Lines 


Suppose we have two straight lines 
Axz-+ By+C=0 (19-1) 


and 

A’e+ By +C =0. (19-2) 

The point of intersection of these lines lies both on the first and 
on the second lines. Therefore, the coordinates of the point of inter- 
seclion must satisfy the equations of both lines. Consequently, to 
find the coordinates of the point of intersection of two given straight 
lines, it is sufficient to solve jointly the system of equations of these lines. 

Successively eliminating the unknowns y and x from equations 
(19-1) and (19-2), we have 

(AB’ — A’B)x+(CB’ —C’'B)=0 (19-3) 


and 


(AB’ — A’B)y + (AC’ — A’C) = 0. (19-4) 
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Hence, if AB’ — A’B ~0, then for the coordinates of the point 
of intersection of the straight lines we get the following expressions: 


CB’—C’'B AC’ —A’'C 


t=—AB—AB? ¥ —ZB—AB? 


(19-5) 


or, introducing second-order determinants (see Sec. 5, Chapter 1), 
we have 


lop a e| 

C’ B’ AY. aC* 

ga Peg oe (19-6) 
a B’ A’ aA 


For straight lines (19-1) and (19-2) the following three cases are 
possible: 

(1) AB’ — A’B £~), ioe. 

A’ B’ 

“A? BB 

According to Sec. 15, the lines are not parallel. The coordinates 
of their single point of intersection are determined from formu- 
las (19-6). 

(2) AB’ — A'B = 0, CB’ —C’B #0 or AC’ — A'C SF), ice. 

Ai BY Ct 

A. Be? C* 
The lines are parallel (see Sec. 15) and, hence, have no points of 
intersection. Analytically it follows from the fact that at least one 
of equations (19-3) or (19-4) is contradictory, which means that the 
system (19-1) and (19-2) is incompatible. 

(3) AB’ — A’B = 0, CB’ —C’B =0, AC’ — A'C = 0, ie. 

AB | 

A’ BC 
Lines (19-1) and (19-2) merge and, thus, there is an infinite number 
of points of intersection. In this case the left member of their equa- 
tions differ only in a constant factor and, hence, the system of these 
equations allows an infinite number of solutions. 


Example. Solving the system of equations of the straight lines 
dz + 4y — 10 = 0 

and 
22 + Sy —9 = DO, 


we get: x = 2 and y = 1. Hence, the straight lines intersect at the 
point NV (2, 1). 
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Sec. 20. The Distance from a Point 
to a Straight Line 


Let us consider the straight line KL given by the general equation 
Az+ By +C=0 (20-4) 


and a point M (2,, y,). The distance of the point M from the line KZ 
(or of the line KZ from the point 
M) is understood as the length 
of the perpendicular d = MN 
(MN is perpendicular to KL) 
dropped from the point M onto 
the line KL (Fig. 29). 

The equation of the perpen- 
dicular MN can be written in 
the form (see Sec. 15) 


B(x—2x)—A(y—y) = 9. FIG. 29 


20-2 
Hence, for the foot of a aaa N (Ze, Yo) we shall have 
B (@g — %) — A (Ya — 1) = 9, (20-3) 
and, consequently, 
wit BOM ot, (20-4) 


A B 


where ¢ is a proportionality factor. Therefore 
d=V (t.— 212+ (Ya— ys)? =V 42+ B It]. (20-5) 


On the other hand, taking into account that the point N (Xo, Ye) 
lies on the straight line KZ, and that from (20-4) we have 


ig=%+At, y=Yy+ Bt, 
we get 
At, + By, + C=A (4, + At) + Bly, + B) +C= 
= (Ax + By, + C) + t (4? + BY) =0. 


Hence, 
Az,;+ By, +C 
t= — a (20-6) 
Thus, by virtue of (20-5), we have 


V At-+ B2 
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In particular, putting z, = 0, y, = 0, we get the distance of the 
Straight line from the origin 


een | 2 eee J 
dy = ae (20-8) 
Note. Dividing both members of (20-1) by V A2+ 82, we obtain 
the, equation 
Az+By+c a e 
a =, (20-9) 


is numerically equal to the dis- 


C 
whose constant term Vath 
tance of the line from the origin. Such equation is called normal- 
ized. 

From formula (20-7) we get the rule: To determine the distance 
from a point to a straight line, we have to substitute the coordinates 
of the given point into the left member of the normalized equation of 
this line and take the absolute value of the result obtained. 


Example. Determine the distance of the point M (—2, 7) from 
the straight line 


24x + Ty —-2=0. 


Normalizing the equation of this line, we shall have 


242 -+-Ty — 2 
V 2424-73 
or 
242 -+- 7y—2 —(0) 
5 Ne 


Hence, the required distance is 


_ 124x(—2)+7xX7—2/ 1 
(= = 0.04 


Exercises 


1. Construct the straight lines given by the equations: 

(a) y= 2x —1; (b) 2x — 3y —6 =0. 

2. The,bases of an isosceles trapezoid are equal to 10 and 6 and 
the angle ‘at the base is equal to 60°. Write the equations of the sides 
of this trapezoid taking the longer base and the axis of symmetry 
of the trapezoid for the coordinate axes. 

3. Write the equation of the straight line passing through the 
point M (3, 4) and making an angle of 45° with the straight line 


y= Ze 4. 
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4. Write the equation of the straight line parallel to the lines 
dx + Qy —6=0, 62 + 4y — 3 = 0 and equidistant from them. 

0. Given a line segment AB with the end-points A (—3, 2) and 
B (1, —1). Write the equation of the straight line joining the mid- 
point of the segment to the origin. 

6. Given a triangle ABC with the vertices A (4, 2), B (—2, 4), 
and C (—1, —4). Write the equation of the median passing through 
the vertex C, and find the length of this median. 

7. Given a triangle ABC with the vertices A (5, 3), B (—3, 4), 
and C (—2, —5). Write the equation of the altitude passing through 
the vertex B andffind its length. 

8. Given a triangle ABC with the vertices A (6, 4), B (—3, 9), 
and C (—2, —6). Write the equation of the straight line passing 
through the vertex A parallel to the median passing through the 
vertex B. 

9. Through the point (5, 2) draw a straight line intercepting 
equal segments on the coordinate axes. 

{0. In section a coal layer has the thickness y, = 5 m for z, = 
= 100 m and y, = 15 m for x, = 200 m. Assuming that the layer 
has the shape of a wedge, find the law of change of its thickness y 
depending on distance zx. What is its thickness for x = 300 m? 
At what point of the section is the thickness of the layer y = 10 m? 

11. Find the point of intersection of the straight lines: 


(a) 52 — 7y —20 =0 and 7x — 10y + 15 = 0; 
(b) 22 + 38y—7=0 and 474+ 6y+ 11 =0; 
(c) 2x —~y = 0 and x— 0.oy = 0. 


{2. Write the equation of the straight line passing through the 
point of intersection of the lines 


oe +4y—7=0, Sct+ 3y —8=0 


and through the origin. | 

13. Find the projection of the point M (1, 2) on the straight line 
ox + 2y + 20 = 0. 

14. One straight line passes through the origin and is inclined 
to the z-axis at an angle a; the other line passes through the point 
A (a, 0) and is inclined to the x-axis at an angle 6 (68 ~ a). Find 
the point of intersection of these lines. 

15. Given a triangle with the vertices A (—2, 1), B(2, —1), 
and C (4, 3). Determine the coordinates of the point of intersection 
of the medians of this triangle. 

16. The sides of a triangle ABC have the following equations: 
a+ vy —11=0(AB); 2x+y+4=0(BC), 3x —5y —7=0 
(CA). Compute the area of the triangle ABC. 


96 A Brief Course of Higher Mathematics 


17. Find the distances of the points O (0, 0), A (1, 2), and 
B (—2, 1) from the straight line 3x — 4y + 10 = 0. 

18. Given a triangle with the vertices A (1, 1), B (—2, 5), and 
C (—4, —3). Find the altitude of the triangle dropped from the 
vertex C onto the side AB. 

19. Find the length of the line segment perpendicular to the 
straight lines 32+ 4y—10=0 and 34+ 4y—45=0 and 
enclosed between these lines. 

20. Write the equations of the straight lines parallel to the line 
8x — by + 5 = O and passing at distances of 2 from it. 

21. Find the equations of the straight lines passing through the 


origin at distances equal to = from the point A (2, 1). 


Chapter 4 


Second-Order Lines 


Sec. 21. The Circle 


Let us derive the equation of a circle (Fig. 30) of radius R with 
centre at C (x9, Yo). For an arbitrary point M (xz, y) of the circle 
the following equation is fulfilled 


MC =R. (24-1) 


Hence, remembering the formula for the distance between two. 
points (see Sec. 3, Chapter 1), we have 


V (r#— Xo)? + (y — Yo)? = Re (21-2). 


Since both members of (24-2) are positive, on squaring, we get 
an equivalent equation 

(x — Xo)? + (y — Yo)” = R?. (21-3) 
Thus, the coordinates of any point M (z, y) of the given circle 
satisfy (21-3). The converse statement is also true. 

And so, (21-3) is the equation of a circle of radius R with centre 
at the point C (xo, yo). This equation is called the’ normal form of 
the equation of a circle. 

In particular, putting x, = 0 and y, = 0, we get the equation of 
a circle with centre at the origin 


get y? = R*. (21-4) 


Equation (21-3)"can he easily trans- 
formed to the form 


et+ytart+ py ty=90, (21-5) 


where 


a= —22%, B= —2yo, 
y= u+ty— RP. 


Hence, the circle is a second-order curve (or a curve of degree two): 
(See Sec. 13, Chapter 2). 


FIG. 30 
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Comparing (21-5) with the general equation of a second-order curve 

A+ Bry + Cy? + De+ Fy+F=0, (21-6) 
we see that in (21-5) B =O and, besides, A = 1, C = 1, ive. 
A=C. 

Conversely, let us put in (21-6) B = 0 and A = C=+0: 


Az’? + Ay?+ Dr+ Ey + F =0. (21-7) 
Dividing (21-7) termwise by A = 0 and putting 

D E F 

SA ed Q, Ac B, “Ar (21-8) 


we come to (21-5). 

Equation (21-7) is called the general equation of the circle. 

It should be noted, however, that not every equation (21-7) is the 
equation of a real circle. We can pre ee that equation (21-7) 
at + 

4 


defines a real curve (circle) only for —y > 0, where a, f, y 
are expressed by equalities (21-8). 

Thus: a real curve of degree two is a circle if and only if (1) the coef- 
ficients of the squares of the current coordinates are equal to each other, 
and (2) there is no term containing the product of the current coordi- 
nates. 


Sec. 22. Central Second-Order Curves (Conics) 
Consider the equation of a second-order curve 
Av? + Cy?+ Dr+ Ey+ F =0 (22-1) 


(A #0, C #0) having no term containing the product of thl 
coordinates x and y (B = 0)*. Completing the squares, we shale 
have 


D \2 E \2 D2 E? 
A(zt+37) +€(u+a¢) =gatac—F: (22-2) 
Whence, putting 


E 
<9 = —9A ’ Yor — 96 (22-3) 
and 
D2 E2 
A 4A a 4C —#F, (228) 
we get 
A (x — tp)? + C (y — yo)? = A. (22-9) 


* In our brief course we shall confine ourselves only to this case. 
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The point O’ (xo, yo)Xrepresents the centre of symmetry of curve 
(22-5) (the centre of the curve). Indeed, if a point M, (z,, y,) lies on 
curve (22-5), then point M, (z., y.) symmetrical to it about O’, 
where 2%, = 2%)—2, Yo= 
=2y) — y,, also lies on curve 
(22-5) (Fig. 34). 

The straight lines y = y, and 
XL = X_ parallel to the coordinate 
axes Ox and Oy, respectively, 
are the axes of symmetry of curve 
(22-5) (the axes of the curve). 
Indeed, if a point M (x9, Yo — 
—h) lies on curve (22-5), then 
point M’ (4%, Yo + h) symmet- FIG. 31 
rical to it about the line y = yy 
also lies on this curve. The line x = x» possesses analogous prop- 
erties. 

For the sake of simplicity, in our further investigations we shall 
assume that the centre of the curve is situated at the origin, i.e. 
Zo = 0, yo = O. Then the equation of the curve will take the form 


Az? + Cy? = A. (22-6) 
Definition 1. Second-order curve (22-6) is called the ellipse (or more 


precisely, belongs to the elliptic type) if the coefficients A and C have 
the same sign, i.e. 

AC > 0. (22-7) 

For the sake of definiteness, we shall assume that A >O and 
C > 0 (since, otherwise, the signs of the terms of equation (22-6) 
may be reversed). 

Three cases are possible here: (1) A > 0, (2) A = 0, and (3) A< 
< 0. 

the first case (A > 0) we have a real ellipse 


5 4+5=1, (22-8) 


where Ps numbers 


a= io b= i (22-9) 


are called semi-azes of the ellipse. We usually put 0< b< a (this 
can alwaysbe (obtained by a proper choice of the x- and | y-axes). 
Equation (22-8) is called the canonical equation of the ellipse with 
the semi-axes a and 0 (Fig. 32). The points A (a, 0), B(Q, bd), 
A’ (—a, 0), B’ (0, —b) are called the vertices of the ellipse and the 
line segments A’ A = 2a and B'B = 2b its azes. It should be noted 
that from equation (22-8) we have |x|<c a, |y]< BD. 
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If a = b, we get a circle 

2? + y” a a’. 

In the second case (A = 0) curve (22-6) represents a point O (0, 0) 
(a degenerate ellipse). 

Finally, in the third case (A < 0) the curve has no real points; 


it is conventionally called an imaginary ellipse. 
Definition 2. Second-order curve (22-6) is called the hyperbola (more 


\210,-6) FIG. 32 


precisely, a curve of the hyperbolic type) if the coefficients A and C 
have opposite signs, i.e. 


AC <0. (22-40) 


For definiteness, let us put A > 0, then C<O Three cases are 
possible here: (1) A> 0, (2) A =0, (8) A< 0. 
In the first case (A > 0) we have a hyperbola with the canonical 
equation 
2 2 
—#=1, (22-11) 


y. eee 
wherea=// 2 (real or transverse semi-azis) and b = Vv — 


(imaginary or conjugate semi-azis) (Fig. 33). The points A (a, 0) and 
A’ (—a, 0) are called the vertices of the hyperbola. It should be noted 
that |x| >a. 

In the second case (A = 0) we get a pair of intersecting straight 
lines (a degenerate hyperbola) 


(V Az—V —Cy) (V Az+ V —Cy) =0. 

Finally, in the third case (A < 0), we get a hyperbola 

22 y2 

=a aa = 1 (22-12) 
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with the semi-axes a= = and af 4. If ‘a’ =a and 
b'=b, then hyperbola (22-12) is said to be conjugate to hyperbola 


So J 
chapel Bib.) Hh 
oe u 
waar 


F%c0)) | 


Ct 
Ale. 

\ By 
\ 


FIG. 33 ~~ 


(22-11), its vertices being B (0, b) and B’ (0, —b) (Fig. 33). 

The line segment A’A = 2a is called the real (or transverse) 
axis, and the segment B’B = 2b the imaginary (or conjugate) azis 
of hyperbola (22-11). 


Example. Determine the shape and arrangement of the curve 
x* + 2Qy? — Ir + 3y = 0. (22-13) 


Completing the terms containing zx and y to perfect squares, we 
have 


2 
(e—1)2+2(yt5) 14+. 
Hence 
3\2 
17 47 — 
FIG. 34 = rs 


Consequently, curve (22-13) represents an ellipse with the semi-axes 
a= age ul ~ 1.46 and b= V tx 1.03, whose centre is situated 


at point O’ (4, —+) (Fig. 34). 


Sec. 23. Focal Properties of Central Curves of the Second Order 
The points F (c, 0) and F’ (—c, 0) where 
c=) at= Bb, (23-1) 
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are called the foci of the ellipse specified by canonical equation (22-8), 
Fig. 32 (the minus sign) and the hyperbola given by canonical equa- 
tion (22-11), Fig. 33 (the plus sign), respectively. 

The ratio 


e= 


a|° 


(23-2) 


is called the eccentricity of a conic. 

From formula (23-1) we have: for the ellipse O< ¢< 1, for 
the hyperbola 1 < ¢e< + oo. It should be noted that for the circle 
e = 0. 

Let r = MF and r’ = MF’ be the distances of a point’ M on 
a conic from its foci (the so-called focal radii of M). We have 


r=V (r—e)? + y? (23-3) 
and | 
r= V (e+e)?+y?. (23-4) 
Since 
2 2 
Had, 


where the plus sign corresponds to the ellipse and the minus sign 
to the hyperbola, we have 


72 
yore (1-3), 
and, consequently, taking into account (23-1), we get 
raV 2% 2ca-+e? +b (1-4) = 
SS 
=y (1 + =) x2— Qex-+ (c? + 6?) = 


—————— es 
= Vo x2— Qex + a? =|£2—-a|= lex—a| (23-5) 
and, analogously, 
HY 4 Lex oe + (1— 2) = eaxtal. (23-6) 
If the curve is an ellipse, then 0 << e<c1, |x | < a and therefore 
r=a—exz, rr =a ex; 


whence 
rr’ = 2a, (23-7) 
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and for any r and r’ satisfying equality (23-7) there exists a point 
of a given ellipse. 

Thus, for any point of the ellipse the sum of its focal radii is constant. 
This property is frequently taken for the definition of the ellipse 
(the characteristic property of the ellipse). 

For the hyperbola we have: e > 1, | z | 2 a. Therefore 


r=+(ex—a), r=+t(exr+a), 


where the plus sign corresponds to the right-hand branch of the 
hyperbola (x > 0), and the minus sign to its left-hand branch (4 < 
< 0). Hence 


[any (23-8) 


Thus, for any point of the hyperbola the absolute value of the differ- 
ence between its focal radii is constant (the characteristic property of the 
hyperbola). 


Sec. 24. The Ellipse as a Uniformly 
Compressed Circle 


Consider a circle of radius a. Let us choose a rectangular coordi- 
nate system Oxy and place its origin, for simplicity, at the centre 
of the circle O (0, 0). For the sake of convenience, we denote the 
current coordinates of a point M 
of the circle by X and Y. Then 
the equation of the circle will 
have the form (see Sec. 21) 


» ee ee Cake ha (24-1) 


Let us now uniformly com- 
press circle (24-1) toward one 
of its diameters which, without 
loss of generality of reasoning, 
may be regarded as_ vertical, 
i.e. directed along the y-axis. 
Let k be the coefficient of com- 
pression of the circle in the cho- 
sen direction, i.e. k is the ratio FIG. 30 
of the length of the transformed 
vertical segment to its initial length. It should be noted that for 
0<k< 1 we have uniform compression, and [for k >1 uniform 
stretching of the circle. 

Suppose that, as a result of our deformation, the point M (X, Y) 
of the circle goes into some point M’ (x, y) of the transformed curve 
(Fig. 35). Since the points / and MM’ lie on one and the same vertical 
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line, we have 

x=X, yolhkyY. (24-2) 
Hence for k = 0* we get 

X=a, Y=, (24-3) 


Substituting these expressions,in (24-1), we find 


Cae re (24-4) 


where b = ka, i.e. the transformed point M’ (zx, y) is situated on 
the ellipse with the semi-axes a and Db. 
Conversely, if the point MM’ (z, y) belongs to ellipse (24-4), then 
point  (X, Y) corresponding to it by (24-2) lies on circle (24-1). 
Thus, uniform compression of a circle along one of its diameters 
results in an ellipse. 


Sec. 25. The Asympfotes of a Hyperbola 

Consider the hyperbola (Fig. 33) 

72 y2 

a rel. (25-1) 
Solving equation (25-1) with respect to y, we get 

ee (25-2) 
or 

ga 
yore 1-S. (25-8) 
‘ : a a2 

If |x| increases without bound, then | 1-5 & 1, and con- 
sequently, in a sense, there takes place an approximate equality 

Y & +2. 


* If k = 0, then we get a line segment —a < + <a, y = 0 which may be 
regarded as a degenerate ellipse. 
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Let us show that the branches of hyperbola (25-1) arbitrarily 
approach the straight lines (Fig. 33) 


y=, (25-4) 


which are termed the asymptotes of the hyperbola*. Indeed, for 
instance, for z > 0 we take the plus signs in formulas (25-2) and 
(25-4). Let us now consider the corresponding points M (z, y) of 
hyperbola (25-2) and N (z, Y) of straight line (25-4) which have 
one and the same abscissa x. Then 


Y¥—y=22—2 V2—a@= 
__ 6b (c— V x?—a?) (2+ V x?—a?) ab 


as x—>-+ oO. 

Analogous consideration is given to three more cases: *(1) the 
minus signs in (25-2) and (25-4) as x > +00; (2) plus in (25-2) and 
minus in (25-4) as x > —oo; and, finally, minus in (25-2) and plus 
in (25-4) as r—» — oo. 

It should be noted that the conjugate hyperbola 

2 2 

FT - = ca. (25-5) 
as it iseasily checked, has common asymptotes with hyperbola (25-1). 

In the case of an equilateral 
hyperbola (a = b) 

7? — y? = @? 
its asymptotes y = +27 are mu- 
tually perpendicular. 


Sec. 26. The Graph of Inverse 
Proportionality 


Consider the curve 
ry =a (a>0) (26-1) PIG. 36 
(Fig. 36). 
Choosing the bisectors of the quadrants for new coordinate axes 
Ox’ and Oy’, and taking into consideration that the angle of rota- 


tion @ = —, we have (see Sec. 2, Chapter 1) 


4 
r) AI A oe at x’ —y’ 
t=x cos7—y sin = V3 
z'+-y’ 


re! ; I 
y=2z sin + y cos 7 = 7 
Z 
* ‘Asymptote is from the Greek meaning ‘not meeting’. 


5 —0875 
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Hence, by (26-1), we get 
iat kale 
i.e. 
x’? — y’® = 2a’. (26-2) 
The graph of inverse proportionality (26-1) is thus an equilateral 
hyperbola. 


Sec. 27. Noncentral Quadric Curves 


A quadric curve is said to be noncentral if it has either no centre 
of symmetry, or an infinite number of centres of symmetry (i.e. has 
no single centre). 

Consider the  quadric 


curve 
Azx*® + Cy? + Da + 
+Ey+F=0, (27-1) 


where AC =O and A? + 
+ C?--~ 0. For definiteness 
we shall assume that 


FIG. 37 A=0, C#O0. (27-2) 


Besides, suppose that D 0, otherwise we would have a pair of 
parallel straight lines. 

Completing the terms containing y to a perfect square in (27-1), 
we have 


C (y+ &)'=—De—P4 B 


or, putting, 
F E? E D - 
%=—DT Tp Yor — 36? 2p=—-T, (27-3) 
we get 
(Y — Yo)” = 2p (x — 2p). (27-4) 


Curve (27-4) is called the parabola (Fig. 37); point O’ (x, yy) its 
vertex, and the number p its parameter. We can easily get convinced 
that the straight line y = yy is the axis of symmetry of the parabola 
(the axis of the parabola). Parabola (27-4) has no centre of symmetry. 

If the vertex of a parabola is at the origin and the z-axis serves 
as its axis, then we obtain the so-called canonical equation of the 
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parabola 
y® = 2pz, (27-5) 


the parameter p being here usually regarded as positive (this can 
be achieved by choosing a proper direction of the x-axis; Fig. 38, a). 


FIG. 38 (a) 


It should be noted that if we switch the roles of the z- and y-axes, 
(hen the canonical equation of the parabola will take the form 


x* = 2py. (27-6) 


This is the equation of a parabola with a vertical axis (Fig. 38, }). 


Sec. 28. The Focal Property of the Parabola 

Consider the parabola (Fig. 38, a) 

yr=2 px (p>0). (28-1) 
The point F(4, 0) is called its focus and the straight line 


p= —+ its directrix. 


For the point M (zx, y) its focal radius r= MF is equal to 
——____, ——— 

r=V (2—4)’ (2-2) 4 yaY/ 22 pot 2 4-2pe= 
wifauot ek. 
=VY x+4pr+Ha2+2, (28-2) 


On the other hand, the distance of this point from the directrix 


5* 
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is equal to 
MN=xzx+ > =f, 
Thus, the parabola represents the set of all points in the plane equi- 


distant from a given point (the focus) and a given straight line (the 
directrix). This is the characteristic property of the parabola. 


Example. Determine the coordinates of the focus and the equa- 
tion of the directrix of the parabola 


=, 
Comparing this equation with (27-6), we get 
2p = 4; 
hence p=5- Consequently, the focus has the coordinates 


(0, =) ; and the equation of the directrix is y= — >. 


Sec. 29. The Graph of a Quadratic Trinomial 


Consider the quadratic trinomial 


y=Ax?+ Br+C (A #0). (29-1) 
Whence 
y=A(e+Fer4—2). (29-2) 


Completing the expression in the parentheses to a perfect square, 
we get 


y=Al(2+4)'+(4-Gr)] 


or 

y—- GF = A(et+ HG) - (29-3) 
If we put 

m=— a, WH (29-4) 
then from (29-3) we shall get 

Y — Yo =A (x — 2)’. (29-5) 


Translating the coordinate system 


? a 
L =X — XX, Y =—Y— Yo 
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we finally have 
yo = Az, (29-6) 


Expression (29-6) (see formula (27-6)) represents the canonical. 
equation of a parabola with a vertical axis and with the vertex 


at point O° (2X9, Yo); the parameter p being equal to = . Thus, 


the graph of a quadratic trinomial is a parabola with the vertex at 
point O° (x9, Yo) whose axis is par- 

allel to the y-axis (a parabola y 
with a shifted vertical azis; Fig. 
og). 

Let us note here that the ab- 
scissaS x, and x, of the points of 
intersection of parabola (29-1) 
with the x-axis are the roots of 
the quadratic equation 

Azv*?+ Brt+C=0. (29-7) 
This property underlies’ the 


graphical method for solving qua- 
dratic equation (29-7). 


Y=ALE+EL HL 


Example. Reduce the equa- 
tion 

y=x?— 444+ 3 
to the canonical form and construct the corresponding parabola. 

Transposing the constant term to the left-hand member of the 
equation and completing the 
right-hand member to a perfect 
square, we shall have 


y—3+4=227—47+4 
or 

y+ 1 
Putting 
Be-—2=2, y+1=y’, 


FIG. 39 


(x — 2)?. 


we get 


i, =a. 


FIG. 40 Hence, the given equation is 

the equation of the parabola with 
the vertex at the point O’ (2, —1) and the axis of symmetry O’y’ 
parallel to the y-axis (Fig. 40). 
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Exercises 


1. (a) Find the coordinates of the centre C and radius R of the 
circle 


v+y+ 8&—I=O0Ff 


(b) Write the equation of the circle passing through the origin 
with centre at the point C (1, 0). 
(c) Write the equation of the circle contacting the coordinate 


axes if its centre lies at the point C (+, 5) . 


(d) Write the equation of the circle whose diameter is a line 
segment with the end-points A (—1, 2) and B (5, 6). 

2. Write the equation of the straight line passing through the 
centres of the circles 


ety—6e—8y—3=0 and #&+yorxe—d3y—1=0. 


Determine the distance between the centres of the circles. 
3. Find the equation of the common chord of the circles 


ztt y®? — 44 — 2y — 13 = Oand 2? + y? — 27 — 4y — 15 =0. 


4, Find the semi-axes, coordinates of the foci and eccentricity 
of the ellipse 


x? + 2y? == 8. 


Construct this ellipse. 

9. (a) Write the canonical equation of the ellipse the length of 
whose minor axis is equal to 6 and focal distance to 8. 

(b) Write the canonical equation of the ellipse if it is known that 
the distance between the end-points of its axes is equal to 5 and 
the sum of the lengths of its semi-axes is equal to 7. 

(c) Write the canonical equation of the ellipse if the distances 
of its focus from the end-points of its major axis are equal to 2 and 18. 

6. Find the length of the diameter* of the ellipse 


For? + '7y? = 24 
bisecting the angle between the coordinate axes. 


7. (a) Find the semi-axes, coordinates of the foci and eccentricity 
of the hyperbola 


_ 9x? — 16y? = 36." 


"(b) Write the canonical equation of the hyperbola if the length 
of its real (transverse) axis is equal to 8 and the focal distance to 10. 
Construct these hyperbolas. 


* That is the chord passing through the centre of the ellipse. 
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8. Find the length of the diameter of the ellipse e+ Hat 


perpendicular to the asymptote of the hyperbola a a 1 pass- 
ing through the first and third quadrants. 
2 2 

9. Find the eccentricity of the hyperbola 7-H! and of 
the hyperbola conjugate to it. 

10. Find the distance between the focus F, of the hyperbola 
a2 y2 
9 16 

41. Find the equation of the straight lines passing through 


= 1 and the focus F, of the conjugate hyperbola. 


the foci of the hyperbola = Y= and of the hyperbola conju- 


gate to it. 
12. The asymptotes of a hyperbola have the equations 
4 4 
y=zu and y= —3 4%. 


Find the eccentricity of the hyperbola if its real axis coincides with 
the z-axis. 

13. Write the canonical equation of a parabola if the distance 
from its focus to the directrix is equal to 10. 

14. Determine the coordinates of the focus and the equation of 
the directrix of the parabola y = 0.252”. 

15. The cross-section of a searchlight mirror has the shape of 
a parabola. Determine the position of the focus if the diameter 
of the mirror is equal to 60 cm and its depth to 30 cm. 

16. Given a parabola y? = 127. Find the length of its chord 
passing through the point M (8, 0) and inclined to the parabola 
axis at an angle of 60°. . 

17. Write the equation of the line whose points are equidistant 
from the point A (0, 2) and z-axis. 

18. Reduce the equation of the parabola y = 277 — 844+ 5 
to the canonical form and determine the coordinates of its vertex. 

19. Reduce the equation of the parabola y = —3 + 42 — 2° 
to the canonical form and determine the coordinates of its vertex. 

20. Reduce the equation of the parabola x = y? y+ 2 to 
the canonical form and determine the coordinates of its vertex. 

21. The arch of a railway bridge whose span / = 60 m and 
height h = 12 m has the shape of a parabola. Determine the height 
h, of the side uprights of the arch situated at a distance of 15 m 
from its ends. 


Chapter 5 


Polar Coordinates. 
Parametric Equations 
of a Line 


Sec. 30. Polar Coordinates 


The main idea of the method of coordinates consists in that the 
position of a point in the plane is uniquely defined with the aid of 
two numbers. The concrete geometrical meaning of these numbers 
yields this or that coordinate system. In the previous sections we 
used only the rectangular coordinate system. Now we are going 
to consider the polar coordinate system which is the most important 

after the rectangular coordinates. 
In a plane (Fig. 41) take an arbi- 


P on trary point O which will be called the 
ee pole and draw a directed ray Ox 
called the polar azis. 


af = Let M be an arbitrary point in the 
FIG. 44 plane. We then join the point M/ to the 

pole O. The length of the line seg- 
ment OM = 9, i.e. the distance of the point M from the pole is 
termed the radius vector of the point M, and the angle gp =Z zOM 
measured from the polar axis to the segment OM anticlockwise is 
called the polar angle. The numbers p and @ are said to be the 
polar coordinates of the point M. 

The point M with the polar coordinates p and @ is denoted in the 
following way: M (p, @), the radius vector p preceding the polar 
angle @. 

As to the values attained by the polar coordinates, it is, obviously, 
sufficient to consider the values of p from 0 to +-co (0 < p< + o) 
and those of @ from 0 to 2x (0 < o < 2m), where the angle q, as 
we agreed upon, is measured from the polar axis anticlockwise. 
But sometimes we have to consider angles exceeding 2x, as also 
negative angles, i.e. angles reckoned clockwise. 
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Sec. 31. Relationship Between Rectangular 
and Polar Coordinates 


Let us establish the relations between polar and rectangular 


coordinates. 
Suppose that the pole of the polar coordinate system coincides 


with the origin of the rectangular coordinate system Oxy, and the 
polar axis coincides with the positive semi-axis Ox (Fig. 42). Then 
for an arbitrary point M we have 


OA =x, AM=y, OM=o0, 220M = Q. 
Putting @ to be an acute angle, from the right-angled triangle AOM 
we find 


OA =OMcosg, AM =OM sing, 
or 


xX=pcosq, 

y=osin @. 
The obtained formulas are true for fig. 4o 
any angle ~. In such a way the rec- 


tangular coordinates of the point M are expressed in terms of its 
polar coordinates. On the other hand, from the same triangle AOM 


we get 


OM=VO0OPLAM, tang=2t, 
or 
p=Varty’, 
tang==. 


This is how the polar coordinates of a point are expressed in terms. 


of its rectangular coordinates. 
It should be noted that when determining the polar angle by 
tan g, the signs of the coordinates x and y must be taken into ac- 


count. 
In the preceding sections we saw that lines can be specified by 


equations relating their rectangular coordinates. We are going 
now to give a simple example to show that it is also possible to. 


define lines by polar equations. 
Example. Consider the curve 


0 = ag, 
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where a@ is a certain positive number. This curve is called the spiral 
of Archimedes*. To construct it, we tabulate the corresponding values 
of @ and 0: 


Using this table, we plot the points and join them with a smooth 
curve, defining (if necessary) 
more exactly the positions of 
intermediate points (Fig. 43). 


Sec. 32. Parametric Equations 
of a Line 


It is sometimes more con- 
venient, instead of an equa- 
tion of a line relating the rect- 
angular coordinates x and y, 
to deal with the _ so-called 
parametric equations of the line 
representing the expressions 
for the current coordinates z 
and y as functions of a vari- 
able quantity ¢ (called a param- 
eter)**. Parametric equations 
FIG. 43 play an important role, for 

instance, in mechanics where 
the coordinates z and y of a moving point M (x, y) are consid- 
ered as functions of time (equations of motion). 


Example 1. Form the parametric equations of a circle. 

Let M (x, y) be an arbitrary point of a circle of radius AR with 
centre at the origin (Fig. 44). In the right-angled triangle AOM 
we denote the angle zOM by ¢t. Then, obviously, we shall have 


OA =OM cost, AM =OM sint, 


* In honour of the great Greek scholar Archimedes (third century B.C.) 
who first studied that curve. 

** The term “parameter” is used in yet another sense to denote a quantity 
which for a given curve is invariable but changes when moving from one curve 
of a given type to another. For example, the quantity p in the equation of the 
parabola y? = 2pz is constant for the given parabola but changes when we pass 
to another parabola. 
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or 
x=Reoost, 
y=Rsint. 
These are parametric equations of the circle. 
In order to get an ordinary equation of the circle, we have to 


eliminate the parameter ¢. To this end we square (32-1) and add 
them 

x? y* = R? (cos? t + sin? t) = R?*. 

Example 2. Derive the {parametric 
equations of the ellipse. 

An ellipse with the semi-axes a and 0 
may be regarded as a circle uniformly 


compressed along the vertical diame- 
ter, of radius a, where the coefficient 


of compression k = as (see Sec. 24, Chap- 


ter 4). Let M (zx, y) be a point on the el- 
lipse and N(X, Y) the corresponding 
point on the circle (Fig. 45), where 


=X, y=—Y. (32-2) 


We take the angle formed by the radius OWN of the circle with the 
positive direction of the 
axis Ox for the parameter 
t:t = Z NOx. Using (32-2), 
we have 


(32-1) 


‘FIG. 44 


x= XxX =acost, 


y= 2 Y= 2 asint= 
a a 


=bsint. 
Thus, the parametric equa- 


tions of the ellipse with 
the semi-axes a and b are 


xr=acost, 
FIG. 4c y = Osint. (32-3) 


Eliminating the parameter ¢ from (32-3), we get the canonical equa- 
tion of the ellipse 


72 y2 
a tort 
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Having parametric equations of a line, we are able to plot it 
point by point. 


Example 3. Construct the curve 


r= t?, F 
y = 2t. Ce 


Tabulating the values, we have 


Plotting the points according to their coordinates (z, y) on the 
plane Oxy and joining them with a line, we get the required curve 
(Fig. 46). This curve is a parabola. In- 
deed, eliminating the parameter ¢ from 
equations '(32-4), we (get y® = 4z, i.e. 
the canonical equation of the parabola. 


Sec. 33. Parametric Equations 
of the Cycloid 


Definition. The cycloid is a curve de- 
scribed by a point M on the circumference 
of a circle rolling (without sliding) along 
a straight line (Fig. 47). 

Let us derive the parametric equations 
of the cycloid, taking the straight line 

| for the x-axis, assuming that the radius of 
FIG. 46 the rolling circle is equal to a, and that 
in its initial position the moving point 
M coincides with the origin. We take for the parameter ¢ the angle 
(in radians) of rotation of the moving radius MC;,of the circle relative 
to the vertical radius AKC, where K is the point’ of contact of the 
circle with the z-axis (Fig. 47). Since the circle rolls without sliding, 
obviously, we have 


OK = MK = at. 
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Hence, on the basis of Fig. 47 we get the following expressions for 
the coordinates of a moving point M: 


x = OP = OK — PK = OK — MQ =at—asint = 
= a (t — sin t) 
and 
y = PM = KC — QC =a—acost = a (1 — cos ?). 


FIG. 47 


Thus, the parametric equations of the cycloid are 
x=a(t—sint), 
y =a(i—cost). 


Exercises 


{. Construct the points given by their polar coordinates: A (5, 0), 
1 Tt 4) 
B(2,+),¢ (3, +), Di, a), E(2, 3H). 
2. What rectangular coordinates have the points specified by their 
polar coordinates: A(5, 0), B(6, +), C(2, +), D(4, “t)? 


3. Construct (point by point) the logarithmic spiral 9 = 29/7, 

4. Write in polar coordinates the equations of the following lines 
(a) c = 1; (b) y = —2; (c) y= 2; (d) y = 22; (e) e+ y= V2; 
(f) 2? + y? = 25. 

o. Write the equation of the straight line x cosa + ysina — 
— p = 0 in polar coordinates. 

6. The equation of a curve in polar coordinates has the form 


0 = acos q. 
Write the equation of this curve in rectangular coordinates and find 


out what curve is this. 
7. A line is given by the polar equation 


_ 1 
~ 4—cos@ ° 


p 


Write the equation of this line in rectangular coordinates. 
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8. A line is represented parametrically iby the equations 
x=asint, y= b)cost. 
Find its equation in rectangular coordinates. 
9. A line is specified by the parametric equations 
a 4 b 4 
r=Z (tte). y=z(t-7). 
Find its equation in rectangular coordinates. 
10. A line is given by the parametric equations 
f=, of Al. 


Find its equation in rectangular coordinates. 

41. A point moves in the plane Oxy occupying at time ¢ measured 
from the initial moment ¢ = 0 the position M (200 — t, 100 — 2). 
At what time will the point meet the straight line 


8c — by +10 =0 


and what will its coordinates be at that moment? 


Chapter 6 


Functions 


Sec. 34. Constants and Variables 


In the study of natural phenomena we all the time deal with 
constant quantities and variable quantities, or constants and 
variables. 

Definition. A constant is a quantity whose numerical values remain 
fixed, or in other words, a quantity which has one and only one value 
(either in general, or within the framework of a given problem; in the 
latter case a constant quantity is called a parameter). 

A variable is a quantity which can take on different values within 
the framework of a given problem. 


Let us give a couple of examples of variables and constants. 

Example 1. The diameter and length of the circumference of 
a circle can attain different values depending on circumstances and, 
consequently, are, generally speaking, variables, whereas the ratio 
of the length of the circumference to its diameter always preserves 
one and the same value and, hence, is a constant called the number x 
(m = 3.14159...). | 

Example 2. The volume v and pressure p of a certain mass of 
gas are variables, while, as is known from physics, at a constant 
temperature the product vp is a constant. But with a change in 
temperature the product vp, generally speaking, varies. 


It should be noted that, for the sake of generality, it is frequently 
advisable to regard a constant as a variable that can assume only 
one value. 


Sec. 35. The Concept of Function 


When studying some phenomenon we usually deal with a col- 
lection of variables which are related so that the values of some 
quantities (independent variables) completely determine the values 
of other quantities (dependent variables, or functions). 
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For instance, when studying gas we are interested in its volume v, 
temperature ¢, pressure p. According to Mendeleev-Clapeyron law, 
given the volume and temperature of a gas we can uniquely determine 
its pressure. Consequently, the quantities v and ¢ may be regard- 
ed as independent variables, and p as a dependent variable (or 
function). 

Now we are going to present the definition of the concept of func- 
tion which is the principal concept of higher mathematics. First 
we shall confine ourselves to the case of two variables. 

Definition. A variable y is said to be a function (single-valued) of 
a variable x if they are related so that to each value attained by x (per- 
missible values) there corresponds a unique, quite definite value of y*. 

This definition was first roughly formulated by N. I. Lobachevsky, 
the great Russian mathematician. 

Here, the variable zx is called the argument or independent variable, 
and y is sometimes termed the dependent variable. The variables x 
and y are then said to be in a functional relationship. 

The collection of all values assumed by the variable x for which 
the function y is defined is called the domain of definition, or the 
domain of existence, or simply the domain of this function. 

The domain of definition of a function represents most frequently 
either an open interval (a, b) (Fig. 48, a), i.e. the set of all numbers z 
satisfying the inequality 

axz<b 
(here the values x = a and x = 0b are excluded!), or a closed interval 
[a, b] (Fig. 48, b), i.e. the set of all numbers z satisfying the in- 
equality 

ax<x2zr<b 
(here the values x = a and x = D are included!). In some cases the 
domain of definition of a function is a half-open interval closed at 


(4) z 
$c) 
0 a a Z FIG. 48 


the left, [a, 5), or at the right, (a, bl, i.e. the set of numbers zx 
defined by the conditions a< +<( b ora<i2z< J, respectively. 
The set of points representing an open interval, or a closed interval, 
or a half-open interval will be called the interval and designated 


as (a, b). 


* Here and henceforth we assume that the quantities and numbers we deal 
with attain only real values, unless otherwise stated. 
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Besides finite intervals discussed above we often deal with infinite 
intervals: (—oo, a) = {x |x< a}, i.e. the set of all numbers less 
than a; (b, +00) = {x |x > )D}, i.e. the set of all numbers greater 
than 6; (—oo, +00), i.e. the set of all real numbers (see Sec. 44, 
Chapter 7). The intervals (—oo, a] and [b, -+co) have an analogous 
meaning. 

To express the fact that a variable y is a function of a variable z, 
we use the notation : 


y =f (), (35-1) 


where the letter f is called the function symbol (read as “y is equal 
to f of x’). Instead of f, any other letter (say, g, h, I, @, etc.) 
can be used to denote functional relationship (35-1). And it goes 
without saying that different functions must be designated by 
different letters within the framework of one and the same problem. 

The particular value of the function f (x) for x = a is written 
in the following way: f (a). For instance, if 


f(x) =z (1 —2), 
then 
f(0)=0, f(1) =0, f (2) = —2 and so on. 
Here are a few examples explaining the concept of function. 


Example 1. From the formula for the area of a circle 
oie) 8 be 


it follows that to each permissible (i.e. positive) value of the radius R 
there corresponds a definite value of the area S. Consequently, S is 
a function of R defined within the infinite interval O< R< +00. 
Example 2. According to the Boyle-Mariotte law, at a constant 
lemperature we have 
vp = C, 
where v is the volume of a definite mass of gas, p its pressure, andC 
some constant quantity. Whence 
C 
v=—. 
Pp 


Consequently, to each value of the pressure p there corresponds a 
definite volume v of gas. We may say that the volume of gas v is 
«i function of pressure p. From physical considerations it follows that 
the domain of definition of this function is an infinite interval 


O<p<+o. 
Example 3. Find the domain of the function 
y=VIR#. (35-2) 


§—O875 
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This function has sense if 
4—27>0. 
Hence 
v’<4 or |xa|]< 2. 
Consequently, the domain of definition of the function is the segment 


—2<a4< 2. 

To visualize the behaviour of a function, we construct its graph 
considering the independent variable zx and function y as rectangular 
coordinates of some point M in the plane Oxy. 

Definition. The graph of a function y = f (x) is the set of all points 
M (x, y) of the plane Oxy whose coordinates are related by the given 
functional relationship. 

In other words, the graph of a function is a line whose equation 
is the equality defining the function. 

For instance, for function (35-2) we have. 


e+y=4 yop. 


Obviously, its graph is the upper semi-circle of radius R = 2 with 
centre at the origin (Fig. 49). From the figure it becomes clear that. 
the domain of definition of the function represents a segment [—2, 2]. 
It should be noted here that after the graph of the function y = 
= f (x) is constructed we can approximate the roots of the equation 
f (cz) = 0 as the abscissas 


of the points of intersection 
of the graph with the z- 
axis. 

If to every value of the 
variable x there corresponds 
one value of the variable 
y, then y is termed a sin- 
gle-valued function of x; if 
at least to some values of 
FIG. 49 the variable x there corre- 

spond several (two, three, 
etc.) or an infinite number of values of the variable y, then the 
latter is called multiple-valued (double-valued, triple-valued, etc.) 
function of zx. 

For instance, y = z® is a single-valued function of z; y = sin zx 
is also a single-valued function of z. The function y= +V<a 
is a double-valued function of x; y = Arcsin z is a multiple-valued 
(infinite-valued) function of z. 

Henceforth the word ‘function’ will be understood as a single- 
valued function, unless otherwise specified. 
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Sec. 36. Simplest Functional Relations 


1. Direct Proportional Relation 


Definition. Two variables are said to be directly proportional if 
they have a fixed (constant) ratio. 

Here are some examples of directly proportional quantities: 
the length of the circumference of a circle and its radins; the path 


FIG. 50 FIG. 51 


covered during uniform motion and the time spent; linear stretching 
of an elastic rod and the load applied, and many others. 
Let x and y be directly proportional quantities and let for z = 1 


the quantity y attains the value equal to k. By definition, we have 


cy, 
T = % > hence 


y = kz, (36-1) 
where the constant k is called the proportionality factor. Functiom 
(36-1) is termed a homogeneous linear function; its graph is a straight 


line passing through the origin with the slope k (Fig. 50). 


2. Linear Relation 
Definition. Two variable quantities x and y are linearly related if 
Y = Yo + kz, (36-2) 


where k and yy are constants. 

(36-2) is called a linear function; its graph is a straight line (Fig. 51) 
with the initial segment y, and slope k. 

The distance of a point performing uniform rectilinear motion 
from the start and the time, the length of a bar and its temperature 
are examples of linearly related quantities. 


(* 
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3. Inverse Proportional Relation 


Definition. Two variable quantities are inversely proportional if one 
is proportional to the reciprocal of the other. 

Examples of inversely proportional quantities are: the velocity 
of uniform motion and time required to cover a given distance; the 


\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
FIG. 52 FIG. 53 


volume occupied by gas (at a constant temperature) and pressure; 
current intensity (at a constant electromotive force) and resistance 
of a circuit, and so on. 

Let xz and y be inversely proportional quantities and suppose that 
if <= 1, then y = k. By definition, we have 


xz sek 
4° yy? 
hence 
= k 
~ ¢ 


For k > 0 the graph of this function represents an entire equilateral 
hyperbola or its part (Fig. 52). For k < 0 we get a hyperbola (or its 
part) situated in the second and fourth quadrants. 


4. Quadratic Relation 


In the simplest case a quadratic relation has the form 


y = kz?, (36-3) 
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where k is a constant. The graph of this function is a parabola (entire 
curve or its part) (Fig. 53); for k > 0 it is situated above the z-axis 
and for k < 0 below this axis. 

Examples of quadratic relations are: the area of a circle and radius 
of this circle; the path covered by a body at free fall and time elapsed, 
and so forth. 


5. Sinusoidal Relation 

When studying periodic processes we often come across the sinu- 
soidal relation 

y =A sin (wx + @g), (36-4) 


where A is the amplitude, w the frequency and @ the initial phase. 
Function (36-4) is called the harmonic; y is a periodic function with 
the period 


| ee 
@ 


i.e. the values of the function y = y (z) at the points z and z+ 7? 
are the same. Indeed, we have 


y(a+ T) =A sinlo(a#+ 7) + 
+o] =A sin (or + 2n + g) = 
= A sin (wx + ) = y (2). 


Harmonic (36-4) can be reduced to 
the form 


y = A sin w (x — 2p), (36-5) 
es SP er vd : 
where 2) = at Hence it is clear yo. 5,4 


that the graph of the harmonic is a 
deformed sinusoid with an amplitude A and period 7 shifted 
along the z-axis by the quantity 2, (Fig. 54)*. 

Examples of sinusoidal relations are: deviation of air particles 
from equilibrium caused by a sound wave of constant frequency 
and time; intensity of single-phase sinusoidal current and time, 
and so on. 


Sec. 37. Methods of Representing Functions 


To represent or, which is the same, to specify a function means 
lo indicate its domain of definition and the rule according to which 
for any given value of the independent variable the corresponding 


* For more detail see Sec. 42. 
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value of the function is found. There are three basic methods of 
representing functions: (1) analytical, (2) tabular, and (3) graphical. 


4. The Analytical Method 


If a function is represented by means of a formula, then it is said 
‘to be specified analytically. For instance, in the formula for the 
volume of a sphere 


4 
V=znk 


tthe volume V is a function of radius AR represented analytically. 
If a function 


y = f (z) 
iis specified by a formula, then its function symbol f denotes the 
totality of operations that should be performed in a definite sequence 


on the value of the argument x in order to get the corresponding 
value of the function y (or, which is the same, the value of the func- 


tion f (z)). 
y Let, for instance, 
f(x) =, 2—1,. (37-1) 


Here the function symbol f/f desig- 
nates the following series of opera- 
tions: 
7 a (1) squaring the argument 7; 
(2) subtracting the number 1 from 
the result obtained; 
FIG. 55 (3) taking the cube root of this 
difference. 
Knowing f and assigning various values to the argument z. we 
get the corresponding values of the function f (x). For instance, for 
‘our function (37-1) we have 


f(O)=/e—-1=—1, 
f()=/ P—1=0 


and so on. 
A similar meaning is obtained by the expressions 


f(cth) = («+h)?2—1 


and so on. 
In some cases a function may be specified by several formulas. 
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Let, for instance, 

0, if r<0, 
H)=| 0 ie ae 

xz, if «>0. 

This function is quite defined since for each value of the argument 

a we can indicate the corresponding value of the function f (z). 
Namely, if x is negative or equal to zero, then f (x) is equal to zero, 
for example, 


f(0)=0, f({—Z)=0, f(—1)=0 


and so on. 
If x is positive, then f (x) is equal to the value of the argument, 


for instance, 
3 3 

f(z)=z.  fOH5 
and so on. 

Thus, two formulas 

f(z) =0, if «rx< J, 
and 

f(x) =z, if «>0, 
define one function (Fig. 55). 


2. The Tabular Method 


Suppose we want,to establish a relationship between the yearly 
average temperature ¢° and the height A of a certain terrain above 
sea level expressed in kilometres. Let us tabulate the results of our 
observations: 


hm {| of +] 2]s3]4]s5 | 6 | 7 | 8 


ve |+7.9 |+4.6 +0.4 |-5.0 |-10.7|—-16.9] 23.7 | —30.8 | —38.0 


From the above table we see that the yearly average temperature 
varies with the height of,a terrain above sea level, and to each value 
of the height h there corresponds a definite value of temperature ?”. 
Consequently, the yearly average temperature ¢° is a function of 
the height of a terrain h above sea level, the relation between the 
variables ¢° and h being established by a table. Such mode of repre- 
senting a function is called tabular. 

_ Knowing thejanalytic expression of a function, we can represent 
this function by means of a table for certain values of the argument 
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we are interested in. Suppose we have a function 
y= 2. 


Assigning to x a number of numerical values and computing the 
corresponding values of y, we get the following table: 


. | 


y |... [a7 |-8 |—1 | o | 1 g | 27 


We see that if a function is specified analytically (i.e. by means of 
a formula), then it is possible to compile a table for it, or, in other 
words, to tabulate this function. 

We usually tabulate functions frequently used in practice but 
having a complicated formula when represented analytically. For 
instance, the tables of the functions sin z, cos z, etc. (so-called 
tables of natural trigonometric quantities), log x (tables of logarithms) 
and so on are widely known and frequently used. There are formulas 
for these functions but they are too complicated for practical use 
since they are expressed by means of infinite series (see Sec. 192, 
Chapter 21). 

There arises a question: Is it always possible to pass over from 
a tabular representation of a function to its analytical expression, 
i.e. to write such a function by a formula? 

It should be noted in this connection that a table gives not all 
the values of a function. The intermediate values of the function 
can be found only approximately (so-called interpolation of a func- 
tion). Therefore, in the general case it is impossible to find an exact 
analytical expression of a function from its tabular data. 

But it is always possible to construct one or several formulas 
which for the tabular values of the argument will yield the correspond- 
ing tabular values of the function. Such formulas are termed 
interpolation ones. 


3. The Graphical Method 


The two above considered methods of representation of a function 
(analytical and tabular) lack visuality. The graphical method is 
devoid of this disadvantage. In this case the relation between the 
argument x and the function y is established with the aid of a graph 
(Fig. 56). Here, to find for a certain value of the argument, say z, 
the corresponding value y of the function, we have to lay off a seg- 
ment OA = z in the corresponding direction on the z-axis and then 
to erect a perpendicular A/V to intersect the graph at point M. 
Taking the length of this perpendicular with an appropriate sign, 
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we get the number 


y =f (2). 

Assigning to x various values and using this technique, we shall 
have the corresponding values of the function y which, if necessary,. 
can be tabulated. 

Graphical representation of a function may be exemplified by the 
so-called barogram (the record of a barograph) showing graphically 
how atmospheric pressure changes with time. 

To construct the graph of a function y = f (x) specified analytical- 
ly, we have to compile a table of values of the given function and 
then, regarding x as the abscissa of a point, and y as its ordinate, 


FIG. 56 FIG. 57 


lo plot a system of points in the plane. Joining these points with 
a line which also takes into account the intermediate values of the 
function, we obtain an approximate graphical representation of the 
viven function. 

For instance, using the table given under Item 2 of the present 
section, we plot the graph of the function 


y= x 
which is a cubic parabola (Fig. 57). 


Sec. 38. The Concept of Function 
of Several Variables 


‘he concept of function of one independent variable is naturally 
dpread to the case of several variables. 

Delinition. A variable u is called a function (single-valued) of 
several variables, for instance, of two: x and y if to each pair of values 
uf « and y (permissible values) there corresponds a definite value of the 
quantity u. 
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Here, the variables z and y are called independent variables or 
arguments; the set of their values under consideration is called the 
domain of definition or the domain of existence of the function uw. 
The domain of existence of a function of two variables x and y is, 
generally speaking, the set of points of the plane Ozy. 

The fact that wu is a function of x and y is expressed by the follow- 
ing brief notation 


u = f(z, y), 


where f is called the function symbol; it symbolizes the rule of corre- 
spondence between the independent variable and function. Of course, 
instead of f any letter may be used for this purpose. 


Example 1. The area U of a rectangle whose sides are equal to z 
and y is expressed by the formula 


U = zy. 


Obviously, U is a function of two arguments x and y defined in the 
domain x>0, y>0. 
Example 2. The combined equation of state for gases has the form 


up = RT, 


where v is the volume occupied by a given mass of gas, p the pressure 
of the gas, 7 the absolute temperature, and R a constant quantity. 
Solving this equation with respect to v, we get 


v= —- 
Pp 
We see that the . lume v is a function of two variables: the pressure 
p and absolute temperature 7, and this function is defined in the 
domain p>0O, T>0. 
A function u of three variables z, y, and z in the general form may 
be denoted in the following way 


u = f (z, Y, Z). 


Example 3. The volume V = zyz and the total surface S = 
= Qry + 2yz + 222 of a rectangular parallelepiped with linear 
dimensions x, y, and z are functions of three arguments 2g, y, 
and z defined in the domain z > 0, y >0, and z> 0. 


Sec. 39. Implicit Function 


A function is called explicit if it is specified by a formula whose 
right-hand member contains no dependent variable. For instance, 
the function y = zx’ is an explicit one. 
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A function y of the argument z is called implicit if it is specified 
by the equation 


not resolved in the dependent variable. For instance, the function y 
{y > 0) defined by the equation zx? + y* = 1 is an implicit one. 

To obtain the explicit expression of the function y defined by 
(39-1), it is sufficient to resolve this equation in y. Since for a given 
value of the argument x equation (39-1) may have several (and even 
an infinite number of) roots y, in the general case an implicit function 
is multiple-valued. 

The set of values of the argument z for each of which equation (39-1) 
has at least one real root y represents the domain of existence of the 
corresponding implicit function. It should be noted that not every 
equation (39-1) defines an implicit function. For instance, the equa- 
tion 


gy 1 = 0; 

obviously, defines no function whatever (in the real domain). 
Example. Let x and y be related by the equation 
al es | gle 


Here y is an implicit function of the argument z. Resolving this 
equation with respect to y, we get 


y= 1-2 


This last formula gives us y as an explicit function of z. 
Sometimes it is rather difficult to resolve (39-1) with respect to y. 
For instance, the Kepler equation 


y—esiny=ux (O<e< 1) 
cannot be resolved by elementary means with respect to y. In such 


a case we have to study the function y directly using the equation 
defining this function. 


Sec. 40. Inverse Function 


Let y be a function of the argument z: 
y =f (2). (40-1) 


Assigning values to x, we shall obtain corresponding values of y. 
Itowever, regarding y as the argument and z as a function, we may 
assign values to y and compute the corresponding values of zx. In 
this case equation (40-1) will define x as an implicit function of y. 
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The latter function is called inverse with respect to the given func- 
tion y 

Assuming that (40-1) is resolved in x, we get an explicit expression 
of the inverse function 


z= (y), (40-2) 


where the function @ (y), for all permissible values of y, satisfies 
the condition 


f lg (y)] = y. (40-3) 
Example 1. In the formula for the volume of a ball 


the radius R is the argument and the volume V is the function. 
Resolving equation (40-4) in R, we get the function inverse to the 
given one: | 


_i/a 

i Am ° 
Sometimes they stick to the standard notation in which z designates 
the independent variable and y the function, i.e. the dependent 
variable. Then an inverse function should be written in the form 


y = 9 (2). 

For instance, we may assert that y = 2* and y = log, x are mutual- 
ly inverse functions. 

The inverse function of a single-valued function may turn out 
to be multiple-valued (as in Fig. 58), i.e. to a given value of y there 
may correspond several values x,, 23, X3, ... of the inverse func- 
tion xz =  (y) (Fig. 58). In some cases we succeed in making the 
inverse function single-valued by introducing additional limitations 
for its possible values. 


Example 2. The double-valued function 
r=atVy 
is an inverse function with respect to the function y = x?. If we 


agree to take only the arithmetic value of the root, then the inverse 
function will be single-valued. 


Obviously, the function inverse to function (40-2) is function 
(40-1). Therefore, the functions with the function symbols f and 
related by (40-3) are mutually inverse functions. One of them is called 
the direct function, the other inverse. 

It is worth noting that one and the same curve 


y = f (z) 
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represents the graph of a given function as well as the graph of the 
function inverse to it depending on which of the axes (Oz or Oy) 
the values of the argument are laid off. 

If we agree to denote the independent variable by z and the 
dependent variable by y, then to get the graph of the inverse func- 


FIG. 58 FIG. 59 


tion y = @ (z) from the graph of the given function y = f (2), it is, 
obviously, sufficient to mirror reflect the latter graph about the 
bisector of the first and third quadrants (Fig. 59). 


Sec. 41. Classification of Functions of One Argument 


Depending on the character of the operations to be performed 
on the value of the argument in order to get the corresponding value 
of the function, the following classification of functions is established. 

(1) If on the value of the argument zx and on some of the constants 
the following operations: addition, subtraction, multiplication, 
raising to an integral positive power (and a finite number of times) 
are performed, then we have an integral rational function or a poly- 
nominal. The general form of such a function is 


P (x) = age™ +a "t+... tan. ec t+ an; 


where m is an integral positive number or zero, and the coefficients 
Qo, Ay, - + +) Amy, Am are constant numbers. 

(2) A function representable in the form of a quotient, both the 
numerator and denominator being integral rational functions, 


R(z) = agz™ +-ayx™M-1+- ... +am_yx tam 
~ bot™®+b,a214 ...+bn_etdp ’ 
is called a fractional rational function. 


Integral rational functions and fractional rational functions 
constitute the class of rational functions. 
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(3) If, in addition to the above mentioned five algebraic opera- 
tions performed on the argument x, roots are taken a finite number 
of times and the result is not a rational function, then we have an. 
irrational function. For instance, 


fay=Y were (W241). 


Here a root is usually understood as its arithmetic value. 

Rational and irrational functions constitute the class of explicit 
algebraic functions. 

(4) In the more general case the algebraic function is defined as. 
a multiple-valued implicit function y defined by the equation 


Po (2) y™ + py (x) yP2 Heo ee + Dna (2) Y + Dn (4) = 0,7 


where 7 is a positive integer, and the coefficients py (x), p, (2), 

» «+s Dn-1 (2), Pn (x) are integral rational functions of x and, more- 
over, the coefficient py (x) is not identically equal to zero*. For 
instance, the root of the equation 

y+y—z2=0 
is an algebraic function. It should be noted here that this function 
is not an explicit algebraic function, since an algebraic equation 
of the fifth and higher degrees is, generally speaking, unsolvable 
in radicals. 

(5) Every function not belonging to the class of algebraic functions 
is called a transcendental function. 

The simplest transcendental functions (so-called elementary trans- 
cendental functions) are: 

(a) the exponential function a*, where a is a positive number not 
equal to unity; 

(b) the logarithmic function log, z, where a>0O and a+ 1; 

(c) the trigonometric functions: sin z, cos z, tan z, cot x, sec x, 
CSC x; 

(d) the inverse trigonometric functions: Arcsin z, Arccos z, 
Arctan x, Arccot z, Arcsec xz, Arccsc zx. 

Algebraic, elementary transcendental functions and their finite 
combinations are called elementary functions. This is the main stock 
of functions we are going to deal with within the framework of our 
course. 

As a rule, we shall use only single-valued elementary functions 
putting, if necessary, additional limitations on the multiple-valued 
functions under consideration. 


* In the general case algebraic functions are considered in the complex 
domain. 
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Sec. 42. The Graphs of the Basic Elementary 
Functions 


Below we shall consider the graphs of some basic elementary 
functions. 
I. The power function 


y = 2", (42-1). 


where n is an integer. 

The function is defined for —co << 2 < -++o0, if n > 0, for O< 
<l|z|< +o, ifn<0. 

lin >0 (rn = 0, 1, 2, ...), then the graphs of (42-1) represent 


FIG. 60 FIG. 61 


parabolas of orders zero, one, two, etc., respectively (see Fig. 60). 
lfin<0O(n = —1, —2, ...), then the graphs of functions (42-1) 
represent hyperbolas of various orders (Fig. 61). 
II. The radical 


Y= zy (42-2) 


where n is a natural number. 

The domain of definition of the function: 0 < xz < -++oo for even n 
and —oo < x< -++oo for odd n. 

Since x = y”, (42-2) is an inverse function with respect to power 
function (42-1). Therefore, the graphs of the radical for various n-. 
ure parabolas or parts of them (Fig. 62). 


Ill. The exponential function 

y= a, 
where a is a constant number, and a>0O, a+ 1. 

This function is defined for all values of x. It has positive values 
and increases monotonically from 0 to -++oo for a > 1, and decreases 
monotonically from -+oo to 0 
for O<a< 1 (Fig. 63). 

IV. The logarithmic function 

y=log,z (a>0, a1). 

(42-3) 
The domain of definition: 
O<zr< +00. 


Since from (42-3) we have 


the logarithmic function is an inverse function with respect to the 
exponential function. Therefore the graph of the logarithmic function 


Yat x 
(U<a<?) - 


ees 
y=loj¢ ~~~ 
(0<a<?) -F 


— 


— 
“ome cnn 
mee come 
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is obtained from the graph of the exponential function as a mirror 
image of the latter about the bisector of the first and third quad- 
rants (Fig. 64). 

V. Trigonometric functions. 

In higher mathematics the argument of a trigonometric function 
is a number that may be considered as the measure of the correspond- 
ing angle expressed in radians. 
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Here we shall confine ourselves to a review of the most important 
trigonometric functions: 


(a) y = sin z; 


the function is defined for all values of z. The function sin z is 


FIG. 65 


limited (| sin z |< 1) and periodic with the period 2m (i.e. the 

values of the function are repeated 

as the argument changes by 2:2); 

its graph is a sinusoid (Fig. 65). 
(b) y = cos g; 

this function possesses the proper- 

Lies similar to those of the function 


sinz. Its graph is a_ cosinusoid 
presenting a sinusoid but shifted 


lo the left by > (Fig. 65). In- 


7 
deed, cos z= sin (2+ 4] ; 


Oe toe FIG. 66 ; 


the function is defined for ap HEE m (ke = 0, +1, +2, ...); 


las a period x. Its graph is a tangensoid (Fig. 66). 

(d) y = cot a; 
il is defined for x ~ kn (k = 0, +1, +2, ...); has a period x. 
lis graph is a cotangensoid which is geometrically identical with 


the tangensoid (Fig. 66). 
VI. Inverse trigonometric functions: 


(a) y = arcsin 2, (42-4) 
1.0. y is an arc taken within the limits 
—F<y<s. (42-5) 


7 0875 
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whose sine is equal to x: 

siny =< (42-6) 
(the principal value). Function (42-4) is uniquely defined on the 
interval [—1, 41]; its graph is a part of sinusoid (the arc AB in 


Fig. 67). 
If we convert equality (42-6) without putting the condition 


FIG. 68 


FIG. 67 


(42-5), i.e. if we find all the values of y whose sines are equal to z, 
then we get a multiple-valued function 


y = Arcsin 2, 
whose graph is a sinusoid running along the y-axis. By virtue of 


the properties of arcs having the same sine, we have the following 
formula 


Arcsin x = (—1)* arcsinzg + kn (k =0, +1, +2,...). 


(b) y = arccos z, (42-7) 
i.e. y is an arc taken within the limits 

O0<y<a (42-8) 
whose cosine is equal to z: 

cosy =2z (42-9) 


(the principal value). Function (42-7) is uniquely defined on the 
interval [—1, 1]; its graph is a part of cosinusoid (the arc AB in 
Fig. 68). 
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Solving (42-9) with respect to y, we get in the general case a 
multiple-valued function 


y = Arccos z, 


whose graph is a cosinusoid running along the y-axis. The following 
formula is valid here 


Arccos x = -karccos x + 2kn (k = 0, +1, +2, ...). 


(c) y = arctan z, (42-10) 
i.e. y is an arc taken within the limits 
Jt IU 


whose tangent is equal to z: 
tany =z (42-12) 


(the principal value). 
Function (42-10) is defined on the interval —oo <2 < +00 


/ 
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uniquely; its graph is an arc of tangensoid (Fig. 69). 
Solving (42-12) with respect to y, in the general case we shall 
have a multiple-valued function 


y = Arctan z, 


whose graph consists of an infinite number of shifted tangensoids 
(42-10). The following formula is true 


Arctan x = arctan x + kn (k= 0, +1, +2, ...). 


(d) y = arccot z, (42-13) 
ic. y is an are taken within the limits 
O<cy<aq, (42-14) 


whose cotangent is equal to z: 


colby = x. (42-15) 
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Function (42-13) is uniquely defined on the interval —co <r< 
< -+oo0; its graph is an arc of cotangensoid (Fig. 70). 

If in (42-15) for each x we define all values of y whose cotangent 
is equal to xz, then we shall get a multiple-valued function 


y = Arccot z (42-16) 


whose graph consists of an infinite number of shifted cotangensoids 
(42-13). We have 


Arccot x = arccot x + kn (ke = 0, +1, +2, ...). 
The above considered graphs should be well remembered. Making 


Y or “y=b+h (Z} 


FIG. 72 


use of them, we can plot numerous graphs of elementary functions 
regarding the latter as “transformed basic elementary functions”. 
Let the graph of the function 


y =f (2) (42-17) 


be known (Fig. 71). 
Let us consider the most important transformations of this graph. 


(1) The graph 

y = f(t — a) 
represents the initial graph (42-17) shifted in the direction of the 
z-axis by a quantity equal to a (Fig. 71). 

(2) The graph. | 

y = b+ f (2) 
is obtained from (42-17) as the result of translating the latter along 
the y-axis by a quantity equal to b (Fig. 71). 

(3) The graph 

y=cf(2) (ce #0) | (42-18) 
is obtained from the graph of the function f (x) for O<¢ce <1 by 
compressing the ordinates of the latter = times, and for 1<c< 
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< +oo by stretching its ordinates c times with the corresponding 
abscissas remaining unchanged (Fig. 72).. | 
If —oo <c < 0, then graph (42-18) is a mirror image of the graph 


y = —cf (x) about the x-axis (Fig. 72). 
(4) The graph 
y=f (kr) (k #0) (42-19) 


is obtained oom the graph of the function y = f (x) forO<k<1 
by extending - times the abscissas of its points, and for1<k< 


< +oo by a See k times the abscissas of its points with their 


ordinates remaining unchanged (Fig. 73). 
If —o <k< 0, then (42-19) is a mirror image of the graph 


y = f (—kz) 
about the y-axis (Fig. 73). 

The above formulated rules are geometrically obvious, and we 
leave their proofs to the reader. 

Combining transformations (1) to (4), we get the possibility to 


rIiG. 73 


construct the graphs of relatively composite functions proceeding 
lrom the graphs of simple functions. 


IXxample. Construct the graph of the function 
y = 3 sin 2x. 


3y transformation rules (3) and (4), this graph represents a sinu- 
soid y = sin x the abscissas of whose points are reduced by half 
wid the ordinates are extended three-fold (by absolute value, preserv- 
ing the sign; Fig. 74). 


When constructing the graph of a function, it is important to 
lake into account its symmetry and periodicity. 

Definition 1. A function f (x) is said to be even if the change of the 
sin of any value of the argument does not affect the value of the func- 


102 A Brief Course of Higher Mathematics 


tion, i.e. if 
f (—2) = f (2). 


Here are a few examples of even functions: x® = 1, x?, cos z, etc. 
The graph of an even function y = f (x) is, obviously, symmetric 
with respect to the y-axis (Fig. 75). Therefore, for an even function 


it is sufficient to construct only the right-hand half of the graph 
(x > 0), since its left-hand half (z < 0) is a mirror image of the 
right-hand half with respect to the axis of ordinates. 

Definition 2. A function f (x) is called odd if the change of the sign 
of any value of the argument results in the change of the sign of the 
function while its absolute value remains invariable, i.e. if 


f (—2) = —f (2). | 

These are odd functions: x, x3, sin z, tan z, arcsin z, arctan x, etc. 
The graph of an odd function y = f (z) is, obviously, symmetric 

about the origin (Fig. 76). Therefore, to construct the graph of an 


odd function, it is sufficient to depict its right-hand half (7 > 0), 
since its left-hand half (x < 0) is obtained by rotating the right- 
hand half through an angle of 180°. 

Definition 3. A function f (x) is said to be periodic if there exists 
a positive number T (a period of the function) such that 


fi@+ l)=f (2) 
(Fig. 77). Periodic functions were dealth with in Sec. 36 of the present 
chapter. For instance, sin x (period 2x), cos x (period 2m), tan x 
(period 1), ‘cot x (period x) are periodic functions. 
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To construct the graph of a periodic function it is sufficient to 
plot it on a segment whose length is equal to the period (so-called 
principal domain), and then to construct the periodic continuation 
of the graph by assigning equal values of ordinates to the points 
whose abscissas differ by a number multiple to the period. 


Sec. 43. Interpolation of Functions 


Consider the function y = f (x) represented by the first two columns 
of the table 


y | Ay | A2y 


x 

Lg Y-3 Ay-s A?y_s 
ee, Yo Ay-2 A*y_» 
LW Y-1 Ay-y A*y_y 
Lo Yo Ayo A? yo 
Ty U1 Ay; A*y, 
L2 Yo AYe 
Ls Ys : 

We shall assume that the tabular values..., z_,, 7.1, Xo, 24, 
Xo, .-. Of the argument zx are equally spaced. In other words, the 
difference 

Ax; = Lj4, 7 Zi h (i = 0, +1, +2, aoe ) (43-1) 


is a constant (A is the symbol of difference). The constant value h 
is called the pitch of the table. For the purpose of investigation of 
the behaviour of the function y let us supplement our table with 
the differences Ay of the first order (the so-called first differences) 

AY; = Viti — Yi (i = 0, +14, aie, iefe .). (43-2) 

If y = yo + &z is a linear function, then its difference Ay; = kh 
is a constant value. 

Analogously, we can write the differences of the second order (the 
second differences): 

A*y; = Ayit: — A¥i = Yite — Yitr) — Yio — Yi) = 

= Yito — Wisi + Yi (@ = 0, +1, +2,...) (43-3) 

and so on. 
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If y is a linear function, then its second differences A*y; are equal 
to zero. For the quadratic function y = a + bx + cz” the second 
differences A?y; are constant (check 
this!). 

Interpolation is understood as 
the process of finding a value of 
a function between two known val- 
ues by a procedure other than the 
law which is given by the function 
itself. 

Let the pitch h of a table be 
small and the differences Ay; almost 
constant. Suppose that z, is the 
FIG. 78 nearest least tabular value for a 

given non-tabular value 7, i.e. 
Ly << X< 2,. On the interval (x, x,) y may be regarded approx- 
imately as a linear function Y such that Y (x) = yo and 
Y (x,) = y,. Geometrically this means that we substitute the arc 


Pe 


M,M, of the curve by the corresponding chord M,M, (Fig. 78). 
Since the slope of the chord M@,M, is equal to 


__ Yi— Yo __ AYo 
k= h kh? 


we have 
A 
y % Y=yo+—* (x—m) (43-4) 


(so-called linear interpolation). 
Introducing the quantity 


L—I _— 7 
<a at (43-5) 


(expressing the distance between the points x and z,) measured in 
pitches), we can rewrite approximate formula (43-4) in the following 
form 

Y=Yott Ayo (43-6) 


Using (43-6), we can also carry out inverse interpolation, i.e. 
given a value of the function y (yp < y < y;), find the corresponding 
value of the argument x. Indeed, we have 


_. ¥—Yo . 
t= =iaet (43-7) 
Hence, by (43-5), we get 


x= 2, + th. (43-8) 
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Example 1. The function y = y (zx) is represented by the follow- 
ing table 


‘ | { | 1.02 | 1.04 


y | 1.24 | 1.44 | 1.69 


Applying linear interpolation, find y (1.005). What is the numerical 
value of x if y (x) = 1.5? 
Here the pitch h = 0.02. Putting z, = 1, we have 


Pixs 1.005 — 1 1 


0.020 «4° 
Hence, by (43-6), we find 


y = 1.214 2 -0.02= 1.215. 


For inverse interpolation we put 7, = 1.02 and yy = 1.44. Hence,,. 
Ayo = 1.69 — 1.44 = 0.25. By (43-7) and (43-8), we find 


and 

x = 1.02 + 0.24-0.02 = 1.0248. 

It should be noted that for x € (x9, x,) we obtain a similar formu- 
la for linear interpolation if instead of the nearest least tabular 
value z, its nearest greatest tabular value zx, is used which is some- 
times more advantageous. Namely, we have 


A ’ 
yr yt (x— x4). (43-4°). 


To get more accurate results, it is sometimes advisable to resort 
to quadratic interpolation, substituting on the interval (zo, 22): 


the function y with a quadratic trinomial Y such that 
Y(%)=Yo. YV(x)=y1, VY (a2)=Yos (43-9) 


where z, is, as before, the nearest least tabular value for a given 
non-tabular value x. Geometrically this means (Fig. 79) that we- 


a 
approximately replace the arc M,M,M, of the graph of the function 
y = y (x) by a parabola with a vertical axis passing through the: 
points M,, M,, Mg. 
We write the function Y in the following artificial form: 


Y=a+b (x — Xo) + ¢ (L — Xo) (4 — %). (43-10). 
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Putting x = Xo, by virtue of (43-9), we get 

Y (29) = Yo = G; 
hence 

a = Yo. (43-11) 
Analogously, for « = 2, we shall have 

Y (a1) =, = a+ b(X, — Xp); 


‘whence, using (43-11) and taking into account that z, — xz) =h, 
we find 


_ Yi—~ Yo _ Ayo : (43-12) 
Finally, for z = x, we have 


Y (x) =y,=a+ b (X_ — Xo) + 

+ ¢ (fp — Zo) (Lo — 2%). 

Hence, since 2x, — 2%) = 2h and 

Lo — at, =—h, then, taking into 

account (43-11) and (43-12), we 
get 


Y2— Yo— eve 2h 
pies aoe Saree (Yo—Y1) + (Y¥1— Yo) —2AYo _— Ayy— Ayo __ A®yo 
i 2h? 2h2 _ 2h? 2h * 
(43-13) 
Thus, we finally have 
* A A2 
y Yayo tp (tao) + ya (eM) (@— 4) (43-14) 
{the formula for quadratic interpolation). 
Putting 
<= ==} (43-15) 
and 
son _ Saad) = t_1, (43-16) 


‘we get a more convenient formula for quadratic interpolation: 


—{ 
Y © Yo tt Ayot+ sen. A? Yo. (43-17) 
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Example 2. The function y = y (z) is represented by the first 
two columns of the table 


Find y (0.27), using the formula for quadratic interpolation. 

We choose xz, = 0.25 as the initial value (the chosen row is under- 
lined in the given table). The pitch of the table h = 0.05. 

We then find the differences Ay, = 0.0659 and A?y, = 0.0033 
(for brevity, decimal digits are omitted in the table). 

We have 


__ 0.27—0.25 


= = L 
t 0.05 0.4. 


Hence, by formula (43-17) we get 
y (0.27) = 1.2840 + 0.4-0.0659 + “4 9.9933 = 
— 1.2840 +- 0.0264 — 0.0004 = 1-3100. 


Exercises 


1. In a triangle ABC whose base AC = b and altitude BD =h 
a straight line EF is drawn parallel to the base AC at a distance zx 
from it. Express the area of the trapezoid AEFC as a function of z; 
determine the domain of this function and construct its graph. 
2. Determine the domains of the following functions: 


@) y=Va-®, 0) v= es 


(b) y= V x2?—1; (d) y=log (1+2). 
3. Find f(0), f(4)s f(2)s £(3). f(—2), F(+), f@+4), if 


f(x) = 2 — 3x4 2. 


4. Knowing that f (1) = —2.23 and f (2) = 1.05, find approxi- 
mately f (1, 3) regarding the function as linear on the interval [1, 2] 
(linear interpolation). 
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5. The results of measuring the quantities z and y are tabulated: 


Find the relation between zx and y, knowing that it is linear. 
6. Find an integral rational function of the second degree 


f(x) =axv?+ bee, 
such that 
7. Let @ (xz) = 2? and wp (z) = 2°. Find g [yp (z)] and w [q (2)). 
8. Find (f(2)] and f{/Lf(@)I}, if f (@)=q>- 
9. Find explicit inverse functions for: 
(a) y= 2x+3; (bd) y= / 1— 23; (Cc) y=sin=. 
10. Construct the graphs of the following elementary functions: 


2 
(a) y=a2; (b)y=sy;s (0) y=1—-(F)": 


(d) y=log(x+2); (e) y=2cos (c—+) 
(f) y=sin?z. (Hint. sin?e= + (1—cos 22)); 


(g¢) y=4 sin (32— +] ; 


(h) y= —cot = ; 
e+1. 
2 ? 

141. Approximate the real roots of the equation 

v— 341 +1=0 
by constructing the graph of the function y = x? — 32 + 1. 

12. Find approximately the least positive root of the equation 
tan z = z by constructing the graphs of the functions y = tanz 
and y = =. 

13. The function y = y (z) is represented by the table: 


(i) y=arcsin (ji) y= - + = arctan 2. 


; | 0.6 | 0.7 


y | 1.8224 | 2.0138 


Using linear interpolation, find y (0.63). Evaluate z if y (x) = 2. 


Chapter 7 
The Theory of Limits 


Sec. 44. Real Numbers 


The quantity is understood in mathematics as everything that can 
be measured, its physical essence being all the same to us. Therefore, 
mathematical conclusions possess generality, i.e. they are applicable 
to all quantities in general. The process of measuring a quantity 
consists in comparing it with another homogeneous quantity (i.e. 
with a quantity of the same nature) taken for the unit of measure- 
ment. The result of measurement of a quantity is a number or a nu- 
merical value of the quantity measured. If a quantity being measured 
and the unit of measurement are commensurable with each other 
(i.e. have a common measure), then the result of measurement is 
a rational number 


a m 
= 


where m and n are integers. If a quantity under measurement and the 
unit of measurement are incommensurable with each other, then 


(he result of measurement is an irrational number (for instance, V 2, 
m, etc.) which can be represented in the form of an infinite aperiodic 
decimal fraction 


f= Doig. DiPe ae <4 Dara 


If we take a finite number of digits after the decimal point in this 
fraction, then we shall get some rational numbers which will evaluate 
(he measured quantity with any degree of accuracy. Therefore, in 
practical measurements we can manage with rational numbers. 
But when formulating general laws, it is impossible to avoid irra- 
(ional numbers (for instance, the area of a circle S = nR*, where x 
is an irrational number). Rational and irrational numbers are called 
real. numbers*. Geometrically real numbers are represented by 


* Henceforward, the word “number” should be understood as “a real num- 
her” unless otherwise is stated. 
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means of a number axis* Oz (Fig. 80). Numbers are placed on this 
axis according to a chosen scale: rational (integers 0, +41, +2,... 


and fractions + + yt . Mechs 
a result, all real numbers find their places on the number axis, 
occupying the latter without gaps, i.e. to each real number there 


and so on) and irrational. As 


ae. ee f if) ZG 
ZL FIG. 80 


corresponds a definite point on the number axis and, conversely, every 
point on the number azis represents a real number. Therefore, instead 
of “a real number” we often say “a point”. 

The set of all real numbers z is usually completed with two symbols 
—oo and -+oo with the following properties 


—oo << r< +00. 


Such system of real numbers is called extended. It is assumed that 
the following arithmetic is true: 


(a) xczto=+to; 


zt e 
(c) 2(+o)=+o0, if r>0 
and 


g(to)= Fo, if r<0. 


Real numbers may be positive and negative. In some cases we 
have to consider the absolute value of a real number ignoring its sign. 

Definition. The absolute value (or the modulus) of a real number 
is the arithmetic value of this number. 

The absolute value of the number a is denoted as | a |. For instance, 


|—5|=5, |+3|=3. 
In general, if x is a real number, then 
x, if x0, 
al=| | 
—zx, if +<0. 
Obviously, for any number x there exists the equality 
|—x|=|z |. 


If all real numbers are arranged on the number axis, then the 
absolute value | z | of any number z represents the distance of the 


* Synonyms: “number line”, “number scale”. 
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corresponding point A with the abscissa z from the origin O: | x | = 
= OA (Fig. 81). | 

Hence, it follows that if the absolute value of the number z satis- 
fies the inequality 


lz|<a (or |x |< a), (44-1) 
then the number x obeys the following limitation: 
—a<ar<a (or, respectively, —a<2< a), (44-2) 


i.e. x belongs to the interval (—a, a) (or to the segment [—a, al). 


ee aac” 
Pane one ee , Oe ES Le 
FIG. 84 Q L We 


In particular, for any number zx the following inequality holds 
—|lz|xazr<q[zl. 
Conversely, if there exists one of the dual inequalities (44-2), 
then the corresponding inequality (44-1) is fulfilled. 
A more general statement: if 
|xz—xa|<a (or |x—2|< 4), 
then, taking into account that | x — z, | is equal to the distance 
between the points x and x), we have 
Ly—-—a<xr<cxr+a (or %—a<xr<2z+ a) 
and conversely (Fig. 82). 
The absolute value of a real number possesses the following prop- 
erties: 
(1) The absolute value of a sum of two or several numbers is less 
than, or equal to, the sum of absolute values of these numbers. 
ainda ari 
_ | Igtl oF 
a La-a iL Z IZg 


FIG.82 


Indeed, first suppose that x and y are real numbers having the 
same sign, i.e. xy > 0. Obviously, we have 

letyl=l[tleltlyll=l20ezl[+ly)l-leletyl 
(for instance, | —3 — 5 | = | —(8+ 5) | =3-+ 5). 

Let now zx and y be real numbers of opposite signs, i.e. zy < 0 
and let us assume for definiteness that |x| => |y|. Then we have 

le+yl=ltle(Flyll=!+£02¢l—lyDIl= 

=|z|—lyl<lzIl+lyl 

(for instance, | —5 + 2] = | —(5— 2) |] =5—2<5 + 2). 
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Thus, for any real numbers z and y the following inequality holds 

le+yl<lzel[+lyl, (44-3) 
the equality sign taking place if and only if the numbers z and y 
have the same sign. 


Note. Inequality (44-3) is readily spread over any finite number 
of terms, for instance 


l¢ty+zl/=l([(@+tyt+zl<lertyl+t+izl< 
<leltilyi+t|{zi. 


(2) The absolute value of a difference of two numbers is greater than, 
or equal to, the difference of the absolute values of the minuend and the 
.subtrahend. 

Indeed, by virtue of property (1), we have 


lzJ=ly+(z@—yli<lylt+lieze—yl. 
Hence 
[Cy he | eo Sy |. 


(3) The absolute value of a product of two or several numbers is 
equal to the product of the absolute values of the factors. For instance 


|lzy|=|zrllyl. 


(4) The absolute value of a quotient is equal to the quotient of the 
absolute values of the dividend and the divisor (if the denominator is 
non-zero), i.e. if y 0, then 
= 
y 


_ {zl 
ly| ° 


(5) The absolute value of an integral positive or an integral negative 
power is equal to the same power of the absolute value of the base, i.e. 

Jz" | = [2 |’. 

We leave the proof of almost obvious assertions (3) to (5) to the 
reader. 


Sec. 45. Errors of Approximate Numbers 


When measuring a quantity with a precise value a, we usually 
obtain only its approximate value x. The difference a — z is called 
the error of the approximate number zx. We shall call the number a 
precise and the number z approximate. If x< a, then z is a minor 
approximation, and if x > a, then zx is a major approximation. 

Definition 1. Zhe absolute error A, of an approximate number x 
is the absolute value of the difference between the appropriate precise 
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number a and the given approximate number z, that is 

A, =|a—z |. (45-1) 
If the precise number a is unknown, then formula (45-1) does not 
allow us to determine the absolute error A, of the approximate 
number x. In this case we confine ourselves to the upper bound of 


the absolute error Aj, i.e. we find a positive number A as close to A, 
as possible, such that 


Ay <A. (45-2) 


The number A satisfying inequality (45-2) is called the limiting 
absolute error of the approximate number zx. Obviously, we have 


r—-Ac<a<r+A; (45-3) 


instead of inequality (45-3), use is also made of the following brief 
notation 


a=xextA. (45-3’) 


We often know two approximate numbers z, and z, between 
which a precise'’number a is contained: 


ry < a < H 90 
Then we may put 
a=<zx+aA, 


where 
rm (z,+2,) and A= + (2% — 24). 


The absolute error itself, without taking into consideration the 
nature of the measured quantity, does not characterize the accuracy 
of measurement. For instance, if the length of a table a, = 2 m 
and the length of a railway a, = 200 km are measured with one 
and the same absolute error A, = A, = 0.1 m, then it does not 
mean that the measurements are of equal accuracy. Obviously, the 
second measurement is more accurate than the first one. For estimat- 
ing the accuracy of measurements we introduce the concept of 
relative error. 

Definition 2. The relative error 5, of an approximate number x is 
the ratio of the absolute error Ay of this number to the absolute value of 
the corresponding precise number a, i.e. 


Ao . 


%0= TY (49-4) 
llence 
Ay = | a| 5, (45-5) 


8 -0875 
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i.e. the absolute error of an approximate number is equal to its relative 
error multiplied by the absolute value of the corresponding precise 
number. 

If the precise number a is unknown or too complicated, then we 
give the upper estimate of the number 6,. The number 6 satisfying 
the inequality | 


55 < 4, 


is called the limiting relative error of the approximate number z. 
Obviously, if z > 0, then we may put 


where A is the limiting absolute error of the number x such that 
#4 => = A > 0. 


Example 1. What is the limiting relative error 6 of the number 
x = 3.14 substituting the number na? 

Since 3.14 << a < 3.142, the absolute error A, of the number z 
satisfies the inequality A, < 0.002. Hence 


Gy = AO SO 64-104 
Consequently, we may take 
= 0.064%. 
Since in many cases it is difficult to find the precise number a, 


in practice we put a ~ zx, where zx is an approximate number suffi- 
ciently close to a, and use the following approximation formulas 


~ Aod ; 

§) & izl (45-4’) 
and 

A, © |x 18> (45-5') 


(~ is the sign of approximate equality). The corresponding formulas 
are also valid for the limiting errors. 


Example 2. The result of a measurement to within 0.5% is 


x = 25.7 m. 
Determine the limiting absolute error A of this measurement. 
From formula (45-5’) we have 


A ~25.7- 5-004 ~ 0.13 m. 


Hence, we may put the measured value a to be equal to 
,a@=25.7m + 0.13 m. 
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Now we are going to introduce certain notions connected with 
representation of numbers in the decimal number system, confining 
ourselves to consideration of positive numbers*. In the decimal 
representation of a number any non-zero digit and zero if it does 
not serve to designate the decimal digit or does not substitute the 
unknown or rejected digit is called a significant digit of this number. 
For instance, the number 0.0507 has three significant digits: 5, 0, 
and 7. The number written as 27,600 does not allow us to judge on 
the number of its significant digits. If, for instance, this number has 
four significant digits, then it should be written in the form 
2.760-10*. Significant digits of an approximate number are subdivid- 
ed into correct and incorrect. 

Definition 3. An approximate number is said to have n correct 
significant digits (reckoning from left to right) if the absolute error 
of this number does not exceed half the unity of its nth digit. 

For instance, if the number z = 2.356 has three correct digits 2, 
3, 0, then the absolute error of this number is 


Ap <s+0.01 = 0.005. 


Mathematical tables are compiled in such a manner that all the 
digits placed in them are correct. For instance, for a four-digit table 
of logarithms it is guaranteed that the absolute error of the mantissa. 


of each number A, < 510-4 


In some cases the absolute error of an approximate number may 
reach the unity of its nth digit. Then the given number is said to 
have n correct digits in a broad sense. If the absolute error of an approx- 
imate number may reach two unities of its nth digit, then we say 
that the first n — 1 significant digits of the number are correct, 
ils nth digit being doubtful. 

The concept of correct digits not always can be understood literal- 
ly, i.e. in the sense that if an approximate number has 7 correct 
(digits, then the first n digits of the approximate number coincide 
with the first » digits of the precise number. For instance, if a = 4 
is a precise number and x = 0.999 an approximate number, then 
all the digits of the latter are, obviously, correct in a broad sense 
(hough none of the digits of the precise number coincide with the 
corresponding digit of the given approximate number. But in the 
most cases the literal understanding will be correct. 

The number of correct digits of an approximate number character- 
izes the accuracy of measurement and makes it possible to find 
(he limiting relative error of this number. 


* The effect of sign can be given special consideration. 


hw 
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Example 3. The approximate number 
x = 8.3047 


has two correct digits. What is the limiting relative error 6 of this 
number? 
Here the absolute error 


An< 5 -0.4 = 0.05. 


By formula (45-4’), we estimate the relative error 


0.05 
5, ~ 8.3047. 0.006. 
Consequently, we may approximately put 
6 = 0.6%. 


Conversely, knowing the limiting relative error of an approximate 
number, we can determine the number of its correct digits. 


Example 4. The limiting relative error of the approximate num- 
ber 
x = 623.809 


is 6 = 0.2%. How many correct digits has this number? 
Applying formula (45-5’), we find the estimate of the absolute error 
of our approximate number 


Ay ~ 0.2-0.01-623.809 ~ 1.2. 


Not quite rigorously we may consider that the number z has three 
correct digits in a broad sense. 


Generally speaking, there is no sense to preserve incorrect digits 
fin the final notation of an approximate number. In the last resort 
‘we may retain one spare digit. Therefore the incorrect digits of an 
approximate number are usually rejected or, as we say, this approx- 
imate number is rounded off. Cumbersome exact numbers are also 
frequently rounded off. 

Rule for rounding off numbers: (1) Jf the first of the discarded digits 
of a number is less than 5, then its remaining digits are kept unchanged; 
(2) if the first of the digits dropped exceeds, or is equal to, 5, then the 
first digit kept is increased by unity. 

For instance, rounding off the number nx = 3.141592... to five, 
four, three significant digits, we get the following approximate 
mumbers 3.1416, 3.142, and 3.14, respectively. 

We should like to mention here the following particular case: 
If the digit 5 is dropped, and no significant digits come after it, 
tthe rounding is done to the closest even number; that is, the last 
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retained digit is left unchanged if it is even and is increased if it is odd 
(the even-digit rule). 

When rounding off an approximate number, we, generally speak- 
ing, increase its error by adding the rownding-off error to its absolute 
error. 

When the rules for rounding off are applied, the rounding-off 
error, obviously, does not exceed half the unity of the last decimal 
digit retained. 

Hence it follows that: 

(1) if an exact number is rounded off to n significant digits, then 
the approximate number thus obtained will have n correct decimal 
digits; 

(2) if an approximate number with n correct decimal digits is rounded 
off to n significant digits, then the new approximate number thus ob- 
tained will have n correct decimal digits in a broad sense. 


Sec. 46. Limit of a Function 


In mathematical analysis we deal, as a rule, with dimensionless 
quantities, i.e. with quantities devoid of physical contents. Collec- 
tions of values of such quantities represent certain number sets. 
Proceeding from this fact and using the logical symbols V (“for any”) 
and J (“there exists”), we can formalize the definition of function 
set forth in Sec. 35, Chapter 6. 

Definition 1. Let X and Y be given sets of numbers. If by virtue 
of some correspondence f associating the elements of the set Y with those 
of the set X, Wx E€ X dy € Y (unique), then y is called a single-valued 
function of x defined on the set X. 

This fact is briefly denoted in the following manner: 


=f(z) (rE X)*. : (46-1) 
By definition, the set of values of function (46-1) is contained in Y,. 
i.e. {f (x2) } CY. 


We may say that the function f maps the set X into the set Y 
(lig. 83). | 

If {f (z)} = Y, i.e. any element y € Y is a value of the function f,. 
(hen the function f is said to map the set X onto the set Y. 


Example. The function f(z) = sinzg (09<x< 2n) maps the 
interval X = (0, 2x) onto the segment Y = [—1, 1]. 


Let the function y = f (x) establish one-to-one correspondence 
lhotween the elements of the sets X and Y, i.e. Vx € X there exists 


* Strictly speaking, function (46-1) should be understood as the correspond- 
onco f itself by virtue of which for any z € X we try to find its partner y € Y. 
In addition, f (z) ou Mie the value of the function f at point x. But in practice, 
tlhe symbol f(z), where x attains all possible values is also called the function. 
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one and only one its image y = f (x) € Y and, conversely, Vy € Y 
there can be found a unique preimage x € X such that f (x) = y. 
Then the function z=f-1(y) (y EY) 
establishing the correspondence 
between the elements of the sets 
Y and X is called inverse to 
the function y = f (zx). In other 
words, the inverse function f7! 
is a mapping of the set Y onto 
the set X. Obviously, y =f (z) 
and x =f (y) are mutually 
inverse functions. 
FIG. 83 Definition 2. The neighbourhood 
U, of a point a(a is areal number) 
will be understood as any interval a< x < §£ surrounding this point 
(a <a< B) with the point a removed (Fig. 84). 

The neighbourhood U.. of the symbol co = +o will be understood 
as the exterior of any segment [a, 6] (Fig. 85), i.e. U. = (—oo, a) UJ 
U (6, +00). Naturally, the symbol oo is not contained in its neigh- 
bourhood. 


Remark. It is generally accepted to understand the neighbourhood 
of a point a as any interval J, = (a, 8) containing the point a, 
ic. if J, is the neighbourhood of a point a, then J, 3 a. In our 


FIG. 34 FIG. 85 


definition of the neighbourhood U, of a point a, for the sake of con- 
venience of our further reasoning, we exclude the point a itself 
from it, i.e. we assume a ¢ U,. Such a set of points is usually called 
a deleted (or punctured) neighbourhood of the point a. 

Taking some liberties in formulating our definitions, we call the 
set of points U, = (a, a) (a, B) simply the neighbourhood of 
point a (in our sense). Such definition of the neighbourhood conforms 
to its ordinary understanding. For instance, it is only natural to 
assume that the neighbourhood of the city of Moscow does not con- 
tain the city itself! Moreover, in defining one-sided neighbourhoods 
of a point a: Uz = (a, a) (left-hand neighbourhood) and UZ = (a, B) 
(right-hand neighbourhood) the point a is always excluded! (see Sec. 47 
of the present chapter). 

Thus, henceforth the neighbourhood of a point a will be understood 
as any interval surrounding this point with the point a removed, 
unless otherwise state. 
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In those cases when: it will be convenient to consider that the 
neighbourhood of a point a contains the point a itself we shall call 
it a “complete neighbourhood of a point a’. 

As it is easy to be convinced: (1) the sum (or union) of any number 
of neighbourhoods of a point a and (2) the product (or intersection) 
of a finite number of neighbourhoods of a point a are also neigh- 
bourhoods of this point. 


For a positive number 6 a neighbourhood U, of a finite point a 
will be called a 6-neighbourhood if U, = (a — 6, a) (a, a + 9), 
i.e. if Vx 

O<|x—al<4 
(see Fig. 86). 

Let a function f (x) be defined on a set X. A finite point a is called 
the limiting point (or the point of accumulation) of this set if any 
of its 6-neighbourhood U, contains an infinite number of elements 


a-o a a+o 
5 GEIS i Al hi fol fala il nm — tm 
—_. iY WA 
FIG. 86 Ua 


x€X,ie. U,f| X #4VU,. In the simplest case we may assume 
that the function / (x) is defined in some neighbourhood of the point 
a, at the point a itself the function f (x) not necessarily having 
a sense. 

And so, let a be the limiting point of the set X which is the domain 
of definition of the function f (z). 

Definition 3. The number A is called the limit of the function f (x) 
as x—> a (a is a number), i.e. 

lim f(z) =A, 

xa 
if for any © >O there exists a 6-neighbourhood U, = {x |0< 
<|z—a|< 5}, 6 = &(e) depends on es, such that 


[f(x) —-Al|l<e for x€ US. (46-2) 


Of course, inequality (46-2) must be fulfilled for all those z for 
which the function f (x) is defined, i.e. for x € X (] Ug. According 
4o the definition of the limiting point in each neighbourhood U, 
Lhe set of such values is not empty. 


Note 1. According to the sense of the definition of the limit of 
a function, the numbers ¢ and 6 = 6 (e) may be assumed sufficiently 


* For simplicity, we use here the 5-neighbourhood of the point a, i.e. its 
symmetrical neighbourhood. But the definition remains valid for any neigh- 
hourhood Ug = (a, a) U(a, B), since it, obviously, contains the 6-neigh- 
bourhood of the point a, where 6 = min (a —a, B — a) >0 
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small. 


Definition 4. The assertion 


lim f(z)= 
is equivalent to the following: 
lf(z)—-Al<e for |x|>A, (46-3) 


where A = A (&) depends on g. 

The set of all points z for which | z | > A is, obviously, a sym- 
metrical neighbourhood U. of the symbol oo, assuming here that 
for any such neighbourhood U.{) X #¢. We may say conven- 
tionally that oo is the limiting point of the set X which is the domain 
of definition of the function f (z). 

Combining definitions 2 and 3, we get a general definition of the 
limit of a function, as x — a, which is suitable both for a finite a 
and for a = oo. 

General definition of the limit of a function. Let f (x) be a function 
defined on a set X, and a the limiting point of this set. The number A 
is the limit of the function f (x), as x — a, if and only if for any e > 0 
there exists a neighbourhood U, of the point a* such that 


lf(7)—-Al<e VWrE€ U.N X (46-4) 
(where U,() X #2). 

This fact has the following brief notation: 

lim f(x) = A, (46-9) 
or 

f(z) —~>A for t—>a. (46-5’) 

Example 1. Show that 

lim 22 = 4, (466) 

x72 


For convenience of our reasoning we shall assume that 1< x < 3, 
e. |za—2|/|< 1. 
Let ¢ > 0 be an arbitrary number. We have 


j2?—4)=|¢—2|[r4+2]= 


=|c¢—2|@+2<o|z—-2|<e, 
if ; 


jz—2< = and |r—2|<1. 


* Not necessarily a symmetrical one. 
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Hence, we may put 
— c 
5= min (=, 1) <0. 
Thus, equality (46- 6) has been proved. Note that 6-neighbourhood. 
of the point x = 2 is complete, i.e. contains the point 2. 


ae 2. Show that 


aa —,—1 for r+. (467): 


We have 


x 1 1 1 1 
aro! |e <acien< 


which is equivalent to the assertion (46-7). 


Note 2. It should not be understood that the function f (x) cone 
stantly remains less than its limit. 

Three cases are possible here: 

Ae the function does Hot exceed its limit, for instance, 
UT — 1, as T= 0,7 and ———— ary <i; 

(2) the function is not less than its limit, for instance, xz? > 0 
asz—0O, and 27> 0 forz <0; 

(3) the function fluctuates about its limit attaining values either 
less or greater than the limit; for instance, 


2 


Note 3. When considering the limit of the function f (zx) for 
x—->a, we could assume, for simplicity, that the function / (x) 
is defined in some neighbourhood of the point a. 

But the simplest examples show that this is inconvenient for 


applications. 
Example 3. Let 


f(z) - Y= @>0). 


sin z 
— 2 for 2z%—- 0. 


This function is defined on the set 
= (0, n]U [2n, 38n]U..., 
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which is not a neighbourhood of the infinite point oo. Nevertheless, 
from our point of view, we have 


lim f(z) = 0. 


Let us note one simple proposition. 
Theorem 1. [f the function f (x) = c is constant within some neigh- 
bourhood of a point a, then 


lim f(z) =, 


a 
and c is the only limit of this function as x —> a. 
We leave the proof of this theorem to the reader. 
A function having a limit should not be mixed up with a bounded 
function. 
Definition 5. The function f (x) is called bounded on a given set X 
if there exists a positive number M such that 


If@ |< M for x€X. 


If there is no such number M, the function f (zx) is called unbound- 
ea. 

Lemma. The function f (x) having a limit A as x — a is bounded 
in some neighbourhood of the point a. 

Indeed, choosing ¢« = 1, we have |f (xz) —A |<1 for z€ Ug, 
where U, is the appropriate neighbourhood of the point a. Hence, 
for all permissible values of the argument x* we get 


IfMl=If@—-AI+Al<SIf(@)—-AI+4+1AIl< 
<i + | A | = M, 
if only x € U,. 
Note 4. The converse statement is not true: a bounded function 
may have no limit. 
For instance, the function f (7) = sin — is bounded for 0< 


-< |xz|<t +oo and has no limit as r— 0. 
Let us set forth one more theorem which establishes the relation 
between the boundaries of a function and its limit. 


Theorem 2. Let there exist 


lim f(z) =A 
and 

M<f(z)<N (46-8) 
in some neighbourhood U, of point a. Then 

M<xASN. (46-9) 


* That is such z € U, for which the function f(z) has sense. 
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Proof. Indeed, let A << M. Putting « = M— A >Q0O, in some 
neighbourhood V, of the point a we shall have 


lf(@@)-A|<M—A, ie. —(M — A) <f (t)—A < M—A. 


Hence, choosing x € V, {| Uz, we get f (x) < M which contradicts 
the left-hand inequality of (46-8). 

The supposition A > N is disproved in a similar manner. Thus, 
inequalities (46-9) have been proved. 


Note 5. Theorem 2 remains true if one or both inequalities of 
{46-8) are not strict. 


Corollary. A positive function may have no negative limit. 


Note 6. The notion of the limit of a function of one variable is 
naturally spread over to the function of several variables. 


Consider, for instance, the function of two variables f (z, y) spe- 
cified on some set X of the plane Ozy. 

The neighbourhood U,,, of a point M, (a, b) (a and Bb are finite) 
will be understood as the interior of any rectangle {a, << «< f,, 
hy << y < B,} constructed round the point M, (i.e. a, MC a< §,, 
%o <<. b< B,) with the point M, removed. 

In this case the statement 


lim f(t, y)=A 


y+b 


means that Ve >04U,,, such that VM (zx, y) € Uq,» the follow- 
ing inequality is valid 


Ilf@y—-Al<e (46-10) 


Of course, we assume here that in any neighbourhood U,, , there 
will be found points M (x, y) for which the function f (z, y) has 
sense (the limiting point). 

This definition is readily generalized for the case when a or J, or 
both of them are oo. 


Sec. 47. One-Sided Limits of a Function 


Now we are going to consider the so-called one-sided (or unilateral) 
limits of a function. 

Let us introduce the concept of a left-hand and a right-hand neigh- 
bourhoods of a point a (a is a number). 

Definition 1. (1) Any interval Uz = (a, a) whose right-hand end 
is a point a is termed its left-hand neighbourhood. 
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(2) Analogously, any interval Ug = (a, B) whose left-hand end is. 
a point a is termed its right-hand neighbourhood. 

The notation z—> a — 0 means that x takes on only the values. 
belonging to a left-hand neighbourhood of a point a, i.e. r—> a, 
Loa. 

Analogously, the notation x—> a-+ 0 means that r— a, x >a. 

Definition 2. (1) The formula 


lim f(z)=A 


x-a—0 


where the function f (x) is defined on a set X and a is the limiting point 
of this set (a is finite), and A is a number, denotes that Ve >O3AUG 


such that 
lf (z) —A|<e 
for x€ Xf UG (47-1) 


(a left-hand limit of the function, 
or the limit on the left). 
(2) eee the formula 


lim f(z)= 
x-a+0 
(B is a number) has the following 
sense: 
FIG. 87 lf (7)—Bl<e 
for x€ Xj Uz (47-2) 


where ¢ > 0 is arbitrary and Ug depends on « (the right-hand limit 
of the function, or the limit on the right). 
For the numbers A and BS the following notation is used (Fig. 87): 


A =f (a—0) 
and 
B=f(a+ 0). 


If the function f (x) is defined at the point a, then its value at this 
point is designated by f (a). Of course, it may not coincide with the 
numbers f (a — 0) and f (a + 0). 

Definition 3. A neighbourhood of the symbol —oco is understood as 
any interval (—oo, a), and a neighbourhood of the symbol + co as 
any interval (B, -+00). 

The formulas 

lim f(x)=A' and lim f(z)=B' (47-3) 

x->-+00 


x—->— oo 


* We may, of course, confine ourselves to considering left-hand 6-neigh- 
bourhoods of the point a: Uz = (a — 6, a), where 6 = 6 (e) > 0. 
** It is usually ede that Ut = (a, a+ 5), where 6 = 6 (2) > 0. 
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are deciphered in the following way: 

lf (z) A’ |<ce for x €(—oo, Aj), 
and 

\f(z) —B’|<e for zx € (A, +00), 
where e is arbitrary, x € X, and 

A; = A; (e) (i = 1, 2). 


Example. Let f (2) =sgna=— (x=£0) (Fig.88). We have 
lim f(z)=—1, lim f(1)=1*. 
x+>—0 - x+>+0 


Note. For a limit of the function f (x) to exist, as x— a (a is a 


FIG. 88 


number), it is necessary and sufficient that the equality 
f(a—0)=f(@-+ 9) 
is fulfilled. 


Sec. 48. Limit of a Sequence 


The sequence 
X19 Lo ee 09 Xn eee (48-1) 


is understood as a ee X, = f (nm) defined on the set of natural 
numbers X = {1, 2 

By analogy with the limit of a function at a point at infinity, we 
introduce here the concept of the limit of a sequence. Namely, 
i number a is the limit of the sequence z, (n = 1, 2, ...) 

lim -¢,=a"* 


N+ 0o 


* For brevity, we use here the following notations: —0 = 0 — 0 and +0 = 
=0+0. 

** Strictly speaking, we must write n > -+-co. But since n is natural, n—> oo 
and n-—»-+oo have one and the same meaning. 
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if for any ¢ > O there exists a number N, depending on ge, such that 
for all natural n > N the following inequality is fulfilled 


|[z, —~al|l<e. 
Example. Let 
x, = 0.9, 2, = 0.99, a, = 0.999, ... 
We have 
4 
ty =1— Jor (a1 2 ae) 
Let ¢ > 0 be an arbitrary number. Then 
\tn—1| = a9 <e, 
if n> log + =N. Hence, 
lim x, =1. 
Sec. 49. Infinitesimals 


Definition. A function a (x) is called an infinitesimal as x > a (@ 
is a real number or the symbol oo) if for any ¢ > 0 there exists a neigh- 
bourhood U, of the point a such that 


|a(z)|<e for x€ UG. (49-1) 
Condition (49-1) is equivalent to the following: 
lim a (x) = 0, (49-2) 


i.e. the limit of the infinitesimal a (x) is equal to zero and conversely. 
In other words: 


a(x) —>O0O as r—da. (49-3) 


We analogously define the infinitesimal function as > a — 0 
and x—>a-+ 0, and also as x > —oo or x— +00. 


Note. If 
lim f (x)=A, (49-4) 


«a 
then, by virtue of the definition of the limit of a function, we get that 
the difference f (x) — A is an infinitesimal. Thus, from formula 
(49-4) we obtain a representation of the function f (x) having the 


* As usual, inequality (49-1) must be fulfilled for those x for which the func- 
tion a (x) is defined. It is assumed here that the set of such values is non-empty 
in any neighbourhood U, of fhe point a. 
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limit A as x— a in the form 

f(z) =A +a (2), (49-5) 
where a (xt) > 0 as xz— a. 

Conversely, if (49-5) is valid for the function f(z), then the number 
A is the limit of the function as x— a. From formula (49-5) there 
follows an important lemma on preserving the sign of a function. 

Lemma. Jf lim/f (x) = A #0, then in some neighbourhood U, 


xa 
of a point a the sign of the function f (x) (x € X) coincides with the 
sign of the number A. 
Indeed, let ¢ = | A | > 0. Choosing a neighbourhood U, so that 
|a (xz) |< |A | for x € Ug, by (49-5), we shall have 
sgn f (x) = sgn A*, 
where x€ U,{] X. 


Example. A point M moves along the z-axis, the law of its motion 
being 

x = 2-*sint (t, time). 

Obviously, 

jc] <q 2* <e, 


if ¢> log, —— T. Therefore, 


lim zx=(0. 
t+-+0o 


Hence, the point M performs damped oscillations about the origin. 


Note. In some neighbourhood U, the function f (7) =0 is, by 
definition (49-1), an infinitesimal as x — a. 

It should be noted that no constant function f(z) =c <0, 
where the number c is arbitrarily small by its absolute value, may 
be called an infinitesimal. Therefore, so-called infinitely small ‘phys~ 
ical quantities (for instance, the mass of a molecule, size of an atom, 
charge of an electron, and so on) are not infinitesimals from mathe- 
matical point of view. 


Sec. 50. Infinitely Large Quantities 
Definition. The function f (x) is called an infinitely large quantity 
as x —> a (where a is a number or the symbol oo) 
f(z) > 0 as x—Aa, (50-1) 
* The notation sgn x is read “sign x’. The function sgn z is defined in the 


eae way: snz=—-+1 if « >0; sen 0 = 0; senx = —1 if x <0 (cf, 
ig ° 
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if for any E > 0 there exists a neighbourhood U, of the point a such 
that 


lf(z)>E for r€U, (50-2) 


for all permissible values of the argument zx. 
If the function f (z) is infinitely large as x — a, then we conven- 
tionally write 
lim f(z) =oo, (90-3) 
x->a 
Example. tan x-»0o as r+. 
The notations 
lim f(z) = —oo, lim f(z)=-+0o 
respectively mean: f (7) << —E for x € U, and f (7) > E for x € Ug, 
(E > 0 is arbitrary and the neighbourhood U, depends on E). 


The following statement is readily proved. 
Lemma. (1) Jf f (x) — o as x—da, then 1/f (x) ~ 0 as x—> a; 
(2) if a (x) > 0 as xa (a (x) £0 for x ~a), thent/a (x) > 


‘AS X->~ a. 


Note. An unbounded function is not necessarily infinitely large. 
For instance, the function 


is not bounded in any neighbourhood of the point x = 0, but it is 
not infinitely large as x — 0. 


Sec. 51. Basic Properties of Infinitesimals 


Theorem 1. The algebraic sum of a finite number of infinitesimal 
functions as x —> a* is an infinitesimal function as x — a. 

Proof. For the sake of simplicity, we confine ourselves to three 
functions: 


a(z)>0, B(x)>O0 and y(z)>0 as xr—a. 


Consider their algebraic sum 


a (x) + B (x) — y¥ (2). 


* Here and throughout this section we assume that all the functions under 
consideration are automatically defined on some common set X for which a 
is a limiting point. The values of x in question are such that x € X. 
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Let ¢ > 0 be an arbitrary positive number. Then 5 will also be 


a positive number. 
By virtue of definition of the infinitesimal, there exist three neigh- 


bourhoods Uj, Uz, Ug characterized by the number =z such that 


ja(z)|<-— for x€Ua, (54-1) 
IB@i<z for 2éUi, (91-2) 
ly (2)I< for xz€Ug. (01-3) 


The intersection U, = Ua(\ Uaf\ Ua represents the neigh- 
bourhood of the point @ in which the above inequalities will be 
fulfilled simultaneously. Thus, 


Jo (2) +B (x) —y (2)| <<] (2)| +18 (@)| +1 —v (2) = 
= |a (x) |+ |B (2)| + lv @)il<p+y+y=¢, 


if z € U, and x € X. And this just means that 
a(r) + PB (tz) — y(t) > 0 as ra. 


The theorem has been proved. 

In particular, the difference between two infinitesimal Fncnons as 
x—+> a is an infinitesimal function as x— a. 

Definition. The function f (x) is said to be bounded as x — aa if it 
is bounded in some neighbourhood U, of the point a. 

Theorem 2. The product of a bounded function as x—a by an infi- 
nitesimal function as x — a is an infinitesimal function as x —> a. 

Proof. Let 


lf@l<M (M>0) for rE Va, 
where V, is some neighbourhood of the point a and 
a(r)>0O0 as x—a. 


Then for an arbitrary ¢ > 0 there exists a neighbourhood U,c V,, 
such that 


ja(z)|<+- for x€U,. (514-4) 
Ilence we have 

If (2) & (2)| =[f (2) || (2)| <M. =e, 
if c € U,. Thus, 


f(z)a(r4)>O as r—> a. 


v—O0875 
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_ Theorem 3. The product of a finite number of infinitesimal functions 
as x—> a is an infinitesimal function as x — a. 
Proof. (4) Let us first consider two functions a@(z)—0O and 


B (xz) > 0 as r— a. 
Putting O< e< 1 and reasoning as in Theorem 1, we get con- 
vinced that there exists a neighbourhood U, such that 


la(@~|l<e, |B) l<e for xr€U,. 


Hence 
| a (x) B (x) | = |a (z) | > |B @) |< e-e<e, 

if z€ U,. 

Consequently, a (x) B (x) ~ 0 as x—da. 


(2) If we have, for instance, three functions a (x) — 0, B (z) > 0, 
y (x) ~ 0 as x— <a, then, using the first part of the proof, we get 


a (x) B (x) y (z) = la (x) B (z)I y (x) > 0 


as £—> a. 
Corollary. The nth power [a (x)])" of an infinitesimal function 
a (x) > 0 as x — a2 is an infinitesimal function as x > a (n is a posi- 
tive integer). 
Note. As to the ratio of two infinitesimals a (x) — 0 and 6 (x) > 0 
as x —> a, it may be a function of arbitrary behaviour as xz — a. 


Example. Let a@ (x) = z, B (x) = 22 + x, y (x) = 2. Here, as 
z— 0, we have 

a(x)—~0, £6 (z)—~0), y (xc) > 0; 

B (=) Y (2) 

a (z) a (2) 

We can compare infinitesimals by means of the operation of divi- 
sion. 


Definition 1. Two infinitesimals a (x) and § (x) as x > a have the 
same order as x — a provided their ratio has a finite non-zero limit, i.e. 


= x—>(), 


-4. (zx) : 
Gy rer 
Definition 2. As z— a, the order of the infinitesimal 8B (x) is said 
to be higher than the order of the infinitesimal a (x) (or, which is the 
same, the order of the infinitesimal a (x) is lower than the order of the 
infinitesimal B (x)) if the ratio B (x)/a (x) is an infinitesimal function 
as x—>a, i.e. | 
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In this case we write 
B (z) =ola(x)] as xr—a. 


Definition 3. The infinitesimal B (z) is said to have order n (n natural 
number) relative to the infinitesimal a (x) as x —> a if 


But if 6 (z) = o [a” (z)] as x a (i.e. k = 0), then the order of 
6 (x) is higher than n as compared with a (2). 


Sec. 52. Basic Limit Theorems 


It is also assumed here that the functions considered in each of 
the following theorems are defined on a common set X for which 
point a is a limiting point (point of accumulation). 

Theorem 1. Jf each of the terms of an algebraic sum of a finite num- 
ber of functions has a limit as x — a, then there exists a limit of this 
algebraic sum as x —> a and it is equal to the same algebraic sum of the 
limits of the terms. 

Proof. Let us, for instance, have an algebraic sum of three 
functions 

f (x) + g (2) — h(a), 
where 
limf(z)=A, limg(z)=8, limh(zr)=C. 

xa xa 


Since the functions differ from their limits by infinitesimals, we get. 
f(z) =A+ta(z), g(xe)=B+B(z), he) =C+¥ (2), 

. (52-1) 

where @ (x) > 0, B (x) > 0, y (x) > O as x—> a. From the above 


equalities, using the theorem on an algebraic sum of infinitesimals 
(Sec. 51, Theorem 1), we have 


f(q)+ g(z)—h(w) =(A+B—C)4 lai) +86 @— 
— y(z)], (52-2) 
where a (x) + B (x) — y (x) > O as x—> aa. From (52-2) it follows 
that the sum f (x) + g (x) — h (x) differs from the number A + B — 


— C by an infinitesimal and, hence, this number is the limit of the 
viven sum. Thus, we have 


lim [f (2) + (a) —h (2) = 
=A+56b—C=lim f(z)+lim g(z)—limh(z), (52-3) 
which was to be proved. 


\)™ 
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Corollary. A function can have only one limit as x —> a. 
Indeed, if 


f(z)—A and f(zr)—> A’ as xr— <A, 


then, by virtue of Theorem 1, we get 
f(z) —f(z)=0->A—A’ as t— Aa. 


Since the limit of a constant function is equal to the function itself 
and is unique (see Sec. 46, Theorem 1), we have A — A’ = 0, 


i.e. A’ = 

Note. It was assumed in the initial condition of the theorem that 
each of the functions has a limit and it was to be proved that their 
sum also has a limit. The converse is, generally speaking, not true: 
from the fact of existence of the limit of a sum it does not follow that 
each term of this sum has a limit. For instance, we have 

lim (sin? z+ cos? z) = 1, 

x2 0Oo 


while lim sin?z and lim cos?z do not exist, and therefore, here 


xXx 00 xX —-> OO 
lim (sin? x-+ cos? x) lim sin? z+ lim cos? x. 
x00 x-> 00 x-> 0O 
Thus, the statement: the limit of a sum is equal to the sum of the 


limits of the terms is not rigorous. 
A similar note should be borne in mind when eongider ar the 


limit of a product (Theorem 2) and the limit of a quotient (Theorem 4). 


Theorem 2. If each of the factors of a product of a finite number of 
functions has a limit as x — a, then the limit of the product as rx > a 
is equal to the product of the limits of the factors. 

Proof. (1) Let us first consider the product of two functions 


f (x) g (x), and let 
lim f(z)=A and limg(zr)= 


We have 
f(x) =A+a(z), g(t) = 8 + B (a), (92-4) 
where @ (x) > O and £ (x) > 0 as x—> a. Hence, we get 

f (x) g (x) = AB + y (2), (52-9) 
‘where 
y (x) = AB (x) + Ba (x) + a (2) B (2). (52-6) 


From the basic properties of infinitesimals (Sec. 51, Theorems 1, 2, 
and 3) it follows that y (rz) ~ 0 as xa. Therefore, by (52-5), we 
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have 
lim [f (x) g (x)] = AB= lim f (z) lim g (2). (92-7) 


(2) Let us now consider, for instance, a product of three functions 
f (x) g (x) h (x), having finite limits as x a. Using the first part 
of the proof, we find 


lim [f (x) g (x) A (x)] = lim {f (2) [g (x) h (x) }= 

= lim f (x) lim [g (x) h (x)] = lim f (z) lim g (z) limh (z). 
Corollary 1. A constant factor may be taken outside the limit sign. 
Indeed, if c is a constant function, then 
lim [cf (x)] = lim c lim f(z) =c lim f (2). 
Corollary 2. [f a function f (x) has a limit as x—a, then the 


limit of the nth power of the function as x — a (where n is a positive 
integer) is equal to the nth power of the limit of that function, i.e. 


lim [f (z)]” = ees EZ) 

Example tf. 

(x -++- 10) (2-20)? (x-+- 30)? 
6 coo 


4 


= tin [ (14-2) (142) (14-2)"]- 


xX > 00 


lim 


x—> oO 


; 10 : 20 \2,. 30 \3 
Aen ea as eee, ee 
Lemma. Let f (xr) > A #0 as r— a. Then the inverse function 
1/f (x) is bounded in some neighbourhood U, of the point a. 
Indeed, let us put ¢ = | A | > 0. By the definition of the limit 


of a function, we have 
|f(z)-AJ< $14 for x€U, 


for all permissible values of x. Hence we get 
|f (x)| = |A—[A— f(z) ]| > 
>|4|—|A—f (a) >|4,-4 = S0 tor ceva. 
Thus 


ee ee ee 
=F@ STA’ 


las 
f (z) 
if c € Ug, which was to be proved. 
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Theorem 3. If a function f (x) has a non-zero limit as x — a, then 
the limit of the inverse function 1/f (x) as x — a is equal to the inverse 
of the limit of the given function, i.e. 

lia 4 4 

wea f(®) lim f(@) ° (52-8) 

xa 


Proof. Indeed, let 
lim f(z) =A+0. 
x—>a 


Then, by the lemma, bearing in mind that the product of a bounded 
function by an infinitesimal is an infinitesimal (Sec. 51, Theorem 2), 
we shall have 


oe ee 
f(z) A A f(z) 
Hence, we get 


lim oe 
ae “f (x) == lim f (x) ° 


x7a 


L—> a, 


Theorem 4. If both the dividend f (x) and the divisor g (x) have 
limits as x —> a and the limit of the divisor is non-zero, then the limit 
of their quotient (fraction) as x — a is equal to the quotient of the limits 
of the dividend (the numerator of the fraction) and the divisor (the 
denominator of the fraction), i.e. 


lim f (z) 


f(z) _ xa : 
mae ig(@) lime (@)* (52-9) 


Proof. Let lim g (xz) ~ 0. Then, applying both the theorem on the 


limit of a product (Theorem 2) and the theorem on the limit of the 
inverse of a function (Theorem 3), we get 


tim [5 J=1im [1 Fe |= lms (@) lim Ty 


g(z) 
lim f (z) 
= Te): Tim g (2) ~ Tim g @) : 
— 2. 
_ r2— (c—1)(4+1) __ ee Zo 
lim a= 7 lim G—Depa¢h tape 
ae (x+1) 


— Tim (z2+2+1) 3° 
x1 


The following theorem is given without proof. 
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Theorem 5. /f a function f (x) has a limit as x — a and there exists 


n 
V f (x) (where n is a natural number) both at the point a and in some 
of its neighbourhoods U,, then 


lim 7’ f (x) = / lim f(z). (52-10) 


x>a 


Sec. 53. Some Tests for the Existence 
of the Limit of a Function 


Not every function has a limit, even if the former is bounded. For 
instance, sin x has no li- 
mit as x— oo, though 
|sinz | < 1. RK 

There are various tests 
for finding a limit of a func- 
tion when its direct deter- 
mination is impractical. 
Here we confine ourselves 
to considering two tests. 

Theorem on an interme- 
diate function. Let in some FIG. 89 
neighbourhood U, of a point 
a a function f (x) be contained between two functions g (x) and  (z) 
tending to one and the same limit A as x — a (Fig. 89), i.e. 


y(t) Sf @) Sy () (53-1) 
and 

lim (x) = lim » (x) =A. (53-2) 

Then the function f (x) has the same limit: 

lim f (x) =A. (93-3) 


Proof. From (53-1) we have 

g(x) —A Sf(z)-—ASYP(z)—A. 
Hence 

| f(z) —A |< max (| 9 (z) —A |, |p (x) —A J). (53-4) 
By (53-2), for any « > O there exists a neighbourhood U, such that 


|o(z)—Al<ce and |v(x%)—A|l<e for rE Ug. 
(53-5) 
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Therefore, from (53-4) we get 
l\f(7)—-Al<e for x€JU,, (53-6) 


i.e. equality (53-3) holds. 

Definition. (1) A function f (x) is called increasing (non-decreasing) 
on a given set X if from the inequality x, << x, (x1, ©, € X) there fol- 
lows the inequality f (x,) < f (a2) (f (41) < f (2), respectively). 

(2) A function f (x) is called decreasing (non-increasing) on a given 
set X if from the inequality x, <i rq (x1, Xp € X) there follows the 
inequality f (x) > f (xo) (f (1) & f (£2), respectively). 

An increasing (non-decreasing) or decreasing (non-increasing) 
function is said to be monotone on the given set X. 

Theorem. Let the function f (x) be monotone and bounded for 
x <a, or for x > a. Then there exists respectively its left-hand limit 


lim f(z) =f(a—0) 


or its right-hand limit 
lim f(x)=f(a@+0). 
x7+at+0 


In spite of the obviousness of this theorem, its proof cannot be 
set forth here. 


Note. A similar statement is true for a = —oo or for a = + oo. 


Corollary. A monotonically increasing or monotonically decreasing 
bounded sequence x, (n = 1, 2, ...) has a limit. 


Example. Consider the sequence of perimeters P;, Ps, Py., ..-« 
of regular n-gons (n = 3, 6, 12, .. .) inscribed in a circle of radius R 
and obtained as a result of doubling the number of their sides. 

It is easy to get convinced that 


P3<Pep<Pie<..., 


i.e. the perimeter P, monotonically increases with n. At the same 
time the quantity P, is bounded, since the perimeter of each in- 
scribed regular n-gon never exceeds the perimeter of any circumscribed 
polygon, in particular, the perimeter of the circumscribed square, 
i.e. P, < 8R. 

Hence, there exists 

lim P, =C, 


TN -> GO 


which is taken for the length of the circumference of a circle. 
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Sec. 54. The Limit of ane as x«—>0 

Theorem. The limit of the ratio of the sine of an infinitely small arc 
to the arc itself expressed in radians is 
equal to unity, i.e. 


lim 22% — 4, (54-1) 

x0 “ 

Proof. (1) Let first 2 > 0; and since the 
arc x tends to zero, we may assume that 
0O<r< * 

In a trigonometric circle of radius 
R=1 we construct the anglex = 7 AOB 
(Fig. 90); let DB be the length of the FIG. 90 
perpendicular dropped from the point B 
onto the radius OA and AC the length of the tangent line to the 
circle at the point A to the point of its intersection with the extend- 
ed radius OB. Obviously, we have 


area A OAB < area of sector OAB < area A OAC. 


Since DB = sinz and AC = tanz, according to the formulas 
of elementary geometry, we get 


‘oe 4 4 
7 SMzraiyzr< sz tang, 


1.e. 
sinz<x2< tanz. (54-2) 


Dividing all terms of the last. dual inequality by a positive quan- 
tity sin z, we shall have 


x 4 
ging = cose (54-3) 
or 
cosr< SBE <4, (54-4) 


Let z— +0; then, obviously, we get cos x>1*. Thus, from inequal- 
ily (54-4) it follows that the function sin z/z is contained between 


*Indeed, since, by (54-2), |sinz|<|z| (121 <>), the sine of an infi- 


« e e e e ° 6 
nitely smal] arc is an infinitesimal. Hence, 1—cos x= 2 sin? 779 as z-+>Q, 
i.e. limcosz=1. 


x 
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two functions having a common limit equal to 1. On the basis of 
the theorem on an intermediate function (Sec. 53), we get 


lm 222 =p (54-5) 
x>+0 
(2) Let now x < 0; we have 
sinzx  sin(—z2) 
2 —a ? 
where —x > 0. Therefore, 
ba ee (54-5’) 
x+—0 


From formulas (54-5) and (54-5’) it, obviously, follows the equal- 
ity (54-1) (see Sec. 47, Note 5). 


Note. From (54-2) it follows that if 0 < |x|< %, then 


|sinz |=sin|xz|< lz |. 


Hence, since | sin x | does not exceed unity, the below inequality 
holds for any zx 


[sinz|< |<], (54-6) 


an equality taking place only for xz = 0. Inequality (54-6) is fre- 
quently used for estimating the sines of small arcs. 


Sec. 55. The Number e ee 


Consider the expression 
ee 
( 1 i —) ’ 


where n is a natural number. 
Let us assign infinitely increasing values to n and compute the 


corresponding values of (4 + =)". We shall get the following table 


| 1 | 2 | 10 | 100 | 1000 10 000 | Sak 


2 | 2.20 2.994 | 2.705 2.417 


2.718 | eas 
We see that with an increase in n the expression (4 ++ -\" changes 


still slower and slower and, apparently, tends to some limit approx- 
imately equal to 2.718. Let us prove that it is really so. 
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Theorem. The sequence 
Ee 4 \n ae 
(1+—} (n=1, 2, ...) 


tends to a finite limit contained between 2 and 3. 
Proof. Making use of the binomial formula (see Sec. 89, Chapter 11), 
we have 


(4d peten te mgse (1) 


n n 
a Ace Aa, (2)4 ee nin) ae ee 
or 
wed oned (tt) tats 4) (1-4) + 


Lt gee (1-4) (1-4)... (4-2 *). 54) 


For n > 1 all the terms in formula (55-1) are positive, and with 
an increase in the exponent nm the number of terms increases and 
each corresponding term becomes greater. 

Hence, the sequence 


grows together with the exponent n beginning with the least value 
equal to 2. 

On the other hand, obviously, each term of the right-hand member 
of (50-1) will increase if all factors of the denominators are substi- 
tuted by twos and each expression in parentheses is replaced by uni- 
ty. Therefore 


fy 4" 1,4 { 
(14+—)"<2+5+54+...4+5e7. 


By virtue of a known formula for a geometric progression, we have 


1 { 

1, 4 { 2. OF 1 

i a amar a 
~F 


Hence 
| 1 \n 9 
(14+—] < op 
Thus, as m increases unboundedly, the terms of the sequence 


(1 a -\" steadily increase remaining greater than 2 but less than 3. 


Consequently, by the corollary to the theorem from Sec. 53, there 
exists a finite limit of this sequence which, obviously, belongs to 
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the segment [2, 3] (see Sec. 46, Theorem 2). And this limit is called 
the number e. Thus, 


; 1 \n 
da 9 
The approximate value of this number is 
e = 2.7182818284 ... 


We can prove that the function 
1 
(1+£)* — @E(—00, —1) UO, +) 
as x—> oo tends to the number e: 
: 1 \x 
e= lim (4+—)°. 
Let us give another expression for e. Putting = =a(a>—1), 


we have 
1 


e=lim (1+a)*. 
a0 
With the aid of the number e it is convenient to express many 
limits. ] 
Example 1. Find 
lim (4 +=)* . 


Putting 


— = © 
zr ? 


we have 


Z 
C7 


lim (1+=)*=lim (1 + a) ile | eh 
a-0 a0 


The function of the form 

y=e&, (55-2) 
where e = 2.71828 ..., belongs to exponential functions. We also 
use the notation 

e~* = exp z. 
The graph of function (55-2) is shown in Fig. 91. This exponential 


function plays an important role in mathematical analysis and 
its applications. 
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Example 2. Let a certain chemical reaction proceed so that at 
each moment of time the rate of 
formation of a substance is propor- 
tional to the quantity of this sub- 
stance available at this moment. 

We denote by Q, the _ initial 
quantity of this substance (i.e. the 
quantity of the substance at the 
moment ¢ = QO) and subdivide the 
interval of time (0, ¢) into n small 
intervals: 


eee 


—_ ). FIG. 94 


n 


If during each of these quite short intervals of time the rate of 
reaction is regarded as constant, then the quantities of the substance 
available at the moments 


t at ay 


n , n 9 e*ee¢ 9 n 


will be respectively equal to 


Q, = Qo+kQy-—=Q,(1+—), 


Q2=O, +80, +=0, (144) =@,(14+4)’, 


n 


Qn = Ont + Ont = Ons (4+) =A (1+—=)", 


where k isagiven proportionality factor (the compound interest law). 
But, according to the initial condition, the quantity of the substance 
continuously grows. Therefore, to get an exact formula, we have to 
assume that the number of our intervals increases without bound, 
and each of them tends to zero. 


Hence, considering that — — (0, for the quantity of the substance Q 
available at the moment ¢ we shall have the following formula: 


Q=lim[Q (1+—)"]. 


TN — OO 


=| 


This limit can be readily expressed in terms of the number e. 
Indeed, introducing the notation 
kt 


—-=4, where a—>0O, 
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we get 
1 Rt 
Q=Oliml tay], 
i.e. 
Q=0,e". (50-3) 


This is just the law governing the growth of the substance under 
the above mentioned conditions. 

Formula (55-3) is applied in studying a number of processes, such 
as decay of radium (where k < Q), reproduction of bacteria, and 
so on. Hence, it is clear what an important role is played by the 
number e in mathematical analysis and its applications. 


Sec. 56. Natural Logarithms 


If the base of logarithms is equal to the number e, then they are 
called natural or Napierian* and are designated in the following 
manner 


log. x = Inz. 


Higher mathematics uses almost exclusively natural logarithms, 
since many formulas for them, as we shall see later on, turn out to 
be simpler as compared with those for logarithms of other systems**. 

Let us derive the relations between the natural logarithm of a 
number and the logarithm of this number to the base a (a > 0, 
a = 1). Let us have 


y = log, 2; 
hence 
avy = 2x. 


Taking the logarithm of this equality to the base e, we find 
ylna=I1nz. 


Whence 
—_! ] 
am a 
or 
log,e=7— Ina. (56-1) 


* After John Napier (4550-1617), a Scottish mathematician, inventor of 
logarithms. 

** Besides, in applications we often come across exponential relationships 
of the form (55-3); therefore it is more convenient to use logarithms to the base e. 
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This formula expresses the logarithm of the number z to the base a 
in terms of the natural logarithm of this number. 
Note that, putting x = e in formula (56-1), we have 


1080 =a 9° = Tha 


Putting in formula (56-1) a = 10, we get 


log x = log,» x = M Ing, (56-2) 
where 
M=—-~ — = log e= 0.43429 


is the modulus of natural logarithms. 
Conversely, from formula (56-2) we find 


Inc=—- log g, (56-3) 
where 


1 
77> In 10 = 2.30258. 


Sec. 57. Asymptotic Formulas 


Let @ (x) and w (x) be functions defined in a neighbourhood of 
a point a. 
Generalizing the definition from Sec. 51, we shall say that 


bp (xz) = 0 (p(x) as xr—>a, , (57-1) 
if 
p (x) = @ (x) g (2), (57-2) 


where @ (x) > 0 as r— a. 
If @ (xz) #0 in some neighbourhood of the point a, then from 
(57-2) we have 


p(t) -3) 
Gy oe 
(cf. Sec. 54). 
Definition. [f, as x — a, the below equality is valid 
f (x) = @ (x) + 0 (@ (2), (57-4) 


then @ (x) is called the asymptotic term (or asymptotic expression) for 
the function f (x) as t—> a. 
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We use the following notation: f (z) ~ @ (x) as x— a. If o (x) 4 
= 0 for x € U,, then from formula (57-4) we get 


lim L) — 4, (57-5) 


Now we find out the existence conditions for the function f (x) 
of the non-zero asymptotic term 


yp (zr) = kr +b aS £-> oo. (97-6) 
Let 
f(x) = kara +6+ a (2), (97-7) 


where a (xz) is an infinitesimal as + — oo, i.e. a (x) = 0 (1) as 
zx — oo, and, obviously, also a (x) = o (kx + b) asx—> oo. 

From (5/-7) we have 

f(z) __ b , a(2) 

ee (97-8) 

Proceeding to the limit as z— oo in equality (57-8) and taking 
into account that a@ (x)/z > 0 as x > oo, we get 


k= lim £2 | (57-9) 
From formula (57-7) we find 
b = lim [f (x) —ka]. (57-10) 


Conversely, if there exist limits (57-9) and (57-10) of which at 
least one is non-zero, then asymptotic expansion (57-7) is true. 
Indeed, from formula (57-10) where 
k is defined by equality (57-9) 
we have 


lim [f (2) —kx —b] =0. 


yaar! 


Hence there follows directly for- 
mula (57-7). 

The graph of the linear asymp- 
totic expression y=—kx-+ 0 is 
FIG. 92 called the asymptote to the curve 

y =f (x) (Fig. 92); here the case 
k = 0, b = 0 is not excluded. In this case for the points M (zx, y) 
on the curve and M’ (x, Y) on the asymptote Y — y = MM’ — 0 


aS x— oo*,~ 


* Tf limits (57-9) and (57-10) exist as x — —oo or as x > +00, then asymp- 
totic formula (57-7) is true under appropriate conditions. In this case the graph 
of the function y = f(z) has a left-hand asymptote or a right-hand asympiote, 
respectively. 
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Example. Construct a linear asymptotic formula for the function 
f(e)=V v+2+1. 
Using formulas (57-9) and (57-10), we have 


pee ese 
k= lim beter! _ lim Vi4t +=! 


x—> +00 x—> + 00 
and 
= 2 a Spee eg 
a ea an epee, 
21) it ; 
= lim S——= — 
ee VA A4= sti 
Hence 


V2+zr+1 wats as xX—> +00. 


Exercises 


1. On the number axis construct the séts of points defined by the 
following inequalities: (a) |x +2|[<1; (b) |x —3]| > 3; (c) 
0<l2-11<53 @t<lel<2 

2. When determining the mass of a body there was obtained an 
approximate result p = 2.57 g with an absolute error A, < 0.01 g. 
Determine the limiting relative error 6 of the number p. 

3. How many correct digits has the approximate number z= 
= 35.719 if its relative error 6, < 1%? 

In Exercises 4 to 10 find the limits: 


gt 32-49 
4. (a) lim nr - (b) lim (c) lim ease 
x= 
: Vz—3 . yt—2 
5. (a) lim >: Coe meer a a 
6. lim 22.0 7, lim 2%. 8, lim —F*. 
x—-> 00 x0 x—>0 
9. lim sin z—sina 10. lim tan 2x 
x >a t—O x0 4 


11. Find out the behaviour of the roots x, and zx, of the quadratic 
equation 
ax* + br +c = 


10—0875 
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if the coefficient a—» 0, and the coefficients 6 - 0 and ¢ are con- 
stant. 
12. Let 


y,=x and ye=V 2?+1. 
Show that 
ey (Yo—Y1) =0. 


Find out the geometrical meaning of this equality. 
Find the limits: 


13. lim(1+sr). 14. lim eee | 


15. lim (1 — : \". 46. lim (1+=)”. 


N-> CO 


17. lim(1—a)*. 48. lim (77) 


Chapter 8 


Continuity of Functions 


Sec. 58. Increments of an Argument and a Function. 
Continuity of a Function 


Let x be a value of a given variable. Along with z, let us consider 
another value x, of this variable. Let us introduce the following 
definition. 

Definition. The difference between the new value of a variableand 
its initial value is called the increment of this variable, i.e. in our case 
the increment of the given variable is equal to z, — z. 

The increment is denoted by the Greek letter A (delta). For in- 
stance, Az = x, — x denotes the increment of the variable quan- 
tity <x. 

Adding the increment to the initial value of a variable, we get 
the terminal value of this variable. For instance, x + Az is the ter- 
minal value of the variable quantity x. 

Suppose y is a function of the argument 7g, i.e. 


y = f (2). (98-1) 


Let us assign the increment Az to the argument x, then y will receive 
the corresponding increment Ay. This, obviously, can be written 
in the following way: 


y + Ay =f (« + Az). (98-2) 
From (58-1) and (58-2) it follows that 
Ay = f (x + Az) — f (2). (58-3) 


Example 1. Determine the increment of the argument x and the 
increment of the function 


y= 2", 

if the argument z varies from —1 to 2. 
Here, obviously, 
Az = 2—(—1) =3 


10* 
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and 
Ay = 22 — (—1)? = 9. 


Let us explain the concept of the increment of a function geomet- 
rically. 

Let the curve AB be the graph of the function y = f (z) (Fig. 93). 

Consider on this curve a point M with the current coordinates x 
and y. Let us assign to the abscissa xz of the point M (xz, y) an incre- 
ment Az, then its ordinate y will receive an increment Ay and, as 
a result, the point M (z, y) will 
occupy the position M’ (x+Az, 
y + Ay). Let C be the point of in- 
tersection of the straight line pass- 
ing through the point / parallel to 
the z-axis and the perpendicular 
M’N’' dropped from the point M’ 
onto the z-axis. It is obvious that 


MC = Az, CM’ = Ay. 


FIG. 93 It may occur that for some z, 
as Ax tends to zero, the point M’ 

indefinitely approaches the point M and, hence, Ay also tends to 
zero. In this case the function y = f (z) is called continuous for the 
given value of x. Or more precisely: 

Definition 1. A function f (x) defined on a set X is called continuous 
for x = x, (or continuous at a point x,) if: 

'(1) the function is defined for x = x, (i.e. x, € X); 

(2) the increment of the function at the point x, tends to zero when 
the increment of the argument Ax, = x — x, tends to zero, i.e. 


Pa [f (vy + Axy) —f (2,)]=0, (58-4) 


where the infinitesimal increment Az, runs only through the values 
for which f (x, + Az,) makes sense. Here, as always, we assume (see 
Sec. 46, Chapter 7) that xz, is the limiting point of the set X and, 
thus, in any neighbourhood U,. there may be found points x, + 


am Az, € X different from z, (Az, + 0) for which the function f (z) 
is defined. 

In short, a function is called continuous at a given point if at this 
point to an infinitesimal increment of the argument there corresponds 
an infinitesimal increment of the function. 

Using the concept of the limit of a function (Sec. 46, Chapter 7), 
we get a complete definition of the continuity of a function at a point: 
the function f (x) is continuous ata point x,'if andonly ifVe>O0 36 = 
= 6 (&, 2,) >O such that 


| f (x) —- f (a) | = | f (a + Ax) —f(m)|<e, (98-0) 
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if x=2,+ Ax, and 0< | Az, |< 65 (Az, — any permissible 
increment). It should be noted that inequality (58-5) is, obviously, 
fulfilled for Az, = O as well, i.e. here the 6-neighbourhood of the 
point xz, may be treated as complete: | Az, |< 64. 

Definition 2. A function f (x) is called continuous on a_ given 
set X if: (1) it is defined on this set (i.e. Vx € X Af (x)); (2) continuous 
at each point of this set, i.e. Vx € X the below equality is valid 


lim Ay= lim [f (z+ Azx)—f (z)]=0, (08-6) 
Ax+0 Ax—0 


where x + Ax €X. 

It should be noted that the set X is treated here as the domain of 
definition of the function, i.e. the points x@ X and x+ AxrgxX 
are not considered. | 

For instance, the function f (x) is continuous on the segment [a, b] 
if: (1) this function is defined at each point of this segment, (2) 
Vz € la, b] equality (58-6) holds, where xz + Az € [a, 5]. 


Example 2. The function 
1 for x€[0, 1], 
j(2)=4 0 for xé@[0, 1] 


is continuous on the segment X = [0, 1], though it is not continuous 
on the axis —o < 24< +00. 


Example 3. Investigate for continuity the function 
y= 2. 

Assigning the increment Az to the argument z, we get 
y + Ay = (a + Ax)? = a? + Qx-Azx + (Az)?, 

where Ay is the increment of the function y. Hence, 
Ay = Az-(2x + Az). 


Obviously, whatever the fixed value of z, if Az is an infinitesimal, 
then Ay will also be an infinitesimal. Consequently, the function z? 
is continuous for any value of the argument z. In other words, 2? 
is a continuous function within the infinite interval (—oo, +00). 

It is also easy to prove the continuity of the power function 2”, 
where 7 is a constant natural number. 


Definition 3. A point at which the continuity of a function is violat- 
ed is called a point of discontinuity of this function. 

If x = ZX) is a point of discontinuity of the function y = f (z), 
(hen the following two cases are possible: 

(1) the function f (x) is defined at x = zy, and 


Ay = f (9 + Axo) — f (xo) % O 


us Azzy = &@ — Xp > O; 
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(2) the function f (x) is not defined at x = z, and it is senseless 
to speak of the increment of the function at the point zx). In this 
case let us agree to call x =z» a point of discontinuity of the func- 
tion f (z) only if the latter is defined in immediate proximity to the 
value z,*. 

If it is possible to change the function f (x) or extend its definition 
at the point xp (i.e. to choose the number f (x,)) so that the changed 
or supplemented function f (x) becomes continuous at x = 2p, then 


Y=(Z-2Y" 


#(2+4z) 


FIG. 94 FIG. 95 


this point is called a point of removable discontinuity of function 
f (x). Otherwise, i.e. when the function f (x) remains discontinuous 
for x = ZX, at any choice of the number f (zx), the value xy is called 
a point of nonremovable discontinuity of the function f (z). 


Example 4. Consider the function E (xz) equal to the integral 
part of the number g, i.e. if 


zr=n+gq, 
where v is an integer and 0 < gq < 1, then 
E (4) =n 


(Fig. 94). For instance, E(VY2)=1, E(n)=3, E(—1.5)=—2 
and so on. 

The function £ (zx) {is discontinuous for each integral value of the 
argument x. Indeed, for instance, for x = 1 and sufficiently small 
Ax we have 


E(4+Az)=1, if Ar >0, 


* That is for any ¢ > 0 in the interval (z, — ¢. x) + e) there will be found 
points at which the function f(z) is defined. 
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and 
E(4+ Av) =0, if Ar< 0. 


Hence, taking into account that 


EA) = 14, 1 
we get 
0, if Ar >0, 
B(L-+A2)—E(t)=| a2 GP AG 220. 


Consequently, the increment of the function 
Ay = E (1 + Az) — E£E (1) 


does not tend to zero as Az — 0, and therefore the function is discon- 
tinuous for x = 1. 

An analogous reasoning can be conducted for any of the values 
x =k, where k is an integer. 

Example 5. Let 


f (2) =. 


This function is not defined for z = 2 but makes sense for all values 
of x = 2 (Fig. 95). Whatever value we assign to the number f (2), 
we shall always have 


f (2-+Ax) — f(2)=Gor—f(2) + 


as Ax — 0. Thus, here for x = 2 at any choice of the value of f (2) 
to an infinitesimal increment Az of the argument there corresponds 
an infinitely large increment Ay of the function. Hence, this function 
has a point of nonremovable discontinuity for x = 2. 


Sec. 59. Another Definition of the Continuity 
of a Function 


In view of the importance of the notion of the continuity of a func- 
tion, we are going to introduce another definition of the continuity 
of a function at a point which is equivalent to the above given. 

Definition. A function f (x) is called continuous at x = x, if: (1) 
this function is defined for x = x,; (2) there exists the equality 


peal (x) = f (x4) * (59-4) 


* Here, as usual, it is assumed that z; is the limiting point of the domain 
of definition of the function f (z). 
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i.e. a function is continuous at a given point x, if and only if the limit 
of the function as x + 2, is equal to the value of the function at the 
limiting point (Fig. 96). Of course, it is assumed here that the variable 
x takes on only those values for which f(z) makes sense. 

In other words, for the function f (x) which is continuous for the 
value z,, from the fact that x — 2, it follows: 


f (x) > f (x). 


It is easy to see that: (4) if the function f (xz) is continuous at 
x = 2x, in the above indicated sense (see Sec. 58), i.e. if 


Poa [f (@1 + Ax.) — f (t1)] =9, (09-2) 


then putting 
Ly + Az, = 2, 
where, obviously, z > zx, as Ax, > 0, and, using the theorem on the 
limit of an algebraic sum, we get 


lim f (x) =f (2). (59:3) 


Xm XY 


y=t(z) 


Consequently, the function f (x) is contin- 
uous at x = x, in our new sense as well. 
(2) Obviously, that, conversely, from 
equality (59-3) there follows equality 
2 (59-2), 
Hence, the equivalence of the two defini- 
tions has been completely proved. 
For a function continuous on a set X, by virtue of formula (59-1), 
for each value x, € X the below equality is fulfilled 


are f (x) = f (24). 


FIG. 96 


Since x,= lim zx, hence we get 
x>X1 


lim f(z) =f(lim z), (59-4) 


i.e. if a function is continuous, then the symbols of the limit and the 
function are permutable. 

In detailed courses of analysis it is proved that formula (59-4) 
remains true for any continuous function x = @ (¢) such that 
 (t) > z, ast + ¢t,. Thus, we have a strong property of permutability 
of the function f (x) and the limit: 


er ae (eae y (é)). (99-5) 
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From definition 3 of the preceding section it follows that a func- 
tion is discontinuous at a given point if and only if either (1) there 
exists no limit of the function at this point, or (2) the limit of the func- 
tion exists at the given point but it does not coincide with the value of 
the function at this point. | 


Sec. 60. Continuity of Basic Elementary Functions 


(1) Power function 
y=r" 
(x is natural (see Fig. 60)) is continuous for any value of zx (see 


Sec. 58, Example 2). 
(2) Exponential function 


y=ae (a> 0) 

(see Fig. 63) is continuous for any value of z*. 
(3) Trigonometric function 
y = sing 

is continuous for each value of zx (see Fig. 65). 


Indeed, assigning an increment Az to the argument x and denot- 
ing by Ay the corresponding increment of the function y, we have 


y + Ay = sin (x + Az); 


hence 
, : _ Az Az 

Ay = sin (z+ Ax) —sinx = 2sin ——-cos (2+) : 

By the note to the theorem from Sec. 54 for Ax =4 0 we have 

ae: ANG }Az | 

sin “9 <= a 3 
besides, 

Ax 

cos (x + 5 }|<1. 

‘Therefore 


Ay] < 2-42 4 = [Agl, 
he, 
lim Ay=0O. 


Av+Q 


“ The proof of this fact is given, for instance, in A Course of Mathematical 
Analysis by S. M. Nikolsky (Vol. 1), Mir Publishers, Moscow, 1977. 
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Hence, the function sin z is continuous within the interval 
{—oo, -+oo). It is proved in the same way that 


y = cosx 


is a continuous function within the interval (—oo, +00) (see Fig. 65). 


Sec. 61. Basic Theorems on Continuous Functions 


Theorem 1. The sum of a finite number of continuous functions is 
a continuous function*. 

Proof. Indeed, if f, (x) and f, (x) are functions continuous on a set X 
and x, is any value from this set, then 


th (fs (2) + fo (x) = a fr (x)+ ee fo (©) = fa (41) + fo (21). 


i.e. the limit of the sum as z — z, is equal to the value of this sum 
for x = 2. 

Consequently, the function f, (x) + f, (x) is also continuous on 
the set X. 

Theorem 2. The product of a finite number of continuous functions 
is a continuous function. 

This theorem is proved in an analogous way. 

Corollary. The integral polynomial 

P(t) =a) tax+...+ 4,2" 
is a continuous function. 

Theorem 3. The quotient obtained by the division of one continuous 
function by another continuous function is a function continuous at 
all points where the divisor is non-zero. 

The theorem is proved in a similar way. 

Corollary. The fractional rational function 


_. Aytayz+...-anz” 

oS ale at oe A oF SP 
is continuous everywhere except for those values of x where the denomi- 
nator reduces to zero. 

Theorem 4. A continuous function of a continuous function is 
a continuous function. In other words, a composite function consist- 
ing of continuous functions is continuous. 

Proof. Let x, be an arbitrary point belonging to the domain of 
‘definition of a composite function f (@ (z)), where the function u = 
= (x) is continuous at the point z,, and the function f (uw) is con- 
tinuous at the point uw, = @ (x,). On the basis of the strong property 
of permutability of a continuous function and its limit (see Sec. 58), 


* It is assumed that all the functions under consideration are defined and 
continuous on a certain common set X containing no isolated points (for in- 
stance, on an open interval (a, b), or on a closed interval [a, 6], and so on). 
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we have 
cool (@ (zx) = peg (x)) =f (P (%1)), 


i.e. the composite function f (@ (x)) is continuous at the point 2. 
By virtue of Theorem 4, for instance, the functions 


(sin xz)? = sin? x and_ sin (2?) 
are continuous, since the functions zx? and sin z are continuous. 

The functions we are going to consider further on are continuous 
everywhere, except, possibly, for some individual values of the 
argument. 

For instance, the function 

sin x 
COS & 


tan <= 


(see Fig. 66), by virtue of Theorem 3 of the present section, is contin- 
uous for all values of the argument z, except those for which 


cos xz = OQ, 
i.e. except for the values x = (2k — 1), where & is any integer. 
Analogously, the function 


COS zx 
sin z 


col rT = 


(see Fig. 66) is continuous for sin x = 0, i.e. for x ~ kx (k is an 
integer). 

The theorem on the continuity of an inverse function is also true. 
We introduce it without proof. 

Theorem 5. Jf a function y = f (x) is continuous and strictly mono- 
tone*®* on the interval (a, b), then there exists a single-valued inverse 
function x = @ (y) defined on the interval (f (a), f (b)), the latter 
being continuous and monotone in the same sense. 


n 
By this theorem: the radical / x (n—natural) (see Fig. 62), 
logarithmic function log, x (a >0, a 1) (see Fig. 64), principal 
values of the inverse trigonometric functions arcsin z, arccos z, 
arctan 2, arccot x (see Figs. 67-70) are continuous for any value of 
(lie argument x for which these functions are defined. 


Sec. 62. Evaluation of Indeterminacies 


[t may happen that a function f (x) is defined and continuous ev- 
«wrywhere, except for some value x = z, for which the function f (z) 
loses its sense (becomes indeterminate). There arises a question: Is 


“ ‘That is f(x) either strictly increases or strictly decreases on (a, b). 
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it possible to choose the number f (z,) so as to make the supplement- 
ed function f (x) continuous for z = x? 

By virtue of the above considered theorems, to do so it is neces- 
sary and sufficient that the equality 


f (x4) = lim f (2) 
Xam Xy 
be fulfilled. 

In this case the operation of finding the limit of the function f (z) 
as x — 2, is called the evaluation of indeterminacy, and the limit 
itself 

lim f (z), 


X>XY 
if any, is termed the true value of the function f (x) for x = 2. 
Example 1. Let 
x2 4 


f (x)= t—2 ° 


The function loses sense for x = 2. Putting additionally 


: x*—A4 ; 
f (2) = lim — = lim(z-+ 2)=4, 
xg r—2 x» 2 
we get a function which is continuous everywhere, for z = 2 as well. 
If we put f (2) 4, then the correspond- 
ing function will be discontinuous at 
x = 2 (Fig. 97). 
Example 2. The function 
sin z 
f (2) = —— 
is not defined for x = 0. Putting addi- 
tionally 


- sing 
FIG. 97 f (0) = lim —— = 1, 
x0 
we get a function defined and continuous for all values of the argu- 


ment z. 


Sec. 63. Classification of the Points 
of Discontinuity of a Function 


A point x, of discontinuity of a function f (x) is called the point 
of discontinuity of the first kind if there exist finite one-sided limits 
of the function (see Sec. 61) (Fig. 87): 


lim f(z)=f(to—9), lim f(x)=f(%+9) 
x+xq—0 x+>+xXg+0 
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(in this case the function f (z) should not necessarily be defined at 
the point zo, i.e. f (79) may not exist). 
The magnitude 


5 = f (%) + 0) — f (x — 9) 


is called the jump of the function f (x) at the point 2. 

All other points of discontinuity x, of the function f (x) are said 
to be its points of discontinuity of the second kind. Among them, an 
important role is played by points of in- 
finite discontinuity (so-called infinite dis- 
continuities) xz, for which there exist 
(finite or infinite) one-sided limits 


lim f(z) and lim f(z) 


xX>x1—0 x+x1+0 


at least one of them being infinite (see, 
for instance, Fig. 98). 

In this case the straight line x = z, is 
called the vertical asymptote of the graph 
of the function y = f (2). 

A function having on a given interval 
a finite number of points of discontinui- FIG. 98 
ty of the first kind only is said to be 
piecewise continuous. Note that at the points of discontinuity a 
piecewise continuous function may not be defined. 

It should be borne in mind that for the function f (x) to be con- 


tinuous at the point zo, it is necessary and sufficient that the num- 
bers 


f (to — O) = f (x) +0) = fF (a>) 


he equal (i.e. that the jump of the function at the point x, be equal 
lo zero). 


r] 


Iixxample. Determine the character of the point of discontinuity 
wy = O of the function 


f (x) = arccot — ; 
Ilcre we have 


4 : 4 
lim arccot—=zx and _. lim arccot —=0. 
v+—0 ~ x>+0 sf 


Hlence, zy = 0 is a point of discontinuity of the first kind. 
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Exercises 

1. Determine the increment of the argument z and the increment 
of the function 

y = log z 
if the argument x varies from 10 to 100. 

2. Show that for the linear function 

y=azxr+b 


the increment Ay is independent of zx. 
3. Prove the continuity of the function 


y=V cz. 
4. Prove that the function y = | z | is continuous. 


In Exercises 5 to 7 determine the points of discontinuity. of the 
given functions: 


x3 


> FO)= CEH ETDETS 
6. f(z) = tan (22+) : 


le F 


sin mz ° 


In Exercises 8 to 10 find the “true values” of the given functions: 


8. f(z) ==) for 2=1. 
9. f(xz)= ae for «+=4 
10. f(z)= -— 208 2 for 2=0 


{1. Determine the points of discontinuity of the given func- 


(a) AINE : 


tions and find out the character of these points: ; 


a ao, Ot 
(b) arctangz——; (c) sin—. 


Chapter 9 


The Derivative 
of a Function 


Sec. 64. A Tangent to a Curve 


Let M be a fixed point of a given continuous curved line K (Fig. 99). 
Consider the secant MM’ passing through the point M. It may hap- 
pen that as the point M’ moving along the curve indefinitely ap- 
proaches the point MM, the secant MM’ tends to occupy a certain limit- 
ing position MT, i.e. the angle y =ZM’MT —0 as M' > M. 
Then MT is called the tangent 
line (or, briefly, the tangent). r. 

Definition. The tangent line 
MT to a given continuous curve 
K at its given point M (the point 
of tangency) is the straight line oc- 
cupying the limiting position of the 
secant line MM" passing through 
the point M and another point 
M’ of the curve as M' moves along 
the curve to coincide with the given pia. 99 
point M., 

If the secant line MM’, as M’ —+ M, has no limiting position, 
we say that there exists no tangent line at the point M. 

We are going now to show how the equation of the tangent line 
is found from the given equation of the curve. 

Problem. Knowing the equation of a continuous line 


y = f (2), 


find the equation of the tangent line at its given point M (x, y), assum- 
ing that such a tangent line exists. 

Along with the point M (xz, y), let us take another point 
M’ (2 + Az, y + Ay) on our line (Fig. 100). On drawing the secant 
line MM’ and straight lines MN and M’N respectively parallel to 
the z- and y-axes, we get a right-angled triangle MNM’ with the 
logs MN = Ax and NM’ = Ay. 
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Let the secant line 7M’ form an angle with the positive direc- 
tion of the z-axis. Then, obviously, ~NMM' = gq. From the right- 
angled triangle MNM’ we determine the slope of ‘the secant lines: 


ki =tang= oe ) (G4-1) 


Let now M’ — M; then, obviously, Az — 0 and the secant line 
MM’ tends to its limiting position to coincide with the tangent line 
MT at point M (we assume here that the tangent is existent). Let us 
denote by a the angle made by the tangent MT with the positive 
direction of the z-axis. As Az +0, we shall have: g >a and if 
the tangent line 7 is not per- 
pendicular to the z-axis, then, by 
virtue of the continuity of tangent, 
we get 


tan mg — tan-a, 


hence, proceeding to the limit as 
Az — 0 in equality (64-1), we find 
the slope k = tana of the tangent 


line MT: 
FIG. 100 k= lim ov (64-2) 
Ax +0 & 


The limit standing in the right-hand side of equality (64-2) is called 
the derivative of the function y = f (x) at point z and is denoted in 
the following way: 


lim = y =f (z) (64-3) 


(y’ is read: “wai prime”). 
Thus, the, slope of the tangent to the graph of a function is equal to 
the value of its derivative at the point of tangency, i.e. 


k = f' (2). (64-4) 


Knowing the slope of a derivative, it is easy to write its equation. 
The tangent MT passes through the point of tangency M (z, y); 
therefore its equation (see Sec. 16, Chapter 3) has the form 


Y—y=k(X — 2), 


where X and Y -are current coordinates. Substituting the value of 
the slope & and taking into consideration that the point lies on 
the curve, we get the equation of the tangent to this curve: 


Y — f(z) =f (a) (X —2) (64-5) 
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Note 1. If, for clearness, we denote the coordinates of the point 
of tangency by (x, y,), and the current coordinates, as usually, by 
(x, y), then the equation of the tangent to the curve y = f (x) at the 
point M, (x1, y,) has the form 


y—¥1 = Y, (@ — 2X), (64-5) 


where y; = f (z,) and y, = f' (x). 

Note 2. When deriving the equation we assumed that there 
exists a tangent MT tothe curvey = f (x) at the point M. Conversely, 
it is easy to show that if for the function y = f (x) there exists at 
point x a finite derivative, i.e. limit (64-3) (such function is called 
differentiable at the point x), then the graph of this function has 
a tangent (64-5) at the corresponding point which is not parallel 
to the y-axis. 


Sec. 65. Velocity of a Moving Point 


The problem on computing the velocity of nonuniform motion 
also leads to the concept of derivative. 

Let us assume that a point M moves along a straight line which 
will be taken for the z-axis (Fig. 101). To each moment of time ¢ 


FIG. 104 on ~~, ALK, > 


11 M /7' Zz 


there corresponds a definite distance OM = x. Hence, we may say 
that the abscissa z of a moving point is a function of time ?: 


x= f (Z). | | 
This equation is called the equation of motion. It expresses the law 


of motion of a point. 


Problem. Knowing the law of motion, find the velocity of a moving 
point for any moment of time. 

Let at some moment of time ¢ the moving point occupy the posi- 
tion M, and OM = z. By the moment ¢ + Af the point will occupy 
the position M’, where OM’ = x + Az. Hence 


x + Ar =f (t + Ad). 


Consequently, the displacement of the point M for the time At 
will be 


Az = f(t + At) — f (t). (65-1) 


I{ during the interval of time [¢, ¢ + At] the point M kept moving 
in one and the same direction, then Az represents numerically the 


11—0875 
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path covered by the point for the time At*. The ratio 


Az _ f(t+A)—f(d) 
a (69-2) 


expresses the average (mean) rate of change of the abscissa x during 
the time interval Az which is usually termed the average (mean) 
velocity of motion of the point. The limit of the average velocity of 
motion, as Az tends to zero, is called the velocity of motion at a given 
moment of time ¢. Denoting this velocity by v, we get 


v= lim hoa 
At At 
or 
v == lim Ler ena i (65-3) 
At+0 


By analogy with the problem on the tangent line (see the preced- 
ing section), we may say that expression (65-3) represents the deriv- 
ative of the function x with respect to the variable ¢, i.e. 


v=f' (¢). 
Thus, the velocity of rectilinear motion is equal to the derivative of 
path with respect to time**. 


Note. If v = f’ (t) preserves its constant sign over some interval 
a<i(t< b, then we can prove (see Sec. 86, Chapter 11) that for 
any moment ¢ € (a, b) during a sufficiently small interval [¢, t+ Ad] 
the point moves in one and the same direction. Thus, Az represents 
the path covered by the point, and the above statement is locally 
strict (i.e. for a sufficiently small interval of time). 

But if for some moment ¢, we have f’ (¢,)=0, i.e. if for an infinite- 
ly small interval of time At, = ¢ — #, the corresponding displace- 
ment Az of the point is an infinitesimal of a higher order, then Ax 
is, generally speaking, not equal to the path covered by the point. 
Such a situation, for instance, takes place when a point performs 
rapidly damped oscillations about its position of equilibrium. In 
this case formula (65-3) is not adequate to our definition. 


* In the general case, the displacement of a point differs from the distance 
covered by the point. For instance, if during the first second of movement the 
point displaces 10 m to the right and during the next second 10 m to the left, 
then the displacement of the point during the time interval At =f2 s will be 
equal to Az = 0; whereas the distance covered by the point s = 20 m. 

** More precisely: the velocity is equal to the derivative of the abscissa of a move 
ing point with respect to time. 
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Sec. 66. The Derivative Defined Generally 


In this section we develop the concept of the derivative which is 
one of the basic concepts of higher mathematics. This concept histor- 
ically originated from two seemingly unrelated problems: how to 
draw a tangent line to a curve and how to compute the velocity of 
a moving body. 

When solving these problems, we, generally speaking, had to 
perform one and the same operation: to find the limit of the ratio 
of the increment of the function to the increment of the argument. 

We are going now to consider this problem in the general aspect. 

For the sake of simplicity, we first assume that the function under 
consideration (y = f (x)) is defined either on a finite or infinite 
interval X = (a, b) and is continuous on this interval. Let z€ 
€ (a, b) be a fixed point within the interval (a, 6). Now we assign 
to the argument z an increment Az = 0 such that z + Az € (a, b), 
then the function y will get a corresponding increment 


Ay = f (x + Az) — f (2). (66-1) 
Let us write the ratio 

Ay 

aa (66-2) 


This ratio shows how many times the increment of the function y 
is greater than the increment of the argument z on a given interval 
lz, x + Az]; in other words, it yields the average rate of change of 
the function y with respect to the argument x on the interval [x, x+ Aq]. 

Let Az —» 0; then also Ay — 0 (by virtue of the discontinuity of 
(he function y). We denote by X,c (a, b) the set of points of the 
interval (a, b) for which the following passage to the limit makes 
sense 


: Ay 
seen O8 meey 
Then the formula 
y’=lim-/  (@EX,) (66-4) 
Ax +0 


defines a certain function y’ = /’ (x) which is called the derivative 
of the function f (zx). 

Definition. The limit of the ratio of the increment of a given function 
y = f (x) to the increment of the argument as the latter tends to zero is 
called the derivative of that function (provided that this limit ezists). 

Thus, the derivative of the function f (x) is a certain function 
/° (x) derived (i.e. obtained according to definite rules) from the 
riven function. : 


11* 
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A function having a derivative on a set X, is said to be differen- 
tiable on this set (see Chapter 12). 

If x € X, is fixed, then, by (66-4), the derivative y' represents the 
rate of change of the function y with respect to the argument x at point x. 

The derivative of a given function y = f (x) is denoted in the 
following way 

y =f’ (x) (introduced by Lagrange*). 
The following notations are also used: 

dy d 


= al (x) (suggested by Leibniz**) 


(the meaning of this notation#will be explained in Chapter 12), and 
y =f (x) (suggested by Newton***), 


When it is not clear with respect to what argument (2, f, etc.) 
the function y is differentiated, for the corresponding derivatives 
the following symbols are used 


Yxo Yes and so on. 


Note. Analogously the definition is given for the derivative of 
the function y = f (x) defined on a set X containing no isolated 
points. In particular, the function f (z) is differentiable on the seg- 
ment [a, b] if for each point x € [a, b] there exists the limit 

’ : Ay 
x) = lim —— 
fF (@) An+o At’ 


and it is assumed that z + Az € la, b]. Here 
’ . f (a'+ Az) — f(a)’ 
H == l pod A eer ae te A 
Px) ree Ax 
and 
’ f(b + Az) — f (db) 
b)= | ee 
ese “Kz 


For the value of the derivative y’ = f’ (x) of the function y = 
= f (x) at a fixed point x = zx, the following notations are used: 


ie as, as [f’ (©) |x—ovy mae f’ (x4). 


Here f’ (x,) is a number. 


* Joseph Louis Lagrange (1736-1813), a great French analyst, algebraist, 
number theorist, probabilist, physicist, and astronomer. Contributed espe- 
cially to the calculus of variations, analytic mechanics, and astronomy. 

** Gottfried Wilhelm von Leibniz (1646-1716), a great German philosopher, 
analyst, combinatorist, logician, inventor of calculus (independently of New- 
ton) and of many of its symbols. 

*#* Sir Isaac Newton (1642-1727), a superb English mathematician, physi- 
cist, and astronomer. With Aristotle and Gauss, one of the three greatest mathe- 
maticians of all time. He and Leibniz invented calculus independently. 
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Using formula (66-1), we can rewrite the expression for the deriv- 
ative as 


' . f (z+ Az) — f (2) 
= lim ———_-——_—__.. -9 
f (2) a Ae (66-5) 
With the aid of formula (66-5), relying on the theory of limits, 
we can find the derivatives of functions. 


Example 1. Find the derivative of the function y = 2. 
Let x be an arbitrarily fixed value of the argument. Assigning 
to z an increment Az ~ 0, we have 


y + Ay = (x + Az)’. 
Hence, 
Ay = (a + Ax)? — 2? = 22- Ax + (Az)? 
and, consequently, 
y’ = lim 54 — lim (22 + Az) = 22. 
Ax+0 SF = Ax-+0 
Thus 
(z*)' = 22. (66-6) 
The geometrical meaning of the deriv- prc. 102 
ative was explained in the course of solv- 
ing the problem how to draw a tangent line to a curve (Sec. 64), 
Geometrical meaning of the derivative. For a given function y = 
= f (x) its derivative y' = f' (x) for each value of x is equal to the 


slope of the tangent line to the graph of the function at the correspond- 
ing point. 


Example 2. Write the equation of the tangent line to the curve 
y = x* at the point M (4, 1) (Fig. 102). 

We first find the derivative y’ for z = 1. According to formula 
(66-6), we have 

y’ = 2z. 
Hence 


= (yen =[2. 
Consequently, the equation of the tangent line will be written in 
the following way: 

y—1=2(4—1) or y = 22 — 1. 

Note that the tangent line to the graph of the function y = f (z) 


forms at a given point an acute or an obtuse angle with the positive 
direction of the z-axis depending on whether the derivative of the 
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function at this point is positive or negative. If the derivative is 
equal to zero, then the tangent to the graph of the function at the 
corresponding point is, obviously, parallel to the z-axis. The con- 
verse assertions are also true. 

Further, from the definition of the derivative it follows that the 
derivative y’ gives the rate of change of the function y = f (x) with 
respect to the argument x. For instance, if at some point zx we have 
y’ = 2, then this means that on a small interval [z, x + Az] the 
increment Ay of the function y is approximately two times greater 
than the increment of the argument z. The less | Ax |, the more 
accurate this relation is. 

The sense of the derivative of the function y = f(x) becomes 
especially obvious if the argument z is understood as time. Then 
the ratio 


Ay 

Ag 
represents the average rate of change of the function y for the interval 
of time [x, x + Az], the limit of this ratio 

' ‘ Ay 

y= lim ae 
being the rate of change of the function y at the moment z. 

Thus, we have: 

Physical meaning of the derivative. For a function y = f (x) vary- 
ing with time x the derivative y, is the rate of change of the function 
y at a given moment x. 

The derivative makes it possible to study the character of change 
of a function. The greater the absolute value of the derivative, 
the more abruptly the function y changes as x varies, and, conse- 
quently, the steeper the graph of this function rises or falls. If the 
derivative of some function y is positive, then, obviously, this means 
that with an increase in the argument z the function y also increases; 
if the derivative of the function is negative, then this means that 
as the argument x grows the function y decreases. For more detail 
see Sec. 86, Chapter 11. 

The derivative, this basic concept of calculus, is widely applied 
in geometry, physics, mechanics, chemistry, biology, and other 
sciences. 


Sec. 67. Other Applications of the Derivative 


The rate of physical, chemical, biological, and other processes, 
for instance, the rate of cooling of a body, reaction rate in chemistry, 
and so on, is also expresed by means of the derivative. We are going 
to explain this by giving a couple of examples. 
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Example 1. Let us assume that the temperature of a body U 
is a decreasing function of time 
U = f (2). 


Let ¢ be a fixed moment of time. If ¢ receives an increment At, 
then the temperature U changes (decreases) by AU. In this case 
(he ratio 


AU 

At 
represents the average rate of cooling of the body, and the limit of 
this ratio as At — 0, i.e. 


: AU 
lim —— =f’ (t), 
At+0 At f ( ) 

expresses the rate of cooling of the body at a given moment ¢. 


Thus, the rate of cooling of a body is equal to the derivative of the 
temperature of the body with respect to time. 


Example 2. Let us denote by z the amount of substance obtained 
in the course of a chemical reaction during an interval of time f. 
Obviously, x is a function of time ?¢: 


x =f (t). 


If ¢ receives an increment AZ, then zx receives an increment Az. 
Then the ratio 


Ar 
At 

represents the average rate of the chemical reaction and the limit 
lim “* = f' (2) , 


expresses the reaction rate at a given moment ft. 
Thus, the reaction rate is equal to the derivative of the reacting mass 
with respect to time. 


Sec. 68. Relation Between the Continuity 
and Differentiability of a Function 


We saw (in Sec. 08) that the function 

y = f (2) (68-1) 
is called continuous at a point x if at this point 

lim Ay=0O. 


Ax >0 
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Function (68-1) is said to be differentiable at a point x if it has a de- 
rivative at this point, i.e. if there exists a finite limit 


lim 34 = y’. (68-2) 


There is a simple relation between these basic concepts of mathe- 
matical analysis. 

Theorem. If a function is differentiable at some point, then the 
function is continuous at this point. The converse is false: a continuous 
function can have no derivative. 

Proof. Let the function y = f (x) be differentiable at point z, 
i.e. equality (68-2) is fulfilled for this function. We write the iden- 
tity 


Ay=SL.Az (Ax #0). 


Hence 
lim Ay= lim AY. lim Az=y’-0=0. 
Ax—+0 Ax-0 Az Ax—+0 


Consequently, the function y = f (z) is continuous at the point x. 

Corollary. If a function is discontinuous at some point, then it 
has no derivative at this point. 

Continuous functions having no derivative at one point are exem- 
plified by the function 

y= |z| 
(Fig. 103). This function is continuous for z = 0 but is not differen- 
tiable for this value, since there exists 
no tangent line at the point xz = 0 of 
its graph. 

Mathematicians succeeded in con- 
structing the graphs of some contin- 
uous functions differentiable at none 
of the points (K. Weierstrass and 
others). 

FIG. 103 The superb Russian mathematician 

N. I. Lobachevsky was the first to 
introduce a distinct difference between the notions of continuity 
and differentiability of a function. 

Note that the derivative y’ = f’ (x) of a continuous function 
y = f (x) is not necessarily continuous. If a function f (x) has a con- 
tinuous derivative f’ (xz) on an interval (a, >), then the function 
is said to be smooth on this interval. A function f (7) whose derivative 
allows only a finite number of points of discontinuity of the first 
kind on a given interval (a, b) is termed piecewise smooth on this 
interval. 
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Sec. 69. The Notion of an Infinite Derivative 


If a function y = f (x) is continuous at the point z) and 


f (to Ato) —f (Zo) _ be: (69-1) 


f (2) = lim Ke 


Axo70 
then the function f (xz) is said to have an infinite derivative at the 
point z = x». According to the geometrical meaning of the deriva- 
tive (see Sec. 64), the derivative y; = f’ (x9) is equal to the slope 
of the tangent line at the point x). Therefore tan @ = oo and, conse- 


quently, a = > . Thus, condition (69-1) geometrically means that 


the graph of the function y = f (x) has a vertical tangent at the 
point Zo. 


Exercises 


4. What is understood under: (a) the average path slope; (b) the 
path slope at a given point? 

2. What is: (a) the average line density of a material bar; (b) the. 
line density of a bar at a given point? 

3. What should be understood under: (a) the average rate of change: 
of a sea area; (b) the rate of change of a sea area at a given 
moment? 

4. Give the definition for: (a) the average heat capacity of a body; 
(b) heat capacity of a body. 


Chapter 10 


Basic Derivative Theorems 


‘Sec. 70. Introductory Notes 


As we saw, the solutions of many problems were reduced to com- 
puting the derivatives of known functions. Therefore, it is impor- 
tant to know how to quickly find the derivatives of more or less 
composite functions. 

The process of finding the derivative of a function is called differ- 
entiation, and a function that has a finite derivative on a given set 
is said to be differentiable on this set. The study of the derivative 
and its applications constitutes the subject of differential calculus. 

The present chapter is dedicated to the basic rules for differentia- 
tion of functions. 

Here we shall assume, unless otherwise is stated, that the func- 
tions under consideration are defined on a finite or an infinite inter- 
val. 

Prior to indicating the basic rules for finding derivatives, we are 
going to calculate the derivatives of some simple functions. 


Sec. 71. The Derivatives of Certain Simple Functions 


The derivative of a function y = f (x) can be found according to 
the following scheme: 

(1) assign an increment Az = 0 to the argument z, and find the 
corresponding terminal value y + Ay = f (x + Az) for the func- 
tion y; 

(2) obtain the increment Ay of the function by subtracting its 
initial value y = f (x) from its new value y + Ay; 

(3) form the ratio au 

(4) find the limit of this ratio provided Az —0. The result of 
the passage to the limit lim = = y’ is just the derivative y’ 

Ax—0 
of the function y with respect to the argument z if it, of course, 
exists. 
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Using this scheme, we shall find the derivatives of some simple 
elementary functions. 


I. The derivative of a power function x”, where m™ is a posi- 
tive integer. Let 


a ie 
We have 
y + Ay = (x + Az)” 
or, according to the binomial formula, 
y+ Ay= 2" + m2™' Art ans m=" (Ar)?-+... + (Ax)”s 
hence 
Ay =maz"™" Ax + mn M2 (Ax)? + 200 +(Ax)™ 
and 


Ay __ 7 m (m— 1) = -1 
ag = ma™ Spe gage "Ax +... +(Azr)™ ° 


Proceeding to the limit as Ax — 0, we find 


A = 
y' = lim =m", . 
Ax+0 OF 


Consequently, 
2) Sma. (71-1) 


Thus, we have the following theorem: Zhe derivative of a power 
function with a positive integral exponent is equal to the product of 
the exponent by the power function with exponent decreased by one. 

In particular, for m = 1 we get 


(x)' = 4, 

i.e. the derivative of the independent variable is equal to unity. We 
also have 

y= 25, (a) = 327 
and so on. 

Note. As it will be shown below (Sec. 79), formula (71-1) holds 
for any real constant exponent m (in particular, for a fractional 
one). Therefore, for instance, we have 

ft it 1 


va-(4) tet e>0 
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i.e. the derivative of a square root of an independent variable is equal 
to the inverse of the doubled root. 


For « = 0 the function y = Vz has the derivative y’ = o. 
Here the derivative is one-sided, since xzx— +0. Geometrically 


this means that the tangent line to the parabola y = Vz at the 
point z = 0 is perpendicular to the z-axis. 
II. The derivative of sin x. Let 


y = sin z, 


where the argument z is expressed in radians. 
We have 


y + Ay = sin (x + Az). 
Hence 

Ay = sin (x + Az) — sin x 
or 

Ay =2sin-— - cos (a+—2), 


Dividing both sides of the last equality by Az, we get 
Az 


2 sin 
Ay __ = Az 
7 ie me “COS (c+ ), 
or 
sino. 
Ay _ 2 x 
Ar Az cos ( #+ 2 ). 
2 


Proceeding to the limit as Ax —> 0 and using the theorem on the 
limit of a product, we have 


sin 02. 
; e 9 A e y e “ae A A 
‘= lim si = lim —*. lim cos( « ++) Py 
Ax—+0) 7” Ax—0; = cnAx +0 . J 


From the theorem on the limit of the ratio of the sine of an infinitely 
small arc to the arc itself (Sec. 54, Chapter 7) it follows that 
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Besides, by virtue of the continuity of the function cos z, we have 
lim cos (2+ | =cos | lim (<x +) ] == COS x. 
Ax 0 -Ax—+0 
Consequently, 
y’ = 1-cos x = cos z, 
1.€. 
(sin x)’ = cos x. (71-2) 


Thus, we obtain the following theorem: The derivative of sin x 
is equal to COs x. 
Ill. The derivative of cos x. Let 


y = COS Z. 
Then 

y + Ay = cos (x + Az) 
and, hence, 

Ay = cos (x + Az) — cosx 


or 
eo INE ce Az 
Ay = —2sin -sin (z+) ; 
Whence 
sin 7 
Ay __ 2 : Az 
ae ae sin (x +4). | 
2 


Passing to the limit, as Ar — 0, we get 


sin oe. 
; Ay ; 2 ; . Ar 
y = lim —~= — lim ————-. lim sin (x =) . 
Ax+o Az Ax+0 Az Ax+0 v3 
2 
Since 
. Ax 
sin a 
lim = { 
Ax+0 Ar 
2 
and 


e ° . A e 
lim sin (x +) = sin z, 
Ax 0 
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we finally find 
y = —sin z, 
i.e. 
(cos x)’ = —sin z. (71-3) 


Thus, we have the following theorem: The derivative of cos x 
is equal to sin x taken with the opposite sign. 


Sec. 72. Basic Differentiation Rules 


We now pass over to deriving the basic rules for differentiation 
of various functions. 

Let us assume that all the functions under consideration are de- 
fined and differentiable on a common interval, and all used values 
of the argument x and new values x + Az belong to this interval. 

I. The derivative of a constant. The derivative of a constant quan- 
tity is equal to zero. 

A constant quantity c may be considered as a function 


f (x) =e, 


taking on one and the same value. 

Let us assign an increment Az = 0 to the argument x. Then, since 
the function f (x) remains unchanged as the argument varies, we 
shall have 


f(a + Az) =e. 
Subtracting the first equality from the second termwise, we get 
f (x + Az) — f (x) = 0; 
whence 
f («+ Az) — f (2) a) 
Az ° 


Passing now to the limit as Az — 0, we find 


Az) — 
f (2) = lim SESE) =o, 
1.€. 
0. (72-1) 


Using the language of mechanics, we get an obvious interpreta- 
tion of our theorem: The velocity of a point at rest is equal to zero. 

II. The derivative of a sum. The derivative of an algebraic sum of 
a finite number of differentiable functions is equal to the sum of the 
derivatives of these functions. 
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Let, for instance, 


y=u-+v— uv, 
where u, v, and w are differentiable functions of z. 

We assign an increment Az to the argument z; then each function 
will receive its increment: Au, Av, and Aw, respectively. As a result, 
the function y will receive an increment Ay. Hence, we have 

y + Ay = (u+ Au) + (v+ Av) — (wt Aw). 

Subtracting the first equality from the second termwise, we find 

Ay = Au + Av — Aw. 

Dividing both sides of the last equality by Az, we have 
Ay _ Au Av Aw 
Ge he * he Ae 


Proceeding now to the limit, as Ar— 0, and taking into account 
that each term of the right-hand member has a limit, we find 


or, bearing in mind the definition of the derivative, we finally get 

y’ wees uw’ — py’ eM) w’. 

Thus, if each of the functions u, v and w is differentiable, then an 
algebraic sum of these functions (for instance, u + v — w) is also 
differentiable, and 

(utv—w) =w +0 —w’. (72-2) 

Example 1. Find the derivative of the function 

ye 2a ee. , 

Applying formula (71-1), we have 

y’ = (2)' — (2)! + (2%) = —1 + 2z. 

Corollary. [f two differentiable functions differ from each other by 
a constant term, then their derivatives are equal to each other. 

Indeed, if f (x) is a differentiable function and c is a constant 
term, then we have 

fj +e! =f +) =f @)+0=f (2). 


III. The derivative of a product. The derivative of a product of two 
differentiable functions is equal to the product of the first factor by the 
derivative of the second plus the product of the second factor by the 
derivative of the first. 

Let 


Y — Ud, 
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where w and v are some differentiable functions of z. We assign an 
increment Az to z; then u will get an increment Au, v an increment 
Av, and y an increment Ay. We have 


y + Ay = (wu + Au) (v + Av), 
Or 
y + Ay = uv+u- Av+ov-Au + Au-Av. 
Consequently, 
Ay = u-Av + v-Au + Au- Av. 
Hence 
Passing in the last equality to the limit as Ax > 0 and bearing 
in mind that u and v are independent of Az, we shall have 


Av Au Av 


, Ay ; : Au ‘ ; ‘ 
lim —=u- lim -+v- lim ——-+ lim —- lim elim Az 
Ax—>0 Az Ax—0 A Ax +0 Az Ax 0) Az Ax+0 Az Ax+0 
or 
y’ = uv’ + vw’. 


Thus, if either of the factors u and v has a derivative, then their 
product uv also has a derivative; thus 


(uv)’ = uv’ + vw’. (72-3) 
Example 2. Let 
y = x sin x. 

ee formula (72-3) and applying formulas (74-1) and (71-2), we 
ave 


y’ = 2° (sin x)’ + (2°)’ sin z = z? cos x 4+ 32? sin z. 


Corollary 1. A constant may be factored out in front of the deriva- 
live sign. 
Indeed, if c is a constant factor, then we have 


(cu)’ = cu’ + c’u, 
hence, since c’ = Q, we get 
(cu)’ = cu’. 
Corollary 2. If 
y = uvw, 


Ch. 10. Basic Derivative Theorems 477 


where u, v and w are differentiable functions of x, then 
y’ = (uvw)’ = [(uv) w]’ = (uv) w’ 4+ (uv)'w = 
= (uv) w’ + (w’ + u’v) w = Wow 4+ Ww'’w 4+ uDU’. 


In general, the derivative of a product of several differentiable func- 
tions is equal to the sum of the products of the derivative of each of these 
factors by all remaining ones. 

IV. The derivative of a quotient. [f both the numerator and the 
denominator of a fraction are differentiable functions and the denomina- 
tor does not vanish, then the derivative of a fraction is also a fraction 
whose numerator is equal to the product of the denominator by the deri- 
vative of the numerator minus the product of the numerator by the deri- 
vative of the denominator, the whole expression divided by the denomi- 
nator squared. 

Let 


u 
y= >: 


where wu and v are differentiable functions of z and v ~ O. Let us 
assign to the argument z an increment Az; then u, v, y will receive, 
respectively, increments Au, Av, Ay, and we shall have 


_ u+tdAu 
y+ Ay= v-+Av °* 


Subtracting the first equality from the second termwise, we get 


ut Au u 
AY = Sao 
or 
v Au—u Av 
Ay= (v-+ Av) v 
Hence, we find 
pee gee 
Ay __ Az Ax : 
i Ge 23) 


Let Azx— 0. Since the function v is differentiable at point z, 
it is continuous at this point (Sec. 68, Chapter 9), and, consequently, 

lim Av=0. 

Ax+0 
Therefore, passing to the limit in equality (72-4) and taking into 
account that the functions u and v have derivatives, we get 

' vu’ — uv’ 

eer gaat 


12—0875 
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or finally 


her a (72-5) 
Example 3. Let 

c2—4 

“g2+4? 


y= 


then, applying (72-5), we shall have 


»__ (x24) (x? — 1)’ — (x? —1) (x2-++-4)’ (2-4-1) 22 — (2? —1) Qe 
rs Coc) 2 | (z?-+ 1)? = 
__ faa8-+-22—223+22 4x 

— oe EEE 


Corollary 1. /f the denominator of a fraction is a constant, then 
(+) = cu’—uc’ su’ 


Note. The last result is obvious, since 
Uu 


4 
=— -U 
Cc c 
and, consequently, 
( u ); oe u’ 
—) =—u =—. 
Cc Cc Cc 


Corollary 2. If the numerator of a common fraction is a constant, 
then 


3 (72-6) 
In particular, for c = 1 we find 
(1)'=—. ma 
Example 4. If 


4 
Y=? 


then, by formula (72-7), we have 


(pe ake) pe 2a 
n\n 


(x2—1)2 ° 
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V. The derivative of a power with a negative integral exponent. 
Let m be a positive integer and 


Sa, 
or 
1 
Y=—Tm: 


Applying formula (72-7) we get: 


’ (x™) ‘ _ mzm-1 


aay ae —men, 
Hence, 
(Qo) = ngs, (72-8) 


As we see, the rule is the same as for the differentiation of a power 
function with a positive integral exponent. 

VI. The derivative of tan x. Let 
sin x 
cOosSz 


y =: tan z= 


Making use of formula (72-5), we find 


, cosz-(sin z)'—sin z-(cosz)’  cosz-cosx—sin x:(—sinz) _ 
y= cos? x i cos? x _ 
cos? x-+sin2 x 1 
= us tt == ———5— = sec? x. 
cos? zx cos? z 
And so 
(tan x)’ = sec? z. (72-9) 
VII. The derivative of cot x. Let 
COS x 
y =cot r= — ; , 
sin x 
Then we have 
, sin z-(cos z)’—coszx-(sinz)’ _ sin z-(—sinz)—cosz-cosx _ 
= sin? x _ sin? zx a 
sin? z+ cos? x 4 
See ae — CSC? Bf 
7 sin? x sin? x 
[lence, 
(cot x)’ = —csc? zg. (72-10) 


Sec. 73. The Derivative of a Composite Function 


Consider a composite function 

y =f lg @)I. (73-1) 

If in the chain of functional relations y = f(z) and z = q (z) 
(he argument z is the last one, then we shall call it the independent 


| Vd 
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variable (in order to stress the fact that the variation of this argu- 
ment is independent of the behaviour of other variables). 

Hence, we must distinguish between the notions of argument and 
independent variable. For instance, let 


y=sinz and 2 = 2’. 


Here z is the argument of the function y, but, obviously, it is not an 
independent variable. 

For the sake of simplicity, we assume that the function y = f (2) 
is defined and differentiable in the interval (A, B), the function 
z = (zx) is defined and differentiable within the interval (a, b) 
and takes on values from the interval (A, B). Then function (73-1) 
is automatically defined and differentiable in the interval (a, b). 
Now there arises a question whether this function is differentiable. 

Theorem. Jf y =f (2) and z = q (x) are differentiable functions 
with respect to their arguments, then the derivative of the composite 
function | 


y = f [9 (2)] 


exists and is equal to the product of the given function y with respect 
to the intermediate argument z by the derivative of the intermediate 
argument z with respect to the independent variable x, i.e. 


Yor = Yo * 2aee 

Proof. Let x be a permissible value of the independent variable. 
We assign a sufficiently small non-zero increment Az to zx; then the 
functions z = @ (x) and y = f (z) will receive the respective incre- 


ments Az and Ay. Since, by hypothesis, the derivative y, = f’ (z) 
exists, assuming that Az = 0, we may write 


Ay 


lim —*~=y;. 

Az>0 Az ue 
Hence 

Ay ; 

“Ag ere 


(see Sec. 49), where a —> 0 as Az -—> 0 and, consequently, 
Ay = (yf + @) Az. 


Let us define the infinitesimal a for Az = 0, putting a = 0 for 
Az = Q. Then the last equality will also hold for Az = 0, since 
in this case, obviously, both sides of the equality are equal to zero. 
Dividing it by Az, we get 


Ay. Az 
7 a (yz-+ a). : 
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Passing now to the limit as Ax ~ O and taking into account that 
Az —> O and, hence, a — 0, we get 


: Ay ‘ ‘ ; Az 
lim —= lim (y,+a)e lim —, 
ae Ax Ax+0 y T Ax+0 Az 
or 
Yxx = Yr*Zy; (73-2) 


which was to be proved. 

This theorem is briefly formulated in the following way: 

A differentiable function of a differentiable function is a function 
also differentiable. 


Note. In the Leibniz notation formula (73-2) takes on the form 
of an identity 


Example 1. Find the derivative of the function 
y = sin (2”). 
We put 
Z= x’, 
then 
y = sin 2. 
Hence 
Ze = 2x and yz; = cos Zz = cos (2°). 
Consequently, in accordance with (73-1), we have - 
Yee = COS (x?)-2Qa = 2x cos (x’). 
Example 2. Find the derivative of the function 
y = sin*.2 = (sin x)°. 
We put’z = sin z; then y = z*. Hence 
Zp = cosx and y, = 32? = 3 sin’ z. 
Consequently, 
Ye = 3sin? x Cos x. 


If experienced, one may not write the intermediate variable z, 
introducing it mentally. 


Example 3. Find the derivative of the function 


y=) z24+42r+3. 
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Using the formula for the derivative of a square root (Sec. 71) 
and applying the rule for differentiating a composite function, we have 


1 


‘ = —_—————. - (7? + 4 3) = 
4 OV aan 3 eee Ae) 
4 xz+2 
SS y) 4 S  — ; 
2Y 22+4c4+3 Cea) V 2?+424+3 
Example 4. Find the derivative of the function 
y = tan? > 
We have 
y’ =3 tan? 5. (tan >) =3 tan? Z sec? S-(F) =F tan?Z-seo? 


Sec. 74. The Derivative of an Inverse Function 
Let 
y =f (2) (74-1) 


be a differentiable function with respect to the argument xz in some 


interval (a, b). If in equation (74-1) we regard y as the argument 
and x as the function, then this new function 


x= (y), 


where f [@ (y)] = y, is called, as we know, inverse with respect to 


the given function. Our task is: knowing the derivative y, = 


= lim ae of the function y = f (x), to find the derivative xz, = 
Ax—0 


= lim “ of the inverse function z = @ (y), assuming that the 

Ay-0 
(latter exists and is continuous on the corresponding interval 
without resolving equation (74-1)). 

Theorem. For a differentiable function whose derivative is not equal 
to zero the derivative of the inverse function is equal to the inverse of 
the derivative of the given function. 

Proof. Let the function y =f (x) be differentiable and y, = 
= f(z) #9. 

Let Ay =£ 0 be the increment of the independent variable y and 
Az the corresponding increment of the inverse function xz = @q (y). 
We write the identity 


Ax 4, Ay* = 
ath, (74-2) 


* We can prove that if under our conditions Ay +0, then Az +0. There- 
fore equality (74-2) cannot lose its sense. 
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Passing to the limit in equality (74-2) as Ay > O and taking into 
consideration that in this case also Az — O (by virtue of the conti- 
nuity of the inverse function), we get 


lim a =1: lim Ay 
Ay>0 y Ax +0 Az 
Hence 
, 4 
Ly = ria ; (74-3) 


where x, is the derivative of the inverse function. 


Note. In the Leibniz notation formula (74-3) takes the form 


OP eats 
dy —s dy '° 
ax 


Recalling the geometrical mea- 
ning of the derivative, we may give 
a simple illustration of formula 
(74-3). At the point M (z, y) of the 
graph of the function y = f (x) we 
construct a tangent line MT to 
this graph and draw straight lines 
Mz and My parallel to the z-and F!G. 104 
y-axes, respectively (Fig. 104). De- 
noting by a and Bf the angles formed by the tangent MT with the 
positive directions of the z- and y-axes, respectively, we have 


tan a = tan (Z.TMz) a 


and 
tan B = tan(7 TMy) = Ts 

Since 
at+p= >, 


hence it follows 
tan a-tan B = y,-a, = 1, 
which is equivalent to formula (2). 
Example. Let 
y=2+ 2%. 
We have 
Yx = 1 + 327, 
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and, consequently, 


, 1 
ty = Ty 3a 


Sec. 75. The Derivative of an Implicit Function 


Let us consider several examples of differentiation of implicit 
functions. 


Example 1. Find the derivative of the function y (y > 0) defined 
by the equation 


2 
I = 1. 


Resolving this equation with respect to y and taking the plus 
sign, by hypothesis, we shall obtain our function in the explicit 
form: 


y= Va 


Its differentiation is rather simple now. 

But in some cases the given equation cannot be resolved with 
respect to y by elementary means and we have to regard y as an 
implicit function of x. Therefore we are going to indicate} another 
method of finding the derivative of the implicit function’ y. Namely, 
assuming that instead of y its explicit expression is substituted in 
the given equation, we get an identity 


2 
at =1, 


where y is a function of z. Obviously, if two functions are identically 
equal to each other, then their derivatives are also equal to each 
other. Therefore, taking the derivatives of both sides of the forego- 
ing identity and applying the rule for differentiation of a composite 
function (see Sec. 73), we have 


2x. dy 
att pry =; 
hence 
ae b2x 
Y — aty 


Example 2. Let y be a positive or a negative implicit function 
of x defined by the equation 


= 2p2. 
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Assuming that y is substituted by the corresponding explicit 
expression and differentiating with respect to z the left- and right- 
hand sides of the obtained identity, we have 2yy’ = 2p. 

Hence 


y= 7 


Note. If two functions @ (x) and % (x) are equal to each other not. 
identically but for a certain value 
Xo of the argument 


uy (Zo) a p (Zo), 


then from this, generally speaking, 
it does not follow that 


Pp’ (Zo) = Y" (2). 
This is clearly seen from Fig. 105, 
where 


’ (Lo) = tan Q) and 
p’ (vo) = tan Bo. 


Thus, in the general case one cannot differentiate an equality term- 
wise. 


FIG. 105 


Sec. 76. The Derivative of a Logarithmic Function 
Let 
y= log, L, 


where x > 0 (a > 0, a 1). It is required to find the derivative of 
this function making use of the scheme set forth in Sec. 71. 

We assign to the argument x (x is fixed) an increment Ax = 0 
such that z+ Ax>0. Then the function y will receive an increment. 
Ay, and we shall have 


y + Ay = log, (x + Az); 
hence 
Ay = log, (x + Az) — log, x 


or, since the difference between two logarithms is equal to the loga- 
rithm of the quotient, we have 


Ay = log, (1+ ). 


Ax 
x 
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Dividing both members of the last equality by Az, we get 

Ay 1 Az 

de he 98 (14+) - 


Putting here 


Ar 
—= 
{a > —1), we find 
Ay 1 14 
Te = Fe 08a (1 +2), 


or, by the known property of the logarithm: 


Ay 


1 
{ oo 
At =—-log, (1+a)%. 


Let Ax — 0, then, obviously, « — 0 (as the product of an infini- 
tesimal Az by a constant quantity —): Therefore 


1 
y’ = lim AY 4 slim [log, (1+ a) *]- 
x tT a+0 


1 
The function F (a) = (4+ a)® is, obviously, continuous for 
o = 0. Since the logarithmic function is also continuous and 
{ 
lim (1-+a)* =e 
a—-0 


(Sec. 55, Chapter 7), the symbols lim and log, may be permutated 
a—+0 
(see Sec. 59, Chapter 8)* 


1 1 
lim [log, (4 -+ a) * ] = log, [lim (4 +-a) *]= log, e. 
a—-0 a-0 
Hence, 
’ 1 
y=> log, é. 
Thus, we have 
(log, 2)’ = — log, e. (76-1) 
Using the known relation (from Sec. 56) 


lo pees 
Ba 6 = Th 


a 8 


* Here we define by continuity the function F (a) = (4 -++ a)/o for a = 0, 
setting F (0) = e. 
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formula (76-1) can be rewritten in the form 


(log, x)’ = (76-1') 


zIna~ 
Putting here, in particular, a = e and bearing in mind that Ine = 
= 1, we get 
(In x)’ =- 


a) (76-2) 
i.e. the derivative of the natural logarithm of an independent variable 
is equal to the inverse of this indepen- 
dent variable. 

Another particular case of im- 
portance is obtained for a = 10: 
M\ 


xL b] 


(log x)’ = 


where M = loge = 0.43429 is the 

modulus of common logarithms. 
The logarithmic function y= FIG. 106 

=In x is defined only for x > 0. 

For applications it is convenient to consider the function 


y =I1n [z |, 


which makes sense both for positive and for negative z, i.e. it is 
defined for x 4 0 (Fig. 106). To find the derivative of this function 
Jet us represent it with}the aid of two equalities: 


y=Inz for «>0 
and 

y=In(— 2) for x <0. 
Whence we get 


y= + for x>0 


and 
y= = (—2)'=—t(—1)=4 for a<0. 
Hence, 


y’ = < for x0, 
1.e. 


, 4 
(In| x |)" =—. 
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Sec. 77. The Concept of a Logarithmic Derivative 
Let 
y = Ingz, 

where 
z= @ (2). 


Then, applying the formula for differentiating a composite function, 
we get 


yx = (In'z), = (In 2)z 2x, 
or 
1. 


4 
Yx == be 


Thus, we have 

(In z), = = ‘ 

The derivative of the logarithm of a function is called the logarith- 
mic derivative of the function. 

Example. Find the derivative of the function 

y = In (2? + 4x + 5). 
Applying the last formula, we have 


,__ (z2+4-4¢+5)’ ar +4 
~ g@t4r+5 ~ 22+47-+5 ° 


Sec. 78. The Derivative of an Exponential Function 
Let 
y =a, where a> 0. 
Then 
Iny = azlna. 
Taking the derivatives of both sides with respect to x, we have* 


1 
—y =I|na; 
y 


* The existence of y’ follows from the differentiability of a logarithmic 
function (see Secs. 76 and 74). 
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hence 
y =ylna, 
or, finally, 
(a*)’ = a* Ina. (78-1) 


Thus, the derivative of an exponential function is equal to the func- 
tion itself multiplied by the natural logarithm of the base. 


Example. Find the derivative of the function 
=2. 

By formula (78-1) we have 
(2*)' == 2* In 2. 

Putting in formula (78-1), in particular, a = e, we get 
(e*)" = e*, 


i.e. the derivative of the exponential function e* is equal to the function 


FIG. 107 FIG. 108 


itself. In this respect the function e* is the simplest function in 
mathematical analysis. 

In applications we often come across hyperbolic functions which 
are formally determined by the equalities 


ex— erx ; = 
gs sinh r= ae 


cosh z= 


(78-2) 
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(Fig. 107) and 


oe sinhz  ex*—e* 
aca coshax ex-—-e-x ? 78-3 
Pe coshzr — eX-++e™* (1S ) 
~  ginhze  ex—e-* 


(Fig. 108). From formulas (78-2) we get the principal relationship 
cosh? x — sinh? x = 1. 
On the basis of formulas (78-2) and (78-3) we directly find the 
derivatives of the hyperbolic functions 
(cosh xz)’ = sinh z, (sinh x)’ = cosh z, 


1 


(tanh x) = anh? & ss 


Cosh2 x ; (coth x)’ = 
Sec. 79. The Derivative of a Power Function 

Consider the power function 

y = 2% (x > 0), (79-1) 


where a is any real number. 
Taking the logarithm of both sides of (79-1), we get 


Iny=alnz. (79-2) 
Hence 
y= e& Inx. 


Therefore, by the theorem on the derivative of a composite function 
(Sec. 73), the power function y is differentiable. 
Differentiating equality (79-2), we have 


Yi pict L 
y x 
Hence 


Thus, we obtain a general rule for differentiating a power function: 
(2%) = 09°", (79-3) 
i.e. the derivative of y = x” is equal to nx”-". 


If power function (79-1) makes sense for x < 0, then formula 
(79-3) will also hold for z < 0. 
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Sec. 80. The Derivatives of Inverse Trigonometric 
Functions 


The functions inverse to trigonometric functions are called the 
inverse trigonometric or the inverse circular functions (Arcsin z, 
Arccos z, Arctan z, Arccot x, etc.). 

The principal values of the inverse trigonometric functions are 
obtained as a result of inversion of differentiable (with a non-zero 
derivative in the corresponding domain) trigonometric functions 
and, consequently, by virtue of the theorem about the derivative 
of an inverse function (Sec. 74) they are also differentiable. Let us 
find their derivatives. 

I. The derivative of arcsin x. Let 


y = arcsin x, (80-1) 
where —1<x4<c1 and —s<y<y (see Sec. 42). The inverse 
function has the form 

x = sin y, (80-2) 
and 


x, = cos y - 0, 
it ve(—4, 4). 


Applying the rule for differentiation of an inverse function (Sec. 
74), we get 


Yx = rin a (50-3) 


cos y 


Since cosy>0O for— = <y< > , then taking into account 
(S0-2), we obtain 


cosy= +V1—sinty=V1—2?>0, —1<¢1<c1. 
Consequently, on the basis of (80-3), we have 
Vx = a ? 
V 1—2? 
Ie. 
(arcsin x)’ = a ‘ (80-4) 


‘rom formula (80-4) it follows that curve (80-1) for z= + 1 
lus vertical tangents. 
ll. The derivative of arccos x. Let 


/ = aLrccos 2, 


192 A Brief Course of Higher Mathematics 
then 
= COS Y, 


where —1<2<1 and OSy<nun. 
According to the rule for differentiation of an inverse function 
(Sec. 74), we have 


, 1 4 
ee sin y ° 


Since siny >0O for 0 <y <n we get 
siny= +V1—cost*y=Vi—-2#>0 (—1<2#<1). 


Therefore 


phish Se 
a V 1-22 © 
Thus 
si, otis pie : 
(arccos x) = ios (80-5) 


Note. Formula (80-5) could also be obtained from the relation 
arcsin x-+arccos 7 = > : 

lII. The derivative of “arctan x. Let 

y = arctan £ (—w<r<+oo, —$<y< +) 


and, consequently 


x = tan y. 
We have (Sec. 36, Chapter 6) 
, 1 1 1 1 
Ya a "sect y tHtan?y”  1+23 
Thus 
(arctan x)’ = 


Tr ° 

IV. The derivative of arccot x. Let 

y = arccot x (— © <xr<-+t+oo, 0 <y <n), 
then 

x = cot y. 

We have (see Sec. 46, Chapter 7) 
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eae See tse, 1 = 1 
Yx = ty escty  41+cot?y  1+2?” 
i.e. 
(arccot x)’ = —- as 
~ "Tat 
Example. 
1 \' 1 1 1 
ee of es ee ~ 
(arccot — ) i ( =r) Ta (x=4 0). 
1-+— 


Sec. 81. The Derivative of a Function Represented Parametrically 


It is sometimes convenient to represent the relation between the 
variables x and y by two equations 


r=@g(t), y=rv(), (81-1) 


where ¢ is an auxiliary variable (parameter). This method is frequent- 
ly applied in mechanics were the parameter ¢ usually denotes time, 
and equations (81-1) represent the parametric equations of the path 
of a moving point M (z, y). 

Generally speaking, equations (81-1) define y as a composite 
function of x. Indeed, resolving the first equation of system (1) 
with respect to the parameter ¢ (if it is possible), we have 


t = 0 (2), 


where 9 is a function inverse to the function @. Hence, eliminating 
(he parameter ¢ from equations (81-1), we get 

y = p (6 (2). (81-2) 
Applying formula (81-2), we easily find the derivative y, as the 
derivative of a composite function. 

But in practice elimination of the parameter ¢ frequently involves 
many difficulties and sometimes turns out to be even impossible. 
‘Therefore we give a rule for finding the derivative y; which does 
not require elimination of the parameter. 

Theorem. If a function y of an argument x is represented parametrical- 
ly: « = p(t), y = »p (2), where the functions  (t) and » (t) are dif- 
ferentiable and ’ (t) 4 0, then the derivative of this function is 

a et 

ee = (31-3) 


Proof. In the chain of the equations 


y=" (z), t= 0 (x), 


1.0875 
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where ¢ = 0 (z) is an inverse function with respect to the function 
x = @ (t), we shall regard the parameter ¢ as an intermediate argu- 
ment. Then, according to the rule for differentiating a composite 
function (Sec. 73), we have 


Yx = Yate (81-4) 
Applying now the rule for differentiation of an inverse function 
(Sec. 74), we get 
re (81-5) 
Consequently from formulas (81-4) and (81-5) we find 

Yor = Yt? Xt, | 
which was to be proved. 


Note. Using the Leibniz notation, formula (81-3) can be rewritten 
in the form of an obvious equality 

Li ed A 

dz dt ° dt* 
This once again demonstrates the convenience of the Leibniz nota- 
tion. 


ty, = 


Example. Let 


ce. aa. (81-6) 
We have 

gee 2. Yor’: 
Hence 


Ye = Yi tay = Se: St. 


The validity of the last formula can be verified directly by elimi- 
nating the parameter ¢ from equalities (841-6). 


Sec. 82. The Table of Differentiation Formulas 


The derived rules and differentiation formulas for functions of 
one and the same independent variable xz, are listed below: 


I. c’ =0. XI. (tan z)’ = sec? x. 
Il. (u-+vu—w)’ sw’ + XII. (cot x)’ = — csc* z. 
yp’ sr w’. a an 
+ XIIL. (log, 2)’ = —, 


III. (cu)’ = cu’. 


’ 1 
IV. (uv)! =uv'’+ vu’. (In z)'=—. 
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V (= ‘Yul! XIV. (a*)'’=a*lna, (e*)' =e*. 
e. iq a : ’ 1 
vy = Y: Zae0 XV. (arcsin z)’ = ser : 
VII. Ly Peet XVI. (arccos 2)’ = — ; 
VIII. (x")' =nz™!, x’ =1. Vane 
IX. (sin zx)’ =cosz. XVII. (arctan x)’ = Ta 
X. (cos x)’ = —sinz. | 
XVIII. (arccot xz)’ = =a 


Sec. 83. Derivatives of Higher Orders 


The derivative f’ (x) of the function f (x) is called the derivative 
of the first order and represents a new function. It may happen that 
this function, in its turn, has a derivative. Then the derivative 
of the derivative of the first order is termed the derivative of the 
second order or the second derivative and is denoted f” (x). Thus, 


f" (2) =|" @Y. 


Similarly, the derivative of the derivative of the second order (pro- 
vided it exists) is called the derivative of the third order or the third 
derivative and is denoted by /”’ (z), i.e. 


f" (x) = [f" (@)Y. 


In similar manner we define the derivatives of the fourth order 
{'Vv (x), fifth order fY (x) and so forth (numbers are used instead 
of dashes to save space and Roman numerals are used to avoid con- 
fusion with exponents) 


Example. Let y = sina. We then have in consecutive order 
y’ = cos 2, y” = — sin z, y" = — cosa, yl¥V = singz,... 


Sec. 84. Physical Meaning of the Second Derivative 


We saw (Sec. 65) that we could find the velocity of motion with 
(le aid of the first-order derivative. Here we are going to show 
(hal in order to compute the acceleration of motion, we have to 
luke advantage of the second-order derivative. 

Let the law of motion of a point / along the x-axis be expressed 
ly the equation z = f (t). Let at the moment ¢ the point M have. 
the velocity v, and at the moment ¢-+ At the velocity v -++ Av. 

Thus during the time interval At the velocity changed by the. 


{4 
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increment Av. The ratio 

Av 

At 
is called the average acceleration of rectilinear motion for time in- 
terval At. The limit of this ratio as At ~—0, i.e. 


Av 
lim —=v’ (t 
At--0 At (t), 


is called the acceleration of the point M at a given moment ¢. Denoting 
the acceleration by j, we may write 


j=v (). 
But 

v =f’ (t). 
Therefore 


(=U OY =f" @. 
Thus, we have 
j=f (), 
i.e. the acceleration of rectilinear motion of a point is equal to the 
second derivative of the distance* with respect to the time. 
Exercises 


Find the derivatives of the following functions: 


1. (a) y=322?—z+09; 15. y=V 142%. 
(b) f(e) ==. Evaluate Fs aes ss 
. ; . y=ln? az. 
f’ (4), Ce ; 18. y=In2. 
— 2 
2. y=2V2r4+3Y 2 7 49. y= In tan >. 
2 9 Leste 
3. y=-+—- 20. eas aa 
21. y=e-*, 
4 ee > 
a+b 22. y =e? (x2 —42r-+ 8). 
2 Y=2 ee 2): 23. y =aresin=. 
6. y=(x+1) Va. 1 
7. y=? sin x. a ra 


* More precisely: of the abscissa of the moving point. 
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&. : 25. y =arctan + : 


I Ta: 
9, ee 26. y=(tan r—cot z)?. 
4—22 ° 
sin s—cos x 27. f(x) =x2+arccot x. 
10. y= ——__—_. eee 
SIN + COS x 28. y=In(#+V1-+ 2%). 
14. y=sin? x. P ? 
12. y=sin 2?. 29. y= V 1—2?+ 5 aresin z. 
13. y~cos?—. 4, 14+2, 1 
y 2 30. y= 7ln-—t+azaretan se. 


3 
14. y =cos-. 


Find the derivatives of differentiable implicit functions y = y (2), 
represented by the following equations: 


ot. 2? + y? — zy = 1. 

32. 2? + y® — 3ry = 0. 

dd. (a) y= xt In y; 

(b) find y’ at the point M (4, 1), if 

ae 22:3. 

34. Find the derivatives y; of the functions represented para- 
metrically: 

(a) x =acost, y = bsint; 

(6) x= wt, y = te; 

(c) c= e-'cost, y=e-'sint for t = 0. 
‘ind the second derivatives of the following functions: 

30. (a) y =e; (b) y = x + Sin 22. 

36. y = In z. 

Did See: 

38. Find f (0), f’ (0) and f” (0), if f (z) = cos 32. 

39. (a) Write the equation of the tangent line to the curve y = x? 
al its point M (2, 8); (b) write the equation of the tangent line to 
the sinusoid y = sin x at the point zs = nm, (c) write the equation 


of the tangent line to the parabola y* = 2z at the point (8, 4). 
40. Write the equation of the tangent line to the ellipse 


zr, y? 
rae Aa 


ul its point M (a, yj). 
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41. Write the equation of the tangent line to the ellipse 
xz=i10cost, y=6sint 


at the point corresponding to t=. 


42. The normal to a curve at its given point M (z,, y,) is a per- 
pendicular to the tangent line to this curve at the point of tangency 


Write the equations of the normals to the following curves at 
the given points: 


(a) y = tan z at the point O (0, 0). 

(b) y? = 2x at the point M (8, 4). 

(c) 2+ y? = 25 fat the point (3, — 4). 

43. What is the rate of increase of the area of a circle at the mo- 
ment when its radius R = 10 m if the radius of the circle increases 
at a rate of 2 m/s? 

44. A man of height h = 175 cm moves off a street lamp hanging 
at an altitude H = 5 m at a rate of v = 1.5 m/s. What is the rate 
of growth of his shadow? 

45. The law of motion of a point is 


z= +at+5 2, 


Find the velocity and acceleration of the motion. 
46. Knowing the equation of motion of a point 
xz=t— sin tf, 


determine the velocity and acceleration of this point. 


Chapter Il 


Applications 
of Derivatives 


Sec. 85. The Theorem About Finite Increments 
of a Function and Its Corollaries 


Lagrange’s theorem about finite increments of a function. The 
finite increment of a differentiable function is equal to the corresponding 
increment of the argument multiplied by the value of its derivative 
at some interior point, i.e. if f (x) is a differentiable function in some 
interval (a, b) and 21, X_ (21 <i xy) are any values from this interval, 
then 


f (x) — f (a1) = (#2 — 2) f'(8), (85-1) 
where 
my <§ ry 


Proof. On the graph of the function y = f (x) we draw a secant AB 
through the points A (2, f (7,)) and B (a., f (x2)) (Fig. 109). We 
shall then displace this secant parallel to its initial position until 


R 


f(z,)+-—-—— A i #(ap)-F (2) 


FIG. 109 


it becomes a tangent A’CB’ to the graph of our function at one of 
ils points C (&, f (&))*, where z; << §€ <x... According to our con- 


* We omit here the proof of the fact that such a limiting position exists. 
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struction, the slopes of the secant AB and the tangent A’CB’ are 
equal to each other, therefore 


f(aa)—f (a) _ 
ag AG 


Hence 


f (2) — f (a1) = (t2 — ny) f° (8), 
which was to be proved.* 

Corollary 1. If the derivative of a function is equal to zero on some 
interval, then the function is identically constant on this interval. 
Indeed, if, for instance, 


f (ce) =O for a<xz<b, 


then, putting in formula (85-1) x; = z), where zy is a fixed value 
from the interval (a, b), and z, = z, where x is any value from 
this interval, we have 


f (x) — f (%) = (@ — a) fF (§) = 9. 


Hence 

f (x) = f (%) = const, 
if 

ax<xxz<b. 


Corollary 2. If two functions have equal derivatives on a certain 
interval, then these functions differ from each other on this interval 
utmost by a constant term. 

Indeed, if 


fy (x) = f, (2) 
for z € (a, b), then on this interval we have 
(fi: (x) — fe (z)l’ = f, (@®) — Ff, (x) = 9. 
Consequently by Corollary 1, the function 
fi (x) — fe (2) 
is constant for a<z < J, i.e. 
fi (t) — fe (x) = C 
for all values of x belonging to the interval (a, b). 


Example. As is known, for any value —oo <x <+0o we 
have 


, ae = | 
(arctan z) aa ime and (—arccot x) qe 


* It is possible to prove that the Lagrange theorem remains true if the 
function is continuous on the closed interval [a, b] and differentiable inside it. 
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Consequently, 
arctan « — (— arccot z) =C, 


where C is a constant. Putting xz = 1 in the last identity, we get. 
wt It ‘ 
ye ie aa 16, ==. 
Hence, 


It 
arctan x-++ arccot z = Zz 


Theorem about the roots of a function (Rolle’s theorem). Between 
every two zeros of a differentiable function there is at least one zero 
of its derivative. 

Proof. Indeed, if f (x) is a differentiable function and 


f(t) = f (%) = 0 (tj <2), 
then from formula (85-1) we have 
(x. — x1) f (§) = 9, 


or, since X= x1, we get 


f (§) = 9, 
where 
Tm, & Las 


Sec. 86. Increase and Decrease of a Function 
of One Argument 


Definition. A function is said to be increasing on an interval (a, b)- 
if to greater values of the argument belonging to this interval there 
correspond greater values of the function. In other words, f (x) is an 
increasing function in an interval (a, 0) if, whatever the values 
x, and x, from this interval, (Fig. 110, a), from the inequality 


Ly > 2 
there follows the inequality 


f (tq) > f (x). 


Similarly, a function is said to be decreasing on an interval (a, b) 
if to greater values of the argument in this interval there correspond 
smaller values of the function. In other words, f (x) is a decreasing 
function (Fig. 110, 6) if from the inequality 


Ly > 2X 
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there follows the inequality 
f (x2) < f (%). 


Theorem 1. Necessity test for the increase (decrease) of a func- 
tion. 

(1) If a differentiable function is increasing in a certain interval, 
then the derivative of this function is non-negative in that interval. 


(a) 


TIG. 110 


(2) If a differentiable function is decreasing in a certain interval, 
then its derivative is non-positive in that interval. 

Proof. (1) Let a differentiable function f (x) be increasing in the 
interval (a, b). According to the definition of the derivative, 

' ., £ (t+ Ax)—f (2) 

xc) = lim —————— 

a a re 
If the values x and z + Az belong to the interval (a, b), then, by 
virtue of the increase of the function f (x), the sign of its increment 


f (x + Ax) — f (2), 


‘where Ax = 0, is the same as the sign of the increment of the argu- 
ment x. Consequently, for sufficiently small (by absolute value) 
Az we have 


f (z+ Az)—f (z)® 
- Ax > 0. 


Passing in the last inequality to the limit as Ax +O and taking 
‘into account that the limit of a positive function cannot, obvious- 
ly, be negative, we get (see Sec. 46, Chapter 7) 

f(z) > 9. 


(2) The proof of the second part of the theorem is analogous to 
the proof of its first part. 


Note. Geometrically, the statement of the theorem is reduced 
to that the tangents to the graph of an increasing differentiable 
function form acute angles a (tan a = f’ (x)) with the positive direc- 
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tion of the z-axis or at some points A they are parallel to the x-axis 
(Fig. 141). 

All the tangents to the graph of a decreasing differentiable func- 
tion form obtuse angles with 
the positive direction of the 
x-axis or are parallel to it. 


Theorem 2. Sufficiency test for 
the increase (decrease) of a func- 
¢ion. 

(1) If the derivative of a dif- 
jerentiable function is positive 
inside a certain interval, then the 
function is increasing on this in- 
terval. 

(2) If the derivative of a differ- FIG. 111 
entiable function is negative inside 
a certain interval, then the function is decreasing on this interval. 

Proof. (1) Let, for instance, the differentiable function f (xz) is 
such that 


f' (x2) >O0 for a<xz<b. 


For any two values a < 2, <2, < b belonging to the interval 
{a, b) by virtue of the theorem about the finite increment of a func- 
tion, we have 


f (xg) — f (a1) = (2 — 2) f (8), 


where & is an intermediate value between x, and zx, and, hence, 
lying inside the interval (a, 6). Since 


Lo — 2%, >0 and f’ (&)>0, 
hence we get 

f (%2) — f (um) > 0 
or 

f (to) > f (%). 


Ilence, the function f (x) is increasing on the interval (a, b). 

(2) The proof of the second part of this theorem is absolutely 
analogous to the proof of its first part. 

A function which in a given interval is increasing or decreasing 
is called monotone (in that interval). An interval of variation of 
(he independent variable on which the function is increasing is 
called its interval of increase, and an interval on which it is decreas- 
ing is called its interval of decrease. Both types of intervals are 
referred to as intervals of monotonicity of this function. 
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Example. Test for an increase and decrease the function 
f(z) = 2? — 32x 4 2. 

We find the derivative 

f (x) = 322 — 3 = 3 (2? — 1). 


The derivative vanishes for the values x, = —1 and x, = 1. These 
values divide the entire infinite z-axis into three intervals: 


(— OO, —1], [—14, 1], (1, +oo), 


inside each of which the derivative f’ (x) preserves a constant sign. 
Obviously, inside the first and third intervals the derivative /’ (z) 
is positive, and inside the second interval it is negative. This can 
be verified by taking points belonging 
to the corresponding intervals. Conse- 
quently, the function f (x) is increasing 
in the first interval, decreasing in the sec- 
ond, and increasing once again in the 
third (see Fig. 112). 


Sec. 87. L’Hospital’s Rule 


Consider the ratio 


_ (2) 
FIG. 112 where the functions @ (x) and wp (xz) are 


defined and differentiable in a neigh- 
bourhood U, of a point a excluding, perhaps, the point a itself. It 
may happen that as x —a both functions tend to 0 or to oo, i.e. 
both these functions are either infinitely small or infinitely large as 
x —a. Then we say that at the point a the function f (x) has an 
indeterminacy of the form 
> or — ’ (87-1) 
respectively. In this case, using the derivatives g’ (z) and w’ (x), 
we can formulate a simple rule for finding the limit of the function 
f (x) as x — a, i.e. give a method for evaluating certain indeterminacies 
of the form (87-1). This rule is usually associated with the name 
of the French mathematician L’Hospital.* 


* L’Hospital (also l’Hépital, Lhospital), Guillaume Francois Antoine de 
(1661-1704), author of the first printed manual on differential calculus (1696), 
where the rule is formulated. In compiling this manual, L’Hospital made use 
of the manuscript of his teacher John Bernoulli. This rule is mentioned in the 
manuscript and so the name “L’Hospital’s rule” is historically inaccurate. 
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Theorem. The limit of the ratio of two infinitely small or infinitely 
large functions is equal to the limit of the ratio of their derivatives 
(finite or infinite) if the latter exists (in the indicated sense). 

Proof. We shall consider here only indeterminate forms - and, 
for the sake of simplicity, assume that the functions @ (zx) and > (2), 
as well as their derivatives q’ (x) and 1’ (x), are continuous at the 
point a and w’ (a) 4 0. The proof of another case of L’Hospital’s 


e . e CO . e 
rule referring to indeterminate forms — is more complicated (see, 


for instance, a two-volume textbook by S. M. Nikolsky (Member, 
USSR Academy of Sciences) “A Course of Mathematical Analysis”, 
Vol. 1, Mir Publishers, Moscow, 1977). 


And so, let 

lim g (xz) = g (a) =0 (87-2) 
and 

lim wp (x) =p (a) = 0. (87-2') 


The difference @ (x) — @ (a) may be regarded as the increment 
of the function @ (x) at the point a corresponding to the increment 
of the argument Ax = x — a. Therefore 


lim sey eo _ gp’ (a), (87-3) 
analogously 
lim Povo = w’ (a) ~ 0. (87-3') 


vod 


Taking into consideration formulas (87-2) and (8/-2') for xz a, 
we get 


Pp (x) —@ (a) 
p(x) _ 9 (z)—G@) _ r—a 
p (2) tp (x) — p (2) p (z)— (a) * 
r—a 


Hence, passing to the limit as z —a and applying formulas (87-3) 
and (87-3'), we shall have 


- @(z) _ @ (a) 4 
oe Pe) We) id 
But we assumed that the derivatives o’ (x) and wp’ (x) are continuous 
as x —a, and ’ (a) #0, therefore 
g@) aa? 9 @ 
° x x>a = “ 
im ye) imv ee)” er) 
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Comparing formulas (87-4) and (87-5), we obtain L’Hospital’s 
rule 

wy P(t) __ ye, & (2) ve 

him @) — ims Or) 

Note. The right-hand side of formula (87-6) is the limit of the 
ratio of the derivatives, but not of the derivative of the ratio of 
the functions. 


Example 1. Find 
2* — f 


Here, for zx = 0, both the numerator and the denominator of 
the fraction are equal to zero, i.e. as z —> 0 we have an indeterminate 


form _ Applying L’Hospital’s rule (87-6), we get 
& 


2*]In2__ In2 


lim 2*—1 — lim = =In2. 


x+0 SNe x39 COSZ 
Example 2. Find 
x? 
pote 
As x -»-++00 we have indeterminate form oi the type = Applying 
L’Hospital’s rule twice, we obtain 


: x2 ; 22 : 2 
lim —= lim —= lim —=0, 
ex x : x 
x—+> + 00 x + 00 Xx-> + 00 
Thus, as x --+ oo, the exponential function e* is increasing more 


rapidly than the power function z?. 


Besides the above indicated types of indeterminacies > and — : 
there exist other indeterminate forms. For instance, if 


f (xz) = 9 (@z)» (), 
where @ (x) —O and w (xz) oo as x >a, then as x — a the func- 
tion f (x) represents an indeterminate form of the type 0 + oo. Another 
example is the function 


f (x) = @ (x) — (a), 
where @ (z) --+00 and » (xz) > -+oof as x >a. Here as t—>a 
we obtain an indeterminacy of the form co — oo. Other indeterminate 
forms, that is forms of the type oo®, 1° and 0°, are also possible. 
To evaluate these forms, we try to reduce them to the principal 
forms . or = which are then evaluated using l’Hospital’s rule. 
This is best explained by examples. 
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Example 3. Find 


lim zInz. 
x—>+0 


Here we have an indeterminate form of the type 0 - co Rewriting 
the given expression in the form 


Inez 


‘lim zinz= lim i 
x++0 x>+0 
x 


we get an indeterminate form of the type —. Hence, applying 
L’Hospital’s rule, we find 


4 
lim zIng= lim —- = lim (—2)=0. 
x>+0 ‘x+>+0 —_—> x +0 

OF 


Example 4, Find 

lim (cot r— —) 

x0 v 

The given expression represents an indeterminacy of the form 


oo — oo, Applying the formula cot z = — = » we Shall have 


: ‘4 : cos x 4 . 2£c0osz—sinsz 
lim (cot <— = = lim ( 5 —— = in——__—- 
ae, x xo \ Sinz z ae x sin x 


Since an indeterminate form of the type ~ is obtained, we use 
L’Hospital’s rule 


cosz—axzsinz—cosz __ 


1 ; 
lim (cot x——) = lim sin +-+xcosz 


x—>0 / x0 
; xsinz ’ sin x 0 
eso Nec 
xoQ SM r+ 2 cos z x0 Teo 
x 


The latter result has been obtained on the basis of the known limit: 
lim a 7 = | (see Sec. 54, Chapter 7). In finding the limit, it 


v0 
turned out here, as in many other cases, to be appropriate to com- 
bine L’Hospital’s rule with some elementary methods. 


For the function 
f (x) = [g (x) 
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in the cases: 
p (x) ~0 and (x7) ~ 0 as x ><a, 
( (xz) — oo and p(t) ~O0 as x ><a, 
~ (x) > 1 and » (%) > oc as t >a 
we get indeterminate forms of the type 0°, 00°; and 1™, respectively.. 
Here it is advantageous to take the logarithm of the function f (z). 


Example 5. Find 


A= lim (sin z)*"*. 


x = 


2 


(87-7) 


Expression (87-7) represents an indeterminate form 1~ . Taking 
the logarithm of this expression and making use of the continuity 
of a logarithmic function, we find 


InA=In lim (sin x)‘*" : = lim [ln (sin z)""*] = 


2 ‘« 
. : : In sin z 
= lim (tanz-Insinz)= lim 
mn cotz 
are ar 


Applying L’Hospital’s rule to the obtained indeterminate form 


©O 
<> we have 


cosz \ 
In A= lim {=== | = lim (—sinzcos x) =0; 


x= x ck 
—_> ——_ 
2 


> \ sin? z 
hence 


Av Tt. 


Sec. 88. Taylor’s Formula for a Polynomial 


Let it be required to expand a given polynomial 
P (x) =a) + ayer + age? +... + a,x" (88-1) 


in powers of the binomial + — x), where x») is some number. This 
problem can be solved in an elementary way by using the identity 


X= 2X) + (x — xy). But we are going to consider a simpler method. 
Let 


P (x) = A,4+ A, (4 — Xo) + Ag (a — Xp)?» +... + An (KX — Xo)” 
(88-2) 
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be the desired expansion whose coefficients A», A,, Ao,..., An 
are required to be found. Putting x = xz, in identity (88-2), we get 
P (x) = Ay + O, hence 


Ay = P (xo) (88-3) 
Differentiating identity (88-2), we have 
P’ (x) = Ay + 24, (4 — Xo) +... + NA, (4 — 2,)"71. 
Hence, putting x = 2, we get 
A, = P" (2p). 
On second differentiation we find 
P" (7) = 2!A,+...+n(n— 1) A, (x — 2%)" 
and for x = ZX) we have P" (xy) = 2! Ag, i.e. 
A, ==, (88-4) 


For determining further coefficients of expansion (88-2) we can use 
the same method. It is rather obvious that there is a general formula 


Prk) (x9) 


A,=—qj 


(K=O 4 Je eae it). (88-5) 
where, by definition, wei put P® (xz) = P (x) and O! = 1. Formula 
(88-5) can be strictly proved by the method of mathematical in- 
duction. 

Substituting coefficients (88-5) into expansion (88-2), we get 
Taylor's formula for a polynomial 


P (x) =P (9) +P" (20) (t— 2%) + 
+7) 20) 


(a — m9)? $2) (~— 29)” 


or briefer 


i Pk) 
P(x) = >} fa eo) (x— xo)". (88-6) 
h=0 
Note, that, as is easy to be convinced, the senior coefficients 
in expansions (88-1) and (88-2) coincide, i.e. A, = a,. Therefore 
the following equation holds 


{ 
Ta pm (x)= an. 


If we put z) = 0, then the right-hand member of equality (88-6) 
will be identically equal to the right-hand side of polynomial (88-1), 


14-0875 
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Therefore the following equalities hold 


Ph (0 
~ = ay (= 034. ccee 


Example. Expand the polynomial 
P (x) = 1 — 22-4 32? — 4e' 


in powers of the binomial x + 1. 


Here x) = — 1. We have 
P’ (7) =—2+ 62 — 122’, 
P" (xz) = 6 — 242, 
P” (xz) = —24 
and 
P(—1)=10, P’ (—1) = — 20, 
P” (— 1) = 30, PY” (—1) = — 24. 
Thus, 


P (xz) = 10 — 20 (x + 1) + 15 (x + 1)? — 4 (a + 1)3. 


Sec. 89. Binomial Formula 
Consider the function 
f (x) = (a+ 2)", (89-1) 


where nm is a natural number. Putting xz, = 0 and using Taylor’s 
formula (88-6) from the preceding section, we get 


(atxz)" =A, +A yet... + Anz”, (89-2) 
where 
A,=L°O — (k=0, 4, ..., 7). 


Since from (89-1) the following is obtained 

f{ (2) =n(n—1)...In—(k — 1)] (4+ 2)", 
we get 

f (0) = a® 
and 

f® (0) =n(n—1)...In—(k —1)] a™ § (k =1,2,..., 7). 
Thus 

Ay =a" 
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and 


A, = Bec) oe) ge (k=1, 2,...,7). (89-3) 

The numbers A, are called binomial coefficients and conventionally 
denoted in the following manner: 

A; = Ch, (89-4) 
where C# is called the number of combinations of n elements k at 
i time (the combinatorial meaning of the numbers C* will be ex- 
plained later on, see Sec. 239, Chapter 25). 

Thus, on the basis of formula (89-2), we have Newton’s binomial 
formula 

(a-+2)"=a"+ na" ‘xz +207) QP AGe cae es (89-5) 


In particular, for a = 1 we obtain 


(1+a)"=1t+ne+26—0 gy yar. (89-6) 


Sec. 90. Taylor's Formula for a Function 


Let the function f (xz) have a continuous derivative of the Nth 
order f(%) (x)* in the interval (a, b) and zy, € (a, b). Using the results 
of the preceding section, we construct Taylor’s polynomial of degree n 


nr 
(R) 
P, (2) =) SE? (2-2) (90-1) 
k=0 
where n < WN. 
The polynomial P, (x) may be regarded as a certaih approximation 
of a given function. Denoting by AR, (x) the corresponding error 
(the so-called remainder term or, simply, remainder), we shall have 


f (x) = Pp (x) + Ry (2). (90-2) 
Let us show that as x— x, the remainder R, (x) will be an in- 


linitesimal of the order higher than n (Peano’s theorem). Indeed, 
consider the limit 


- kn (2) 
am (x— Xo)” 
) f™ (a0) : 
fim f O— [FOF (eo)(@—z0)+ +. A Ce 20)" | en 
x~+XQ (x— Zo)” 


* Hence, by sense of the operation of differentiation, we get that in the 
lntorval (a, b) there exist the continuous derivatives f (z) = {© (z), f’ (z), ... 
ong ae (z). 


(4 
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Obviously, we have an indeterminate form of the type ~ —. Applying 


L’Hospital’s rule n times in succession and taking eo account 
the continuity of the derivative f™ (zx), we find 


lim 22 @)__ ey. = 
xa (&—o) 


pe) —[ 1" (eo) +L (eae) +... + LOE (eae) ] 


ee [ (n 
a — n (x— Xo) n-1 
" " ~f™ (x9) 5 
. f (a)—| 1 (to) +--+ yh (x— x9)” | 
ei is 

lim LP OU (eo) _ 
=a maa 

Hence, 

R, (x) =0[(x— 2p)” ]. (90-4) 

Thus, we obtain the local Taylor formula: 
k 
f(z) = >, ee 0) (x— xp)" +0[(x— 2p)" ]* (90-5) 
k=0 


In a particular case, for a< 0 < b and zy, = 0, we shall have the 
so-called local Maclaurin’s formula (which is a special case of the 
Taylor formula): 


“3 Ooh at +0 (a"). (90-6) 


ail Approximate the function f (rz) = sin x in the neigh- 
bourhood of the point z) = O using the third Taylor polynomial 
P, (2). 

We have 


f(z) =sinz, f(z) =cosz, f" (x) = —sinz, f" (x) = —cosz. 
Hence 

f(0)=0, f/f 0)=1, f”"()=0, Ff” (0) = -14. 
By formula (90-6), we get 

sine =2—4- +0 (x st P (90-7) 


* In the general case formula (90-5) turns out to be meaningful if z belongs 
to a sufficiently small neighbourhood Ux, of the point zp. 
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Formula (90-7) is frequently used for finding the sines of small 
angles x; it should be borne in mind that here z is expressed in 
radians. 


Putting x— 2x, =h, x = 2) -+h and taking into consideration 
that 
f (x) — f (to) = f (Zo + h) — f (Zo) = AF (Xo), 


formula (90-5) may be written in the form 


Af (0) =f (xo) +f" (@o) +... +A po (xq) +.0(h"). (90-8) 


Sec. 91. Maxima and Minima of a Function 
of One Variable 


Definition. We say that a function f (x) has a maximum for the 
value x, of the argument x if, in a sufficiently close neighbourhood of 
the point x, the inequality 

f(q)>f (x) (&# xX) 
is fulfilled (Fig. 143). 

Analogously, we say that a function f(x) has a minimum for the 
value x5 of the argument x if, within a sufficiently close neighbour- 
hood of the point x, the fol- 
lowing inequality 

f(t.) < f(t) («A 2z) 
takes place (Fig. 113). 

The generic term for maximum 
and minimum is extremum (ex- 
treme value); and those values of 
the argument for which extrema of 
a function are obtained are called 
the points of extremum of the func- 
tion (or: points of maximum or 
points of minimum). 

It follows from the definition FIG. 113 
that an extremum of a function, 
eenerally speaking, has a local character, since this is the greatest 
or the least value of the function as compared with its neighbouring 
values. Therefore, the presence of an extremum of a function depends 
not at all on how the function behaves far from this value. From 
this point of view it is clear that a minimum of a function can be 
ereater than its maximum, just as a depression in the mountains 
can have a greater elevation (the height above sea level) than a low 
summit. 

Let the function f (x) be defined on the closed interval [a, 5] 
and have an extremum at the point z, € [a, bJ. If x) is an interior 
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point of the closed interval, then the difference 
f (x) — f (Xo) (x =& Xo) 

retains a constant sign in a certain two-sided neighbourhood x, — 
—h<r<2r, +h(x~Axz,) of the point xz). Such extremum is 
called two-sided. For instance, the function f (z) = Y1— 2? has 
a two-sided maximum at x, =O, since f (x)<( f(z.) = 1 for 
—1<2z2< 1,2 0. And if x) is an end-point of the closed interval 
la, b], say, 2 = a, then f (x) — f (x9) preserves the sign only in 
a one-sided neighbourhood a =x<4£< 2, +h of the point xp. 
Such an extremum is termed one-sided (or boundary). For instance, 


the function f (x) = V1 — z? has a one-sided minimum at xz, = — 
and at 2) = 1. 

Henceforth, under the word ‘extremum’ we shall understand 
a two-sided extremum, i.e. we shall assume that for a point of ex- 
tremum of a given function f (z) there is a certain neighbourhood 
O< |x—2, |< h of the point xz, in which the difference f (x) — 
— f(z.) preserves a constant sign. 

1. Necessary condition for an extremum of a function. 

Theorem. If a differentiable function f (x) has an extremum (two- 
sided) at a point xo, then its derivative at this point is equal to zero. 

Proof. Let, for the sake of definiteness, z) is a point of minimum 
of the function f (x). Consequently, 


f (op + Axo) > f (Zp), 
if Az, ~ 0 is sufficiently small by absolute value. Hence 
L(o-F Ao) =F (eo) >0, if Az) >0, 


Axo 

and 

[or eI) <9, if Aap <0. 
Lo 


Passing in these inequalities to the limit as Ax, — O for the deriva- 
tive at the point x, equal to 


’ qs f (tot Aro) — fF (x0) 
f (Xp) oe Az» ) 


we get respectively 

f (to) > 0, if Az, >O0, and f/f’ (%)<0, if Ar< 0. 

Since the value of the derivative f’ (z)) must not depend on how 
Az, tends to zero, it follows from this fact that 

f' (xo) = 9, (91-1) 
which was to be proved. 

Geometrical illustration. Geometrically, condition (91-1) means 


that at the point of extremum of a differentiable function y = f (z) 
the tangent to its graph is parallel to the x-axis (Fig. 114, a). 
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Corollary. A continuous function may have extrema only at the 
points where the derivative of the function is equal to zero or does not 
exist. 

Indeed, if at a point zx, of an extremum of the function f (x) there 
exists a derivative f’ (z,), then, by the above proved theorem, 
this derivative is equal to zero: f (x)) = 0. 

The fact that at a point of extremum of a continuous function 
the derivative may not exist is illustrated by the function whose 
graph has the shape shown in Fig. 114, b. 

Those values of the argument z which for a given function f (z) 
make its derivative f’ (x) vanish, or for which the derivative f’ (z) 


y=4(z) 


0 Za Z F Lo Ah 
FIG. 114 (2) (6) 


does not exist (for instance, turns into infinity) are called the critical 
values of the argument. 

2. Sufficient conditions for an extremum of a function. 

From the fact that f’ (a )) = 0 it does not follow at all that the 
function f(z) has an extremum at x = Xp. 

Indeed, let f (xz) = 23. Then f’ (x) = 32”, and, consequently, 
f (0) = 0. But the value f (0) is not an extremum of the given 
function, since the difference f (x) — f (0) changes its sign with 
the change of the sign of the argument x (see Fig. 57). 

Thus, not for any critical value of the argument of a function 
f (x) an extremum of this function takes place. Therefore, along 
with the necessary condition we are going to give sufficient conditions 
for an extremum of a function. 

Theorem 1 (the first rule). If a differentiable function f (x) is such 
that for a certain value x, of its argument x the derivative f' (x) is 
equal to zero and changes its sign when the argument passes through 
this value*, then the number f (x9) is an extremum of the function 

* We say that a cerain function F (x) changes its sign when passing through 
the value z, if there exists a sufficiently small positive e such that 

F(z) <0 for zg9—e<2z< xB 
and 

F(z) >0 for m <rt#<a+e 


or vice versa. 
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f (x), where 

(1) the function f (x) has a maximum at x = x, if the change of 
sign of the derivative f’ (x) takes place from plus to minus; 

(2) the function f (x) has a minimum at x = xy if the derivative 
changes its sign from minus to plus. 

Proof. (1) Let 


f’ (2) = 0, 
where 
f (x)>0 for x~—e<r<izy 


and 

f(7~)<0 for ~<r<xut+e, 
where e is a sufficiently small positive number. 

Hence, from Theorem 2 of Sec. 86, it follows that the function 
/ (x) is increasing on the closed interval [z, — &, 29] and decreasing 


on the closed interval [xz ), x) + e]. Consequently, in immediate 
proximity to the value zx we have 


f(t) >f (zt), if r<mg, 
and also 

f(t) >f (x), if > 2p. 
In other words, at x = x, the function f (x) has a maximum. 

(2) The second part of the theorem is proved in an analogous 
manner. 

Note. It is possible to prove that the theorem remains valid if 


the derivative f’ (z,)) does not exist at the critical point z,, the func- 
tion f (x) being continuous at x = Xp. 


Theorem 1’. Jf for a differentiable function f (x) its derivative 
f’ (x) vanishes at x = x, but retains its sign in passing through this 
value, then at x = x,y the function f (x) has no extremum. 

Proof. Indeed, if, for instance, 


f’ (%o) = 0 
and 
f(z) >0 for z,—exxr<xte, xcHF2Xo, 


then the function f (xz) is increasing both on the closed interval 
[xy — €, zo] and on the closed interval [z,, z)» + ©]. Hence, atz = x5 
the function has neither a maximum, nor a minimum. 

Using these theorems in investigating a differentiable function 
f (x) for an extremum, we first find the critical values of the argu- 
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ment, i.e. those values of z, for which 


f (9) = 0, 
and then, on choosing for each of such values zy a sufficiently small 
interval (4) — &, X) + &) such that it contains no other critical 
values (of course, if it is possible!), we check the character of this 
value according to the following scheme: 


f’ (x9 — h) f’ (xo + h) Conclusion 


No extremum 
Maximum 
Minimum 

No extremum 


where the variable h runs through the interval 


O<ch<e. 

Example. Investigate for an extremum the function 

f(z) = 2? — 622 + 92 + 5. 

Solution. We find the derivative 

f (x) = 32? — 122 + 9 = 3 (2? — 4z + 3). 

Equating it to zero and solving the quadratic equation thus 
obtained, we get the roots of the derivative: 

a= 1 and «2, = 3. 
ITence, 

f (x) = 3 (« — 1) @ — 3). 


Let us investigate how /’ (x) changes its sign near the value x = 1. 
For any sufficiently small positive number h we have 


z | f@) 
1—h + 
{+h a 


Consequently, at « = 1 the function f (x) has a maximum equal to 
/ (1) = 9. Analogously, for the value x = 3 we get 


e | f(a) 
a2) = 
34h ne 
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Therefore, at x = 3 the function f (x) has a minimum, and f (3) = 5. 
The graph of the function 


y = 2° — 627 + 9x + 5 
is represented in Fig. 115. 


Theorem 2 (the second rule). Jf for a differentiable function f (x) 
at some point Xo its first derivative f' (x) is equal to zero and its second 
derivative f” (x) exists and is non-zero, i.e. 


f (%) = 90, ff" (to) #9, 


then at this point the function f (x) has an ex- 
tremum; namely: (1) if f” (ao) >> 0, then f (x9) is 
a minimum of the function f (x), and (2) if 
f” (29) <0, then f (x9) is a maximum of the func- 
tion f (x). : 
Proof. (1) Let us first consider the case: f’ (4)) = 0 
and f” (z)) >> 0. Let x = x) + Az, be a point 
close to x). Since the second derivative f” (x) is a 
derivative of the first derivative /’ (x), we have 


f' (tot Axo) — fF" (x0) _ f’ (2) 
AZo — 


lim ——— 


"(%o) = lim 
/ ( 0) Axo 0 xXx>XO Zo 


FIG. 115 


(here we have taken advantage of the fact that f' (z)) = 0). Thus, 

£') tends to the limit f” (9) #0, and, 

hence, beginning with some moment, this quantity has the sign 

of its limit (Sec. 49, lemma), i.e. in our case the plus sign. Therefore 
tN 36 for O0O<|x— |<, 


T— XL 


the variable quantity 


where e is a sufficiently small positive number. Hence we see that 
both the numerator and the denominator of the fraction J @) 
ed |) 


have the same sign, and, consequently, 
f (7) <0 for m—e<xr<ixz 
and 
f(z) >0 for ~y<r<xmy+ é. 


We see that the derivative f’ (x) changes its sign for plus when pass- 
ing through the point z . According to Theorem 1, the number 
f(z ) is a minimum of the function f (z). 

(2) We can prove in a similar way that if f’ (z)) = Oand f" (x) < 0 
then f (z,) is a maximum of the function f (x). 
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The theory of extrema of functions has numerous practical ap- 
plications. | 

Problem. Given a triangle ABC whose base AC = 6 and altitude 
BL =h (Fig. 116). Find the rectan- 
gle of the largest area which can be 
inscribed in this triangle. 

We denote the altitude AZ of the 
required rectangle by zx, and its base 
DE by y (Fig. 116). Then its area 


U = ry. 


The variables z and y are not indepen- 
dent, since they are connected by some 
relation. Indeed, from the similarity 
of the triangles DBE and ABC (tak- FIG. 116 

ing into consideration that their al- 

titudes BK and BL are proportional to the bases DE and AC), 
we have 


BK _ DE 
BL” AC? 
or, since 


BK =h—xz, DE=y, BL=h, AC=b, 


then, consequently, 


h—x _ y 
ho” be 
THence 
b 

ae (A — 2). 

Kliminating y from the expression for U, we find 
b b 
U = =-(h—2) a= = (ha —2°). (91-2) 


Now we are looking for a maximum of this function. Differentiating 
we get 


p b 
Iiquating the derivative U’ to zero, we find 
h—2x=0 or r=, 
It is easy to see that this value of x really yields a maximum of 
the function U. Indeed, writing the second derivative, we shall 
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have 
U" = —~2 <0. 


Consequently, for x = * the area U has a maximum, and from 


formula (91-2) we obtain 
bh 
Umax = - 
Thus, the area of the largest rectangle inscribed in the triangle 
is equal to half the area of this triangle. 


Sec. 92. Concavity and Convexity of the Graph 
of a Function. Points of Inflection 


Definition. The graph of a differentiable function y =f (x) is 
called concave upward* (or convex downward**) in an interval (a, b) 
if the corrresponding part of the curve 


y=f (x) («€ fa, d)) (92-1) 


Lies above its tangent drawn at any of its points M (z, f (x)) (Fig. 117, a). 
Analogously, the graph of a differentiable function y = f (x) is said 


Qi a Lb OG 


FIG. 447 


to be convex upward (or concave downward) in an interval (a, b) 
if the corresponding part of curve (92-1) lies below its tangent drawn 
at any of its points M (zx, f (x)) (Fig. 117, 5). 

Sufficient condition for concavity (convexity) of the graph of 
a function. 

Theorem. (1) Jf for a twice differentiable function y = f (x) its 
second derivative f" (x) is positive inside an interval (a, b), thenj‘the 
graph of this function is concave upward in the given interval. 


* That is in the positive direction of the y-axis. 
** That is in the negative direction of the y-axis. 
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(2) If the second derivative f" (x) is negative inside an interval (a, b), 
then the graph of the function y = f (x) is concave downward in this 
interval. 

Proof. (1) Let f” (x) > 0 for a<i x< b and Zp be any point of 
the interval (a, b). We compare at point x the ordinate y of the curve 
y =f (x) with the ordinate y of its tangent M,N drawn at point 
M, (Xo, f (% )) (Fig. 118). Since the slope of the tangent M,N is 
equal to f’ (x,), we have (see Sec. 16) 


Y =f (Xo) +f (Xo) ( — 2). 
Hence 

Sb=y—y =f (xz) —f (to) — fF (Xo) (& — 2). (92-2) 
Using Lagrange’s theorem (Sec. 85), we shall have 

f (x) — f (to) = ( — 2) f (8), 


where & € (Zo, <). 

Therefore, from (92-2) we obtain 

6 = (x — zp) If (6) —f (Xo). (92-3) 

Further, since f” (x) = [f’ (z)]/ > 0, then f’ (x) is an increasing 
function. 

Let r<( 2, then, obviously §< x, and consequently, since 
f (x) is increasing, we have f’ (§&)< 
< f' (x9). In this case from formula y 
(92-3) we get 6>0. 

If now x>@2,, then > 2, 
and therefore f’ (&) > f (x9). From 
formula (92-3) we derive once 
again: 6 > 0. 

Thus, for x= x, we have 

S6=y—y>O), ie. yoy. 

(92-4) 

Hence it follows that for a< FIG. 118 
<_x<i 6 the curve y = f (z) lies 
above its tangents which means that the graph of the function y = f (z) 
is concave upward on the interval (a, dD). 

(2) Similarly, it is proved that if fora<x2< b f"(x) <0, then 
the graph of the function y = f (x) is concave downward on the 
interval (a, 6). | - 7 

Definition. The point of inflection of the graph of a differentiable 
junction y = f (x) is a point in which the curve changes its concavity 
for convexity or vice versa (Fig. 119). In other words, at such a point 
the direction of bending changes. 

Theorem. If for a function y =f (x) its second derivative f” (zx) 
vanishes at a certain point x» and, passing through this point, changes 
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its sign, then the point M (zo, f (o)) is a point of inflection on the graph 
of the function. 

Proof. Suppose the second derivative f” (x) vanishes at point 
M and changes its sign at this 
point, say, plus for minus. Then, 
to the left of the point M the 
second derivative of the function 
f (x) is positive, and therefore for 
Xy—eE<xr< 2 the graph of 
this function is concave upward; 
to the right of the point M the 
second derivative f” (x) is negative 
and, consequently, for xy,~<71< 
<(_ 2, + € the graph of the func- 
tion y =f (x) is convex upward. 
FIG. 119 Hence, at the point M the curve 

y = f(z) changes concavity for con- 
vexity, and, therefore, the point M is an inflection point of this curve. 


Note. At a point of inflection zy of the function y = f (x) the second 
derivative may also not exist; for instance, it may turn into in- 
finity. 


Example. Let there be given the Gauss curve 


Ser. 
We have 

y’ = —2zxe-*’ 
and 


y” = (422 —2) ew = 4 ( x2 — =) pret 


The second derivative y” vanishes if 


a 

x 5 Q; 

hence 

x es and 2 1 
VS Ve 


The change of sign of the second derivative is characterized by 
the following table: 
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Hence, the points A{——— 


FIG. 120 


points of inflection belonging to the given curve (Fig. 120). 


Sec. 93. Approximate Solution of Equations 


Consider the equation 
f (x) = 0, (93-1) 


where the function f (z) is defined and continuous on an interval 
(a, 6). The value & € (a, b) sat- 
isfying equation (93-1), i.e. 
such that f (&) = 0 is called the 
root of this equation (or zero of 
the function f (z)). 

Geometrically, the roots of 
equation (93-1) represent the 
abscissas of the points of inter- 
section of the graph of the func- 
tion y =f (x) with the z-axis 
(Fig. 124). FIG. 142 

For a _ geometrical solution 
of equation (93-1) it is sometimes advisable to replace it by an 
equivalent equation 


p (x) = (2). (93-2) 


Then the roots of equation (93-1) are found as the abscissas of the 
points of intersection of the curves y = @ (x) and y = ¥ (2). 


Example 1. Solve graphically the equation 

x+ logz = 2. (93-3) 
Obviously, we have 

logx=2— xz. 


Hence, the root of equation (93-3) represents the abscissa of the 
point of intersection of the logarithmic curve y = log z and a straight 
line y = 2— a (Fig. 122). 
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Constructing these lines on millimetre graph paper, we find ap- 
proximately the root of equation (93-3): & ~ 1.77. 


The following theorem seems to be geometrically obvious: If a con- 
tinuous function f (x) takes on values of opposite signs at the end- 
points of a closed interval [a, B]<— (a, b)* i.e. f (a) f (B) < 0, then 
there is at least one zero of the function f (x) inside the closed interval 
[a, B] (i.e. there necessarily exists a root of the equation f (x) = 0). 

This root will be unique if f’ (x) preserves its sign on (a, §) (in 
view of the fact that the function f (x) is monotone). 

Assuming that the equation f/ (x) = 0, where f (x) is continuous 
on (a, b), has a unique root € inside the closed interval [a, B]< <a, bd), 
provided the condition f (a) f (B) < 0 is fulfilled, we are going to 
indicate several simple methods for an approximate determination 
of this root. 

A. Method of bisection. Let the function f (2) be continuous on 
{x, 6] and f (a) f ({B) < 0. We bisect the interval [a, B] and let y 
be the mid-point of this interval. If f (y) = 0, then y is the desired 
root. If f (y) + 0, then we denote by [a,, 6,] one of the halves [a, y] 


BB, AB) 


Ale, Fle) 


FIG. 122 FIG. 123 


or [y, 6] at the end-points of which the function f (x) has opposite 
signs. We then repeatedly apply this method. As a result, we ob- 
tain either the exact root of the equation f (x) = 0 or a convergent 
sequence of intervals 
[a, Blo [a,, BJ>..., 
inside which the desired root & is contained (the “method of fork”). 
Since the length of the mth interval la,, B,], equal to B _ 
tends to 0 as n-»> oo, repeating this method a sufficiently large 


* The notation [a, 6B] < (a, b) means that the segment [a, B] is contained 
in the interval (a, 6b). 
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number of times and putting § ~ 1/2 (a, + 8,), we can determine 
the sought-for root & with any preassigned accuracy. 


B. Method of chords. We can make the method of bisection more 


precise by replacing the arc AB of the curve y = f(z) (a<2< f) 
by its chord AB passing through the end-points A (a, f (a)) and 
B (8, f (B)) and taking the abscissa &, of the point of intersection 
of the chord AB with the x-axis for an approximate value of the 
root & of the equation f (7) = O (Fig. 123). 

If f (a) f (B) < 0, then it means just the same as for the approxi- 
mate value of the root € the point &, is taken which divides the inter- 


val [a, B] in the ratio | f (a) |: | f (B) | (the method of proportional 
parts). 


5B, FB) 


FIG. 124 Aloe, Fa) 


The equation of the chord AB has the form (see Sec. 417) 
jaa 4). (93-4) 


Putting y = 0 in equation (93-4), we find the point of intersection 
x = & of the chord AB with the z-axis (Fig. 123) 


___1@) pg _ 
=O Fp Fay (PO) a) 


The number £, is taken for the first approximation to the root &. 
If f (&) +0, then formula (93-5) may be applied to that of the inter- 
vals [a, §&] and [&, 6] at the end-points of which the function 
{ (x) attains values of opposite signs, and so on. 


y—f (a= 


Example 2. Using the method of chords, determine the root 
of the equation 

fwa=H=e+2r—12=0. (93-6) 

To find an approximate value of the root of equation (93-6), 
we sketch the graphs of the functions y = z* and y = 12 — gz. 
Trying on roughly, we reveal that the required root, that is the 
whscissa of the point of intersection of the graphs is contained in 
(he interval (2, 3). Indeed, 

/(2)=8+2—12 = -2, f (3) =274+3—12 = + 18. 

Therefore, we may take a = 2 and £6 = 3. 
1 -0875 
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Applying formula (93-5), we get an approximate value of the 
root: 


—2 
i= 2 — ea (3 —2)=2.1. 


We note that 
f (&) = 9.264 + 2.4 — 12 = —0.639. 


Therefore, to make the value & more precise, formula (93-5) should 
be applied to the interval [2.1, 3]. 


C. Method of tangents. We replace now the arc AB of the curve 
y =f (x) by the tangent AC drawn at the point A (a, f (a)) (Fig. 124). 
Since the slope of the tangent AC is equal to f’ (a), its equation has 
the form 


y—f (a) =f (a) (x —@). (93-7) 


Hence, putting y = 0, we find for the root € its approximate 
value 


- f(a) : 
b= a ¥ (a) (93-8) 


(Newton's formula). 

Note that if we construct on our drawing (Fig. 124) a tangent 
at point B [B, f (f)], then the point of its intersection with the 
x-axis (€,) will yield a poor approximation to the root &. Here it 
is advisable to stick to the following rule: If the second derivative 
f” (x) of a function retains its sign in an interval (a, B), then the tangent 


should be drawn at that end-point of the arc AB for which the sign 
of the function coincides with the sign of its second derivative. 


Example 3. Using the method of tangents, determine the root 
of equation (93-6) contained within the interval (2, 3). 

Here f” (x) = 62 >0 for 2< xz < 3, and f (3) = + 18. There- 
fore, we put a = 3 in formula (93-3). Since f’ (x) = 32 + 1 and 
f’ (3) = 28, we have 


gE, —3 — = 2.36. 
It should be noted for a check that 


f (&,) = 13.14 + 2.36 — 12 = +3.35. 


Since in our case £, << § < &, where £, = 2.10 and &, = 2.36, 
we may put 


Ew > (Ey + €)) => (2.10 + 2.36) = 2.23. 
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Here 
f (2.23) = 11.09 + 2.23 — 12 = 1.32. 


To refine the root, we can apply a combined method of chords 
and tangents to the interval [2.10, 2.23], and so on. 


Sec. 94. Construction of Graphs of Functions 


In the foregoing sections it was shown how the general properties 
of a function are studied with the aid of the first and the second 
derivatives. Using the results of this study, we can conceive the 
character of a function and, in particular, successfully sketch its 
graph. 

In simplest cases it is convenient to investigate a function y = f (x) 
(which is assumed to be an elementary one) according to the follow- 
ing scheme. 

(1) Analysing the properties of the function f (x), determine the 
domain of its existence. 

For the sake of simplicity, let us assume that it will be a certain 
interval (a, 6). It is also useful to find out the character of symmetry 
of the graph (whether the function is even or odd, its periodicity, 
and so forth). | 

(2) Find the points of discontinuity of the function. Also study 
(le behaviour of the function as x ~a and xz —b, where a and 0b 
are boundary points of the domain of existence of the function. 

(3) Solving the equation 


(etermine the roots (zeros) of the function. Find out the sign of 
(he function as it takes on various values within the domain of 
ilefinition, bearing in mind that an elementary function changes 


ils sign only when passing through a zero or through a point of 
discontinuity. 


(4) Solving the equation 
I (x) = 9, (94-2) 


lind the critical values of the argument for the function f (x). Studying 
(lion the sign of the derivative /’ (x) in each of the subintervals 
between two neighbouring critical values, determine the subinter- 
vals of increasing and decreasing of the function and find out the 
character of these critical values. 

(5) Solving the equation 


f" (x) = 90, (94-3) 


bu 
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determine the critical values of the argument for the derivative 
fj’ (x). Find out then the sign of the derivative /” (x) in each of the 
subintervals between two neighbouring critical values of the argu- 
ment for the derivative f’ (x), establish the subintervals on which 
the graph of the function f (x) is convex and concave upward, 
and find the points of inflection. 

In more complicated cases investigate also the points at which 
the derivatives f’ (x) and f” (x) are nonexistent. 

For the solution of equations (94-1), (94-2), and (94-3) we have, 
possibly, to apply the approximate methods set forth in the preced- 
ing section. 

Tabulating, finally, the values of the function for its characteristic 
points (the boundary points of the domain of the function, points 
of discontinuity, points of intersection of the graph with the coordi- 
nate axes, points of extremum, points of inflection, and so on) 
and taking into account the results of the above carried investigation, 
we plot the graph of the function. A few intermediate points will 
suffice to get a curve of sufficient accuracy. 

It should be noted that in some cases an incomplete investiga- 
tion of a function may turn out to be sufficient for constructing its 
graph. 


Example. Construct the graph of the function 
y=rxt+V1—xz. 


We investigate the function according to the above scheme: 
(1) The function is defined if 


QO<i1—r< +o. 
Hence the domain of its existence: 
—o crc ti. 
(2) There are no points of discontinuity, and 
lim y = — oo 


and 
lim y=y (1) = 1. 


x1 
(3) Solving the equation 
z+V1—z2z=0, 

we obtain the root of the function 


fe) Ae 1.62: 
Don eet es 


Lo = 
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where y<( 0, if —wo << xr< ap, and y>0, if a<r< i. 
(4) We find the first derivative 


1 


2Y¥i-sz 


Equating it to zero, we obtain a critical point x, = =. Besides, 


obviously, y’ turns into infinity for x = 1. Therefore, z, = 1 will 
also be a critical point. 


iad . 3 
The intervals of monotonicity of the function are (— fore) =) and 


(=, 1), and, as it is easy to be convinced by investigating the sign 


y=i—- 


of the derivative, the function is in- 
creasing in the first subinterval and 
decreasing in the second. Consequent- 
ly, z, is a point of maximum of the 
function. As is obvious, at point x, the 
function has a boundary minimum. 

(5) We find the second deriva- 
tive 

We 4 

Y = —~ Gia 


Since the second derivative is every- FIG. 125 
where negative, the graph of the 
function is concave downward and there is no point of inflection. 


3 


The results of our investigation are tabulated below: 
An approximate graph of the function is represented in Fig. 125. 


y Note 


The function is 
increasing 


function 
The function is 


2, =0.75 1.25) 0 | — Maximum of the 
| decreasing 
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Exercises 


1. Find the increment of the function 
f (x) = 2 
on the segment —1 < x < 2 and check the theorem about the finite 


increment of a function. 


2. Verify the theorem about the roots of a derivative for the 
function 


f (2) = (e — 1) (@ — 2) (x — 3) 


on the segments [1, 2] and [2, 3]. 


In Problems 3 to 5 determine the intervals of monotonicity for 
the given function f (x): 


3. f(x) = 227 — 42 — 1. 
4. f (x) = 32 — 2’. 


De) (ae) Swe. 

In Problems 6 to 17 find the limits of the given functions: 
_ «£—sineg ; 3*— 2% 

6. co ada ; 7. ea eae 


Derive the formula for approximate rectification of small arcs: 


ne = (2 sinz-+tanz). 


ceo Mee? : z° 
2 ane oe 
In? 2 
11. lim ~. 12. lim (4—2) tan—>. 
x—+-+ 00 V2 x1 
sole x 1 
13. lim (zaresin —) , 14. a (—--—+-) 
1 
15. lim x”. 16. limz'-*. 
x>0 x1 
17. lim (cot x)*"™. 
x0 


Evaluate the extrema of the following functions: 
18. y=2z(a— zx) (a>0). 


x3 
19. Y= — 227+ dx —1. 
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2 a ae a 
20. Y= 7a WW. y=V2+a—22. 22. y= xe, 
23. In a semi-circle of radius a inscribe a rectangle of the largest 


24. In an ellipse 


inscribe a rectangle of the largest area whose sides are parallel to 
the axes of the ellipse. 

25. In a sphere of radius a inscribe a cone of the greatest volume. 

26. At what dimensions has a box made of a square sheet of 
paper with side @ a maximum capacity? 

27. Determine the points of inflection of the graph of the function 


yea 
Construct the graphs of the following functions: 
28. y = 3x2 — x’. 


299. y= 22(2—2)2. —-30~ y= ao. 

31. y=a+e. 82 y= ae 

33. y=—e | 84. y= Vo. 

30. Y= oe, 36. y=sinzx+cosz(0<r<2n). 
37. y=axina*. 38. y=ze-**, 39. y=x—arctanz. 


4 


* Pay attention to the hint given in Answers 


Chapter 12 


Differentials 


Sec. 95. The Differential of a Function 


Suppose we have a certain differentiable function 
y = f (2). 


The increment Ay of the function y serves as an important characteris- 
tic of the change of this function on a given closed interval la, 0]. 
But it is sometimes difficult to determine the increment of a func- 
tion in a direct manner. Then we usually proceed in the following 
way: we subdivide the closed interval [a, b] into a finite number 
of sufficiently small intervals [z, x + Az] and assume that on each 
of them the function increases according to the proportionality 
law (for instance, a small element of a curve is regarded as rectilinear; 
nonuniform motion of a point during a small interval of time is 
treated as uniform, and so on, where “smallness” is understood 
in a sense). In other words, we assume that on a sufficiently small 
interval [z, z+ Az] the following equality takes place 


Ay wk Az, 
where the proportionality factor k is independent of Az but, general- 


ly speaking, depends on z. And if it turns out that at a proper choice 
of the proportionality factor the error 


Ay — kAx 
is an infinitesimal of a higher order than Az, i.e. the ratio 


sy et =o (95-4) 
is infinitely small as Ar — 0, then the quantity 

dy =k Ax 
is called the differential of the function y at a point x (here the letter 
d is the differential sign). In this case, as it follows from relation 
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(95-1), the following equality is true 
Ay = kAx + a Az, (95-2) 


where a ~>0 as Ax — 0. 
In other words, (see Sec. 51, Chapter 7) 


Ay = dy + 0 (Az). 


Definition. The magnitude proportional to the infinitesimal incre- 
ment Ax of the argument and differing from the corresponding increment 
of the function by an infinitesimal of higher 
order than Ax is called the differential of Jy 
that function. Ar 

The first term k Ax in formula (95-2) J 
is frequently called the principal linear 
part of the increment of a function (or the - 
principal linear term of the increment). There- | 


Oy 


fore, we may say: The differential of a 
function represents the principal linear part 
of the infinitesimal increment of this function. b<—— 7 ——»AThe- 


Example 4. Let the function y = 2 be FIG. 126 
the area of a square whose side is equal to 
x (Fig. 126). If we assign an increment Az to the side zx, then its 
new value will become equal to x + Az and, consequently, the 
area y of the square will receive increment 

Ay = (x + Az)* — 2°, 
or 

Ay = 2x Ax + (Az)?. 

The first term of the sum constituting the right-hand member of 
the last equality is, obviously, the principal linear part of the func- 
(ion as Az +O. Therefore, 

dy = 2x Az. 

In Fig. 126 the increment Ay of the function is represented by the 
area of the entire hatched portion, whereas the differential dy of 
(le function is represented by the area of the hatched portion less 
(he area of the small square situated at the right-hand upper corner 
of the large square. 


Uniqueness theorem. A given function can have only one differential. 
Proof. Indeed, suppose the function 


y = f (2) 

las two differentials: 
dy =k Ax and dy =k, Ax. 

I’y definition of the differential, we have 
Ay =k Ar +a Az 
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and 
Ay = k, Ax + a, Ag, 
where @ and qa, are infinitesimals as Ax — 0. Hence, 
k Ax +a Ax = k, Ax + a, Ax 
and, consequently, for Az ¥~ 0 we have 
k—k, =a,—@. 
Passing to the limit as Ax — 0 we obtain 
k —k, = 0, 


i.e. kK = k,. Thus, the differentials dy and d,y coincide. Q.E.D. 
From the definition of the differential it directly follows that 
the differential of a function differs from the corresponding increment 
of this function by an infinitesimal of higher order as compared with 
the increment of the independent variable. This circumstance is fre- 
quently made use of in carrying out approximate calculations. 


Example 2. Let 

y = 2 — 2? + Qe + 3. 
Find Ay and dy for x = 1 and compare them with each other in the 
following three cases: 

(a) Ac = 1; (b) Ax =0.1 and (c) Ax = 0.01. 

We have 

Ay = [(x + Az)? — («x + Ax)* + 2 (x + Az) + 3] — 

— (2? — x? + 2x + 3). 
‘Carrying out algebraic computation, we get 

Ay = (3x? — 2x + 2)-Ax + (8x2 — 1)+(Az)® + (Azx)?. 

The first term of the right-hand member of the last equality is, 


obviously, the principal linear part of the increment of the function. 
Hence, 


dy = (32% — 2x + 2)-Az. 
Putting x = 1, we obtain the following table: 


Ch. 12. Differentials 2390 


From this table it is clearly seen that the share of the differential dy 
in the increment Ay tends to 100% as Ax — 0. 


Sec. 96. Relation Between the Differential 
of a Function and Its Derivative. 
The Differential of the Independent Variable 


Theorem 1. Jf a function has a differential, then this function also 
has a derivative. 
Proof. Indeed, let there be given a certain function 


y =f (2), 
and let 
dy =k Ax 
be the differential of this function. As is known, the increment Ay 
may be written in the following form: 
Ay =k Ac +a Az, 
where q@ is an infinitesimal as Ax — 0. Whence we derive 


i.e. the derivative y’ exists and is equal to k. 

Corollary. The differential of a function is equal to the product of 
ihe derivative of this function by the increment of the independent vari- 
able, i.e. 


dy = y’ Az. (96-1) 
Theorem 2. If a function has a derivative, then this function also 


has a differential. 
Proof. Let the function 


y = f (2) 
have a derivative 
Ay r 
jim ——=y 
Ax +0 Ax 


236 A Brief Course of Higher Mathematics 


where @ is an infinitesimal as Ax — 0 and, consequently, 
Ay = y’ Az +a Az. (96-2) 


In sum (96-2) the first term y’ Az, obviously, represents the prin- 
cipal linear part of the increment Ay and is thus the differential of 
the function y. Hence, the function has a differential 


dy = y’ Az, 


which is what we had to prove. 


Note. Now it is clear why a function of one argument, having a 
derivative, is called differentiable. 


Hitherto we have used the notion of the differential of a function. 
Let us now introduce the notion of the differential of an independent 
variable. 

Definition. The differential of an independent variable is understood 
as the differential of a function identical to the independent variable, 
i.e. of the function y = z. 

Since 


y =1 for y=gz, (96-3) 
then, by (96-1), we have 
dg =. iNZ. 


i.e. the differential of an independent variable is equal to the increment 
of this independent variable. 

Taking advantage of this property, we may rewrite formula (96-1) 
in the following symmetrical form: 


dy = y’ dz. (96-4) 


Thus, the differential of a function is equal to the product of the deriva- 
tive of this function by the differential of the independent variable. 
Dividing both sides of the last formula by dz, we get 


con 
dx 


In other words: The derivative of a function is equal to the ratio of the 
differential of this function to the differential of the independent variable. 

Hitherto the notation st has been a symbol; now we may regard 
this expression as a common fraction with the numerator dy and the 


denominator dz. 
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Sec. 97. The Geometrical Meaning of the Differential 


Let us find out the geometrical meaning of the differential of a 
function. Consider the graph of the function y = f (z). 

Let M (zx, y) and M’ (x + Az, y + Ay) be two points on the 
given curve (Fig. 127). At the point M draw a tangent MT to the 
graph of the function (here 7 is the point of intersection of the tan- 
gent with M’N which is parallel to the y-axis) and consider the tri- 
angle MTN with the legs MN = Az and NT (MN is parallel to 
the z-axis and NT to the y-axis). Denoting by g the angle formed 
by the tangent MT with the positive 
direction of the z-axis, we have 


NT = Az tan q. 


But from the geometrical meaning of 
the derivative it follows: 


tang =f ()=y’. 
Therefore 
NT =y’ Ax = dy. 


Hence, we have the following the- FIG. 127 
orem: The differential of the function 
y =f (x) at a given point x is equal to the increment of the ordinate 
of the tangent to the graph of the function at this point when x receives 
an increment Az. 


Note. The increment of the function Ay = NM’ (Fig. 127) is, 
generally speaking, not equal to the differential dy = NT of this 
function. In particular: (1) if the graph of the function is concave 
upward, then 

Ay > dy; 

(2) and if it is concave downward, then 


Ay < dy. 


Sec. 98. The Physical Meaning of the Differential 


Suppose we know the law of motion of a point M along the z-axis: 


c=f(t), 


where x is the distance of the point M from the origin O and ¢ is 
(ime, and we assume that the point M moves in one and the same 
direction. During an infinitesimal time interval dt the point M 
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will occupy the position M’, thus covering the distance 
Ar = f (t + dt) — f (d). 


This is the true increment of the distance. 
According to formula (96-4), the differential of the distance 


dx = x; dt. 


But 2;, representing the derivative of the distance with respect to 
time, is the velocity v at the moment t. Therefore, 


dx = v dt. 


Thus, the differential of distance is equal to the imagined increment 
of the distance which would have been obtained if we assume that, be- 
ginning with a given moment, the point performs uniform motion pre- 
serving the gained velocity. 

For instance, if a car speedometer reads 60 km/hr, then the driver, 
when calculating that for one minute the car will cover one kilometer, 
actually computes not the increment of the distance during one minute 
(which, due to a non-uniform motion, may be not equal to one kilo- 
meter!) but the differential of the distance: 


Sec. 99. Approximate Calculation of Small 
Increments of a Function 


If Az is small by absolute value, then for a differentiable function 
f (x) its increment 


Af (x) = f (x + Az) — f (z) 
differs from the differential 
df (x) = f (x) Ax 


by a quantity infinitesimal with respect to Az. Hence we have an 
approximate equality 


f (x + Ax) — f (zt) wf (x) Ax (99-1) 
or 
f (c + Ax) = f (x) + f (x) Az. (99-1") 


These equalities are very useful in carrying out approximate calcu- 
lations. Note that formula (99-1’) represents the linear term of Tay- 
lor’s formula (Sec. 90, Chapter 11). 


Example 1. Find 


vy tA, 
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Setting in formula (99-1’) 
f(y=i/a, f(x) =e, r=t, Ar=0-4, 
3y x? 


we shall have 


7141S 7 t 01 Srv =1+0.1--+= 1.033. 
The value taken from the corresponding table is 
38/74 = 1.032. 


Let us consider one more problem which is of importance for ap- 
proximate calculations. 


Problem. For a given function 
y =f (2) 
the limiting absolute error of its argument zx is equal to Az, i.e. 
| Ax |< A 
What are the limiting absolute error A, and the limiting relative 


error 6, of the function y? 
From. formula (99-1) we have 


| Ay | w= |y' | | Az |; 
consequently, for y’ + 0, we may take 
=|y | A, (99-2) 


and 
6, = a = |(In Axe 


Example 2. The angle z = 60° is determined to within 1°. What 
is in this case the error for sin x? 
Here 
ee | ae ee ee 
N= are 4” = iso © BT 
Therefore, the error for y = sin z, on the basis of (99-2), where y’ = 
= cos x, can reach the quantity 


A, = cos 60°-A, me a ~ 0.04. 


Sec. 100. Equivalence of the Increment 
and Differential of a Function 


Let us introduce the notion of equivalent or asymptotically equal 
infinitesimal functions. 

Definition. 7T'wo infinitesimal functions a = a (x) and B = B (2) 
are called equivalent as x — a if the limit of their ratio is equal to unity, 
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i.e. if 

lim — =1. 

x>a B 

To denote the fact that the infinitesimals a and B are equivalent 
to each other, we use the equivalence sign ~, namely, we write 
a-~ B. 

Thus, for instance, 

sina~ @ 


as a@ —0, since 


Note that if two infinitesimals a and B are equiva lent to each other, 
then their difference is an infinitesimal of a higher order than either of 
them. 


Indeed, if 


a 
— — 1, 


p 


then we have 


a—Bp or 
=p 1— 0, 
i.e. a — 6 is of the order higher than £ (see Sec. 51, Chapter 7). 
Analogous reasoning holds with respect to @ as well. 

Conversely, if the difference between two infinitesimals a and 8B 
is an infinitesimal of higher order as compared with either of them, then 
these infinitesimals are equivalent tu each other. 

Indeed, assuming that 


cc —— __1+0, 


B OB 


and, hence, 
a~ B. 
In particular, rejecting from (or adding to) an infinitesimal an infi- 


nitesimal of higher order we get a quantity equivalent to the initial one. 
For instance, as z +0, we have 


(x + 1000z?) ~ zx. 


Here is an important property of equivalent infinitesimals. 
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Theorem 1. When finding the limit of the ratio of two infinitesimals 
the given infinitesimals may be substituted by ones equivalent to them 
(assuming that the limit of the ratio of the latter, finite or infinite, 
exists). 

Proof. Indeed, let a@ (x) ~ a, (x) and 6 (x) ~ B, (x) as x > a. 
We have 


a(x) a(z) Oy (z) By (z) 


B(z) on @) Bile) Be) oN) 
Passing to the limit in identity (100-1), we obtain 
: a(x) y. a (x) ar O4(x) aT By (rz) 
2 Bay I ae Re) Be) 
Oy (zx) O, (x) 


= 1-lim: -1=lim 


xa By (z) x>a By (x) ° 


Example. Since sin z ~ z as x — 0 (Sec. 54, Chapter 7), we get 


2 
aA LSP | 
x-g sindr x>Q oF 3 


Theorem 2. The infinitesimal increment of a function is equivalent 
to the differential of this function for all values of the independent vari- 
able for which the derivative of the function is finite and non-zero. 

Proof. Indeed, if the function 


y =f (2) 
is differentiable, then from (96-2) we have 
Ay = dy +a Az, (100-2) 


where a is an infinitesimal as Az — 0. 
Since, according to the condition of the theorem, for Az ~ 0 we 
have 


dy = y’ Ar #0, 
then 

Ay 4 & 

Eat+s. 


Consequently, 


i.e. the infinitesimals Ay and dy are equivalent as Ar —> 0. 
Example. Let f (z) = (4 + 2)%. We have 
Af (0) =f (z) —f(0) =(1+2)*—-1 


16—0875 
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and 
df (0) = f° (0) («& — 0) = az. 
Therefore 


4+t+a#e*—1iw~azxr as x0. 


Note. In general, if the function f (z) is differentiable at the point 
x = 0, then, as x > 0, we have 

Af (0) =f (@) —fO~F Ox. (100-3) 

From formula (4100-3), in particular, as x — 0, we get 

(a) sin z ~ 2; 

(b) aX —1~2zIna (a >0); 

(c) h(i + 2)~ 2. 


Sec. 101. Properties of the Differential 


Let us now consider some properties of the differential which are 
analogous to those of the derivative. 

In our further statements we shall assume, without mentioning 
this each time, that all the functions under consideration have deriv- 
atives, i.e. are differentiable. 

I. The differential of a constant. The differential of a constant is 
equal to zero. 

Setting in formula (96-4) 

y=c and y’ =), 


we get 
de = 0. 
II. The differential of a sum. The differential of an algebraic sum 


of several differentiable functions is equal to the algebraic sum of their 


differentials. 
Indeed, if u, v, and w are differentiable functions with respect 
to an independent variable x, then, for instance, we have 


(utov—w) =v +vu —w’~. 
Multiplying both sides by dz, we get 
(u+v—w) dx=w dzx+vu' dx —w’ dz. 
Hence, according to formula (96-4), we derive 
d(u + v — w) = du + dv — dw. 
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Ill. If two differentiable functions differ from each other by a con- 
stant term, then their differentials are equal to each other. 
We have 


d(u-+c) = du + de. 
Assuming here c to be constant and, hence, dc = O, we get 
d(u +c) = du. 
IV. A constant may be factored out in front of the differential sign. 
Indeed, if c is a constant, then 
(cu)’ = cu’. 
Multiplying both sides of this equality by dz, we obtain 
(cu)’ dx = c (u’ dz) 
or 
d (cu) = c du. 
V. The differential of a product. The differential of a product of 
two functions is equal to the sum of the products of each of the functions 


by the differential of the other. 
Indeed, if wu and v are differentiable functions of z, then we have 


(uv)’ = uv’ + vu’. 

Multiplying both sides by dz, we get ‘ 
(uv)’ dx = u (v' dz) + v (u' dz) 

or 
d (uv) = udv + v du. 


VI. The differential of a quotient (fraction). The differential of a 
fraction is also a fraction whose numerator is the product of the denomi- 
nator of the fraction by the differential of the numerator minus the 
product of the numerator by the differential of the denominator, and the 
denominator is the. square of the denominator of the given fraction. 

We have | | | 

(+)'= vu’ — uv’ 

v v2 : 


Multiplying both sides by dz, weget:- 
( u \ dg= 2 dx)—u (v’ dz) 


v ica p2 


Hence 


u vdu—udv 
d (=)=- >" 
v } v : 


a 


1a* 
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Vil. The differential of a composite function. The differential of 
a composite function (function of function) is equal to the product of 
the derivative of this function with respect to the intermediate argument 
by the differential of this intermediate argument (both functions are 
differentiable). 

Let 


y = flo (z)). 


We put @ (x) = u and, hence, y = f (u). If f (u) and q (z) are 
differentiable functions, then, according to the theorem about the 
derivative of a function of function, we may write 


Yx = Yule. 
Multiplying both sides of this equality by the differential dz of the 
independent variable z, we get 


Yx Ax = Yr, (Ux dz). (101-1) 
But 
Yxdx=dy and u,dx=du; 


consequently, equality (101-1) may be rewritten as 
dy = yy, du. (101-2) 


Note. Formula (101-2) coincides by its form with formula (96-4), 
but they differ fundamentally from each other: in formula (96-4) x 
is an independent variable, and hence, dy = Az, whereas in (101-2) u 
is a function of an independent variable z, and therefore, generally 
speaking, du Au. 

From (101-2) there follows such a theorem: 

VIII. Invariance of the form of the differential. The differential 
of a function is equal to the product of the derivative of this function by 
the differential of the argument irrespective of whether the argument 
is an independent variable or a differentiable function of another inde- 
pendent variable. 

On the basis of the formulas for the derivatives (Sec. 82, Chapter 10), 
we get the corresponding table of the differentials, where wu is an 
arbitrary differentiable function. 


Table of the Differentials of Functions 


I. du” =nu"- du. III. d(log, u)=—*— (a>0, 
II. da*=a" l|lnadu (a>0), a= 1), d(Inu)=—, 


de“ =e" du. IV. d(sin uw) =cosu du. 
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du 


V. d(cosu) = —sinudu. IX. d(arccos wu) = mY er: 
—U 
du 
VI. d(tanu) =a: X. d(arctanu)= 
du 
a alee XI. d(arccot u) = aa , 
: du , 

VII. d(aresin sar ar fe XII. df (u) =f" (u) du. 
Sec. 102. Differentials of Higher Orders 

Let x be an independent variable and 

y = f (2) 
is a differentiable function. According to (96-4), we have 

df (x) = f' (x) dz; (102-1) 


thus, the differential of the function f (x) is a function of two argu- 
ments: x and dx. 

Henceforward we shall assume that dx (which is the differential 
of an independent variable x) has an arbitrary but a fixed value inde- 
pendent of the independent variable z and one and the same for all 
functions under consideration. 

If dz is fixed, then df (x) is a function of x proportional to the deriv- 
ative f’ (x) with the proportionality factor equal to dz. It may hap- 
pen that this function also has a differential*. In such a case the latter 
is called the differential of the second order (or the second differential) 
of the function f (x), the differential defined by formula (102-1) 
being called more precisely the differential of the first order (or the 
jirst differential). 

Definition. The differential of the second order (or the second differ- 
ential) d*f (x) of a function f (x) is a differential of the differential of 
the first order of this function, i.e. 


d?f (x) = d [df (z)). (102-2) 


Analogously, the differential of the third order (or the third differ- 
ential) d®f (x) of a function f (x) is a differential of the differential 
of the second order of this function, i.e. 


ay (2) = d [ef (@)).. 
In such a manner we successively define differentials of higher orders. 


Let us now derive the formula for the differential of the second 
order of a function f (x) of an independent variable x, assuming 


: : The sufficient condition for which is the existence of the second derivative 
Lj. 
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that this function is twice differentiable, i.e. it has a derivative of 
the second order. Since 


df (x) = f' (x) dz, 
by (102-2), we have 
d*f (z) = d [f' (x) dz]. (102-3) 
If x is an independent variable, then dz equal to Az is, obviously, 
independent of x, i.e. dx plays the role of a constant with respect to 


the variable x. Therefore, in formula (102-3) dz may be factored out 
in front of the differential sign: 


d*f (x) = dx-d(f’ (z)l. 
Since f’ (x) is, in its turn, a function of z, it follows from (102-1): 
dlf’ (x)l = (f (al dx = f" (x) dz. 


Hence, we finally find 
d*f (x) = f” (x) dz*?, where dx? = (dz)’. (102-4) 


Thus we may formulate the following theorem: 

The differential of the second order of a given function is equal to the 
product of the derivative of the second order of this function by the square 
of the differential of the independent variable. 

Note that formula (102-4) is, generally speaking, incorrect if z 
is not an independent variable, since here we cannot regard dz as 
a factor independent of xz (see S. M. Nikolsky, A Course of Mathe- 
matical Analysis, Vol. 1, Mir Publishers, Moscow, 1977). 

Setting 


f(z) =y, 
we rewrite (102-4) as follows 
dy = y" dz’, 
hence, we have 
" dy 


dx? ’ 

i.e. the derivative of the second order of a given function is equal to 
the ratio of the differential of the second order of this function to the 
square of the differential of the independent variable. 

_ If zis an independent variable, then, similarly to formula (102-4), 
we have 


d*f (x) = f" (x) dx®, d4f (x) = fAY (z) det 


and so on. 
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We put now in (102-4) and (102-5) 


f(x) =z. 

Then 

f(z) =1, f"()=0, f”(z) =0,... 
Hence, 


r=. Co] 05 


Thus we get the following theorem: The differentials of higher orders 
of the independent variable are equal to zero. 


Exercises 
In Problems 1 to 6 find the differential of the given functions: 
1. y=32". 2. y=axsinx+cosz. 3. y= 


4. y=V1—2. 5. y=Ine. 
6.y = 2’, where x = 2 —?t + ?. 


7. Lety = 2° — 22? + 32 + 6. Find Ay and dy and compare them 
with each other if (a) z = 1, Ax = 1; (b) x = 1, Ax = 0.1. 

8. The edge of a cube x = 10 m. By how much will the volume of 
this cube increase if its edge receives an increment Az = 0.1 m? 
Give an exact and an approximate solutions. 

9. Substituting the increments of the given functions by the corres- 
ponding differentials, find approximately: 


(a) 0.95; (b) cos 60°20’; (c) arctan 4.02. 

10. What is the limiting absolute error of the function y = tan zg, 
if « = 60°+ 1° 

11. Find dy and d’y, if 


y = e-*’, 


4— zz” ° 


Chapter 13 


Indefinite Integral 


Sec. 103. Antiderivative. Indefinite Integral 


The fundamental problem of differential calculus consists in find- 
ing the differential of a given function or its derivative. Integral 
calculus solves the inverse problem: given the differential, and hence 
the derivative of an unknown function F (x), to find this function. 
In other words, having the expression 


aF (x) = f (x) dx (103-1) 
or, correspondingly, 
= dF (x) 


F (2) = ©) = F(a), 


where f (z) is a known function, we have to find the function F (z). 
For the sake of simplicity, we shall assume that equality (103-1) 
is fulfilled on a certain finite or infinite interval. 

The required function F (x) is then called the antiderivative (or the 
primitive) with respect to the function f (x). Thus, we may give the 
following definition of the antiderivative. 

Definition. An antiderivative (a primitive) of a given function f (x) 
in a given interval is any function F (x) whose derivative is equal to the 
given function f (x) or whose differential is equal to f (x) dx on the inter- 
val under consideration. 

For instance, one of the antiderivatives for the function 3z? is 
x’, since (z*)’ = 3x7. The antiderivative thus obtained is not unique, 
since (x? + 1)’ = 3z?, (x? — 5)’ = 32’, etc., and therefore the func- 
tions x? + 1, x* — 5, etc., are also antiderivatives for the function 
dz". Consequently, the given function possesses an infinite number 
of antiderivatives. 

In the above example each two of our antiderivatives differed 
by an arbitrary constant term. We are going to show that it will 
take place in the general case as well. 
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Theorem. Any two antiderivatives of one and the same function de- 
fined in a certain interval differ from each other in this interval by a 
constant term. 

Proof. Indeed, let f (x) be a function defined on the interval (a, 5),. 
and F, (x), F., (x) its antiderivatives, i.e. 


Fy (a) =f (a) and Fy (2) =f (2). 
Hence, 
Fy (x) = Fy (2). 


But if two functions have the same derivative, then these functions. 
differ from each other by a constant term (Sec. 85). Hence, 


Fy (z) — FP, (@@) = ¢, 


where C is a constant, which was to be proved. 
Geometrical illustration. If 


y = F,(x) and Y = F, (2) 


are antiderivatives of one and the same function f (x), then the 
tangents to their graphs at the po- 
ints with a common abscissa zx 
are parallel to each other: tan a = 
=F) (x) = F; (x) = f (2) (Fig. 128). 
In this case the distance between 
these curves, as measured along 
the y-axis, remains constant: 


F, (x) — F, (x) = C, 


i.e. these curves are “parallel” to 
cach other in a sense. 

Corollary. Adding all possible FIG. 128 
constants C to any antiderivative 
Il (x) of a given function f (x) defined on an interval (a, 6), we get 
all antiderivatives for the given function f (zx). 

Indeed, on the one hand, if F (x) is an antiderivative of the func- 
lion f (x), i.e. if F’ (x)= f (x), then the function F (zx) + C, where 
(is any constant, by virtue of the fact that the derivative of a 
constant is equal to zero, will also be an antiderivative of the func 
lion f (x), since 

[LF (xz) + CY = F’ (x) + C’ =f (a). 

On the other hand, we proved that every antiderivative of the 
function f (z) can be obtained from the function F (x) by adding 


(o it a properly chosen constant term C. 
Consequently, the formula 


F (x) + €, (103-2) 
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where —oco < C < + ov, and F (z) is an antiderivative of the func- 
tion f (x), exhausts the entire collection of antiderivatives for the 
given function f (z). 

Henceforward we shall assume, unless otherwise is stated, that 
the function f (x) in question is defined and continuous on a certain 
finite or infinite interval (a, dD). 

Let us now introduce the fundamental notion of integral calculus— 
the concept of indefinite integral. 

Definition. A general expression for all antiderivatives of a given 
continuous function f (x) is called the indefinite integral of the function 
f (x) or of the differential expression f (x) dx and is denoted by the symbol 


\ { (x) dz. 


The function f (x) is called the integrand, the expression f (x) dz 
is the element of integration, and the variable z is the variable of 
integration. 

Recalling the definition of the an- 
tiderivative, we may say that the in- 
definite integral 


\ f(a) de 
on a given interval is a function of the 
general form whose differential is equal 
to the element of integration f (x) dz 
and, hence, whose derivative with 
FIG. 129 respect to the variable zx is equal to 

the integrand f(z) at all points of 

the interval under consideration. . 

Let F (x) be a quite definite antiderivative for the function f (z). 
As we saw, any other antiderivative of this function has the form 


F(z) +C, 


where C is a constant. According to the definition of the indefinite 
integral, we may write 


\ f (x) dx=F (x) +C, (103-3) 


where F’ (x) = f(x) and the constant C may attain any value, and 
therefore is called an arbitrary constant. 


ri 


Example. As we saw, one of the primitive functions for the func- 
tion 3z? is the function 2°. 
Therefore, 


| 322 dr=x3+C, 
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Geometrically, the indefinite integral 
y=F(z+C 
represents a family of “parallel” curves (Fig. 129). 
From the definition of the indefinite integral it follows that if 


we have a differential equation (i.e. an equation containing differen- 
tials*) of the form 


dy = f (x) dz, 


where the function f (z) is continuous in the interval (a, b), then 
the general solution of this equation fora <ix <b is given by the 
formula 


y == \ f (x) dz. 


Sec. 104. Basic Properties of the Indefinite Integral 


Relying on formula (103-3), we are going to derive the basic prop- 
erties of the indefinite integral. 

I. The differential of an indefinite integral is equal to the element of 
integration, and the derivative of an indefinite integral is equal to the 
integrand. 

This property directly follows from the definition of the indefinite 


integral. 

Thus, we have 

d f(x) de =f (x) dx (104-1) 
and 


[ | ¢(z)ax] =F (2). 


Il. The indefinite integralof the differential of a continuously differ- 
entiable function is equal to "this function accurate to the constant term. 
Indeed, let 


| dp (2)= | 9’ @) az, (104-2) 


where the function 9’ (x) is continuous. The function 9 (zx), is obvious- 
ly, an antiderivative for ’ (x). Therefore, from (104-2) we have 


| dp (z)=9 (2) +C. 
Note. In formulas (104-1) and (104-2) the signs d and \ following 
each other mutually annihilate each other (if the constant term is 


* For more detail see Chapter 19. 


252 A Brief Course of Higher Mathematics 


ignored). In this respect, differentiation, and' integration are mutually 
inverse mathematical operations. 


III. A non-zero constant, factor may; be,taken outside, the. sine of the 
indefinite integral, i.e. if the constant A =4 0, then 


\ Af (xz) dx=A \ f (x) de. (104-3) 


Indeed, let F (x) be an antiderivative of the function 'f (z). By 
virtue of basic formula (103-3), we have 


A \ f(x) dx = A[F (x) + C]=AF (2) + Gy, (104-4) 


where C,; = AC, and C and C;, are arbitrary constants for A ~ 0. 
But AF (xz) is an antiderivative of the function Af (z), since 
[AF (x)]’ = AF’ (x) = Af (2). 
Therefore, |fromfformula (104-4) we obtain the desired formula (104-3). 
Note. For A = O formula (104-3) is'false, since its left-hand mem- 


ber represents an arbitrary constant, while its right-hand member 
is identically equal to zero. 


IV. The indefinite integral of an algebraic sum of a finite number of 
continuous functions is equal to the algebraic sum of the indefinite 
integrals of these functions, i.e. if, for instance, the functions f (z), 
g (x), and h/ (x) are continuous in the interval (a, 6), then 


| Uf (2) +8 (2) —h(2)| de= 
= | f(x) dx+ \ g (x) dx— \ h(x) dx (104-5) 


for zx € (a, b). 

Indeed, let F (zx), G (x), and H (zx) be, respectively, antiderivatives 
of the functions f (x), g (x), and h (x), i.e. F’ (x) = f (x), G' (x) = 
= g(x), H’ (x) =h (x) for x € (a, b). By (108-3), we have 


\ f(x) de+ \ g (x) dx — \ h (x) dx =: 
=[F (x) + C1] + [G (x) + C.] — [A (x) + C3] = 
=[F (2) +G(2)—H(a)|+C, (104-6) 
where C,, C,, Cs, are arbitrary constants, and C =C,+C,—C3, 
is, obviously, an arbitrary constant too. But the function F (x) + 
-+ G (x) — H (z) is an antiderivative of the function f (x) + g (a) — 
— h (x), since 


[F (x) +G (2) — A (x)! = F’ («) + G' (2) — Hl’ (xz) = 
= f (x) + g (x) — h (2). 
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Hence, 
\ Uf (@) +8 (2) —h (@) da = F (x) +G (2) —H (a) +€. 
From formulas (104-6) and (104-7) there follows identity (104-5). 


(104-7) 


Sec. 105. Table of Simplest Indefinite Integrals 


Taking advantage of the fact that integration is an operation inverse 
to differentiation, we can easily obtain the table of simplest integrals. 
For this purpose we shall proceed from formula (104-3) which will 
now be rewritten in the following fashion: if 


dF (x) = f (x) dz, 
then 

\ f (x) dx= F (zx) +-C. 
Inverting the differentiation formulas, we obtain the following: 

mtl1 
) =a" de, | a" de=—" + 
(m= —1). 

\ = =In|z|+C 
(for x<.0 and for x>(0). 


m+1 


I. Since d ( 


II. Since d (In}z]) —— : 


Ill. Since d(e*)=e* dz, | e*de=e* 1C. 
1V. Since d (=~) =a* dz, | a*dz=3—-+C 


V. Since d(sin zx) =coszdz, 

VI. Since d(—cosz)=sinzdz, 
‘ . dz 

. Since d (tan t)=—Sap , 

- Since d(—cotz)= =>, 


IX. Since d (aresin z) = 


d (—arccos x) = 


(a>), a=€1). 
\ cosxdzxz=sinz+C. 


| sine dx= —cosx+C. 
dx 

| gng = tane+ C. 
dz 

\ Snip Ota +C. 
dz ‘ 

=arcsin 2s 
\ V 1—2? nr 
+ C= w—arccosx+C,. 
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; dz d 
X. Since d (arctan x) = Tae \ ray =arctanz+C= 
and = —arccotrz+ C,. 


d(—arccot x) =r , 


To make the above table more complete, we add here another two 
formulas whose validity can be verified directly by differentiation: 


dz 14+<2 


1 
XL | =F In[ft*|+¢; 
dx 4 z—i1 
| x*—1 = In xzt+1 +0. 
XII. | —S— =In |e-+V x2+a|-+C, where the constant «40 
J VYxtta 


(see Sec. 109). 
Since* d (cosh x) = sinh x dx and d (sinh x) = coshzdz, we 
have two more useful formulas: 


XII. \ sinh rdx=coshz+C. 


XIV. \ cosh zdx= sinhz-+C. 


The integrals contained in this table will be called the tabular 
integrals, and they should be firmly memorized. 


Example 1. 


4 


| ede= +0. 


Example 2. 


#9 2 


Sec. 106. Independence of the Form 
of an Indefinite Integral 
of the Argument Chosen 


In the basic table of integrals it was assumed that 2is an indepen- 
dent variable. But this table completely preserves its validity and 
importance even if z is understood as any continuously differentiable 
function of an independent variable. 

Indeed, let x be an independent variable, f (x) a continuous func- 
tion on a given interval, and F (z) its antiderivative, i.e. F’ (xz) = 


* See Sec. 78 (Chapter 10). 
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= f (xr). We have 


\ f(z) dx=F (x)+C. (106-1) 
Let us put now 
u = (2), 


where @ (x) is a continuously differentiable function* and consider 
the integral 


| f(u)du= | f(uyu' de. (106-2) 
In this case the composite function 
F (u) = F (9 (2)) (106-3) 


is an antiderivative of the integrand of integral (106-2). Indeed, since 
the differential of the first order is independent of the choice of the 
independent variable, we get 


dF (u) = F’ (u) du = f (u) du (106-4) 
and, hence, 

“elf @)l= ee Hh’. (106-4’) 
Therefore 

| f(w) du=F(u) +, (106-5) 
where 

F’ (u) = f (u). 


Thus, from the validity of formula (106-1) there follows the valid- 
ity of formula (106-5). Here the latter formula is obtained from 
the former by formally substituting z for u. On the basis of this prop- 
erty, we get a generalized table of simplest integrals 

ymti du 


| w™ du= =a +C (m~ —1), | =I [ul +e and so on, 


u 


where wu is any continuously differentiable function of an indepen- 
dent variable. This table is an inversion of the generalized differen- 
tiation formulas (see Sec. 101). | 

By choosing the function u in different ways, we can essentially 
extend the table of simplest integrals. 


* That is we assume that the derivative g’ (z) is continuous. 
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Example. From formula I it follows 
2 
\ rdr= +0. (106-6) 


Substituting here z for sin x, we get 
in2 
\ sind(sinz)=*5* +¢, 
1.€. 


: Sin? z 
\ sin cos xrdx=—z— + C. 


Further, replacing, for instance, x by the function In z in formu- 
la (106-6), we have 


j Ind (In2)=—5£+€ 


‘Or 


lnz In2 2 
\ ra cae a 


and so on. 
Hence, one can appreciate the importance of knowing how to reduce 


‘a given differential expression f (x) dr to the form 
f (a) dx = g (u) du, 


where wu is a certain function of x and gis a function simpler for in- 


tegration than f. 
Given below is a number of transformations of the differential 


helpful for the further studies: 
(1) dx=d(x+b), where 0 is a constant; 


(2) dz =— d(ax), where the constant a0; 
(3) de=+-d(ax+b) (a#0); 


(4) xdx=—+d (2%); 

(5) sinzdz= —d(cos 2); 
(6) coszdz=d (sin x). 

In general 

@' (2) dx = dg (2). 


Using them, let us find some indefinite integrals. 
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Example 1. 
d 4 d b 
Example 2. 
1 
\ Vz—3dr= \ (x—2)? d (x—2)= 
3 
Rs 
==)" 46-2 (9)? 
+ 
Example 3. 
\ sin 5a da == \ sin ord (dz) = — cos 54+ C. 
Example 4. 
zdzx 14 ( d(x*-+1) 
\ 7 ey geaae gh ars =yn(@+1) +0, 
Example 5. 
\ sin z d cos x 
tanzdz= \ cea dz= —| oe — In |cosz|+C. 
Example 6. 
al 
dx 4 ( 2 ) | 
eel Ne ee ee SHO. 
\ +4 9 \ (Z)?44 S25 arctan ae 
Example 7. 
d ( =| 
dx = V3 _ : x 
V3—a =) / (=) ver age we 
V3 
Example 8. 
( dx —_ ax os (+) 
sss F) Ser - 3 |e 
: eViw TV t-(E) 
= + aresin—+C= —arcsin eee oo where |z| > 1. 


| x | 
Example 9. 


\ re dz = > \ e**d (x?) = +e +C. 


17—0875 


207 
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Sec. 107. Basic Integration Methods 


To compute a given integral, we must, if it is possible, using this 
or that method of integration, reduce it to a tabular formula and 
thus obtain the desired result. In our course we shall dwell only on 
most frequently used methods of integration and give simplest exam- 
ples of their applications. 

The most important methods of integration are: (1) integration by 
expansion, (2) integration by substitution, and (3) integration by parts. 

{. Integration by expansion. Let 


f (x) = fi (2) + fe (@); 
then, according to property IV set forth in Sec. 104, we have 


= \ f (x) dx = | f, (x) dx + \ fe (w) da 


As far as possible, the terms f, (x) and f, (x) are chosen so as to reduce 
their integration to the tabular formulas of Sec. 105 (so-called direct 
integration). 


Example {{. 


\ (1—V 2x)? dxr= \ (1—-2Vz+2)dre= 


= \ dz — \ 29Vzdret+ \ x da= \ da ~ 2 | ees. [ode= 


2 
2. 


4 


+24 Ca2—t2xVrtT4+e, 


2 


Note. There is no need to put an arbitrary constant after each term, 
since the sum of arbitrary constants is again an arbitrary constant 
which is written at the end of the whole expression. 


Example 2. 
jee ae | (2?—6x—8+—--+) dg = 


2 
—— \ x2 dzx—6 \ xzdx—8 \ dzx+ 9 \ 5 | a? de= 


av7l 


3 2 
= + —6.4—82+9In|2|—5-— +C= 


x3 9 | 5 
= — 322-824 91n|zx|+—+C. 


Example 3. 
[ tan?xde— | (—— 1) dx= \ at — | de=tanz—z+C. 


cost J} cos? z 


wy 
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Example 4. 


sin? x dz. 


© 


we get 
sin? x dx = \ (1 — cos 2x) dr = 
=+ | de— + \ cos 2a d (22) = x—— sin 2r+C. 


Example 5. 


sinzcos 32 dz. 


Since 
sin rcos 32 = = (sin 42 — sin 22), 
we have 
| sin xcos dz dx = > \ (sin 4z— sin 2x) dx= 


=-q | sinded (42)—— | sin Qed (22) = 


= -- cos 4x + cos2z+C. 


2. Integration by substitution (or the method of introducing a 
new variable). 

Let f (x) be continuous on an open interval (a, 6) and x = g (t#) 
continuously differentiable on an open interval (a, £); the function 
inapping the interval (a, B) into the interval (a, b). 

On the basis of the property of independence of the indefinite in- 
legral of the argument chosen (Sec. 106) and, taking into account 
that dx = q’ (t) dt, we obtain the formula for changing the variable 
in an indefinite integral 


|i (x)da= | F(@W) 9 @ ae. (107-1) 


The integral constituting the right-hand member of equality 
(107-1) may turn out to be simpler than the integral standing in the 
left-hand side of this equality or even a tabular one. 

Let us consider several examples. 


17* 
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Example 6. 
\ xVx—5dz. 


To get rid of the radical, we set 
Vax—5=t. 

Hence 

CaP ee 


and, consequently, dx = 2t dt. 
We substitute into the integral and obtain 


(2 V2—5de= \ (12-5) ¢-2¢ dt = \ (2t* + 1022) dt = 


! 
y 


=2 \ t* dt -+ 10 \ Pdt=2-— 410-4 4¢= 


Example 7. 
\ V at— 22 dx (a>0). 
Here it is advisable to use a trigonometric substitution: 
x =asint, 
whence 
dx = acost dt. 


Hence, 


( V @&— 2x? dx = ) V a2 — a? sin2t-acost dt =a? { cos? tdi = 
my) 


= +{ (14008 24) d= + \ at + = | cos 2¢d (24) = 
a? a2, 
= 5 ae sin 2t+C. 
Returning to the variable z, we shall have 
sint=— and =arcsin — , 
a a 
Then 


sin 2 =2 sintcost=2 sint Y 1 —sin?t = 
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Therefore, we finally get 


\ V@— a de=*aresin2=4+2Ve—#4C. (107-2) 
It is sometimes useful to apply formula (107-1) from right to left: 
| fle (al @ (x) dz = | Fle (a) 49 (2) (107-3) 
or 
| fle @e" (2) de= | F() at, 
where 
t = 9 (2). 


For practical purposes it is desirable not to introduce a new vari- 
able ¢ but to make use of formula (107-1). Simplest examples of 
this type were given in the preceding section. Here we are going to 
consider some more examples. 


Example 8. 
[= i+ cots 
Teka. es ae 
Sin? Zz 
Setting 


t=1-+cotz, dt= ie 


 gin2z? 


we shall have 


pee iit 
jee ae = —{ (1 +cot 2) ® d(4 +cot 2) = 


sin? zx 


4 
= —\ a —=? +C=— + (1+ cot 2) +C. 

Example 9. 
j (met te) #. 


In zx x 


Since 
ax —d(l 
=> =a (In 2), 


we have 


\ (Inet+ p>) =| In xd(Inz) + | 


w 


1 


> Inta+ In| Inz|-+C. 
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Example 10. 
y eXdr d(e~) 4 
\ara=| i 


) eet 2°? 


(see Formula XI in Sec. 105). 

_ 3. Integration by parts. Let u and v be continuously differentiable 
functions of z. On the basis of te formula for the differential of 
a product (Sec. 101, Item V), we have 


d (uv) = udu + v du, 
hence 
u dv = d (uv) — v du. 


Integrating we obtain 


\ u dv = \ d (uv) — \ v du, 


ex —4 


spite 


‘or, finally 
| udv =uv— \ v du. (107-4) 
This is just the formula for integration by parts. The derived formula 


shows that the integral \ u dv is reduced to the integral | v du which 


may turn out to be simpler than the initial one, or even a tabular one. 
Let us consider a couple of examples. 


Example 11. 
| Inadz. 


Setting here 
u=IlInzx and dv = dz, 
we obtain 


du=dinz== and v=d. 

Hence, by formula (107-4), we have 

{ Inzdxr=2zlnaxa— \ 2 2 =xzrlnzx—zx+C. 
Example 12. 

\ xCOoSs x dz. 


Putting 
u=zx and dv = cos z dz, 
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we have 

du=dx and v= \ cosxdx=sinz. 
Applying the formula for integration by parts (107-4), we get 


\ reoszdz=xsinx— | singdxr=axsinx+cosx+C, 


In practice, it is important to learn how to apply formula (107-4) 
without writing down the expression for the functions u and v. 


Example 13. 


\ rarctan «dz => | arctan xd (z?+ 1) = 


=F[(@+ 1) arctan x — | (x? + 1) darctan x |= 
_ «*+1 _ 1 5 dx = a*+41 eee aoe a 
= —z— arctan 2— > \ (x? + 1) a Nae arctan «— — a+ C, 


Sec. 108. Techniques for Integrating Rational Fractions 
with a Quadratic Denominator 


The question is how to compute integrals of the form 


P (zx) 
\ ax? + bxete dz, 


where P (xz) is an integral polynomial and a, b, c are constants, a + 0. 
Dividing the numerator P (x) by the denominator az? + br+c, 
we obtain a certain polynomial Q (x) as a quotient and a linear bino- 
mial mz + n as a remainder (since the power of the remainder is 
lower than that of the divisor); hence 


P (x) mxz-+-n 
ax®-+-br+e = Q(z) + ax2+bx+e ° 


The integral of the polynomial Q (zx) is found directly; therefore we 
are going to show how to compute integrals of the form 


mxz-+n 


First we derive two basic integrals 


L j dx { je) 


4 
a - ae = arctan——+C (a0), 
ae! 


~~ @ 
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i.e. 
\aepgr=arctan = +C (a0), (108-2) 
d 
We have 
1 _ 1 _ 1 (@+a)—(e—a) _ 4 — ( 1 1 
z2—a® ~~ (r+a)(x—a) 2a (r+a)(x—a) 2a re, 
Hence 


(attra | (Aas) ot (f45-[24)= 
se {dena | steko) ) 


2a r—a z+a 
1 _ 1 xL—a 
=, [In]x—a]—In/x+a[}+C= 5 In za +, 
Thus (cf. XI from Sec. 105) 
d 1 — 
\ pow =3 ~infSFl+e (a #0). (108-3) 


The results wie by (108-2) and (108-3) should be memorized. 
To integrals I and II we add one more integral 


III. | oat | EP =f le seisre. 


z* + a2 

Example 1. 
( dx =+, | d(x Y 2) 
L243 V5) GVOPVS? 

4 1 x V2 _ 2 

= or ‘77g arctan V3 +C= 7 arctan (x V 3) +C, 
Example 2. 

dx 1 z—YV5 

jatar |alte 


The basic technique of computing integral (108-1) consists in the 
following: we complete the quadratic trinomial az? + bx + ¢ to get 
a perfect square*. Then, if the coefficient m = 0, integral (108-1) 
is reduced either to integral I, or to integral II. And if m = 0, then 
integral (108-1)'is reduced either to integrals I and III, or to integrals 
II and III. How it is done is illustrated by the following examples. 


* We assume here that the quadratic trinomial is not an exact square, 
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Example 3. 
ax ee ax = 
\ sera \ (222-52 +25) + (16—25) 


= d (x—5) 1 is (x —5)— 3 |+C= In 
6 


= z—8 
= | (x—5)2—32 2.3 (c—5)+3 


xz—2 


|-+¢. 


Example 4. 


ee ee 
(*42-52+7)+(4- 7) 


Example 5. 


t=\a75q= | (en) 


We set 
1 
La = Th; 
hence 
2=t— > and dx=dt. 


Consequently, 


1 3 1 2 t = 
=> In (+) —-vgarctan wa" 
2 


+In (v?+ 4+ 1) ——Larctan 


V3 V3 
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Example 6. 
* xz4dzx 
\ x?+ 1° 
Dividing z* by z?-+1, we have 
x4 4 
ret =x22?—1+4 cet ; 


Hence 


| aqae= J (2214575) ae= 


dx x3 


— \ ye dx — | dx + \ Poppe t+aretane+C. 


Note. If the quadratic trinomial ax? + bx + c has real and differ- 
ent roots x, and 2,, then, as it is usually proved in similar courses of 
analysis, to compute integral (108-1), we may take advantage of 
the expansion of the integrand into partial fractions: 

mztn _ A B 

ax®tbete”~ x—2, Teas : (108-4) 
where A and B are indefinite coefficients. The numbers A and B 
are found by reducing identity (108-4) to the integral form and equat- 
ing the coefficients of equal powers of xz in the left- and right-hand 
sides of the obtained equality. 


Example 7. Find 


| x+2 
T= | atee—e 2. 


Equating the denominator to zero, we obtain a quadratic equation 
z+ 54 —6 = 0, 


whence we find the roots: z, = 1 and z, = —6. By (108-4), we have 
zt+2 A B : 


Hence, getting rid of the denominator and taking into account that 
x* + 52 — 6 = (x — 1) (x — 6), 

we obtain 
r+2=A(x4+ 6) + B(x —1) 

or 


x+2=(A + B)x+ (6A —B). (108-6) 
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Equating the coefficients of equal powers of zx in the right- and left- 
hand sides of the last equality, we shall have 


A+B=1, 
6A—B=2., 


3 4 
Hence, A=, B=. 


Note that the coefficients A and B can be simply determined from 
identity (108-6). We first set x = 1, whence 


3=4.7 and A= 
and then put x = —6, which yields 
—4=B(—7) and B=. 


On the basis of on (108-5), we get 
_ 3 ae d(t-+6) _ 
rm SEEDY fo 


x+6 
ee ier seer ee 


7 


Sec. 109. Integration | 
of Simplest Irrational Expressions 


1. If the element of integration contains only the linear irrational 
Y ax + b (a0), then it is advisable to use the substitution 


t=j/ axr-+b. 
Example 1. Find 


whence 
a=t8—1 and dxr=3 dt. 
We have 


ie (eae =3 | (t4—t) dt = 


A) 
3 3 3 ae 


ac 
3 


> (+1) +C. 
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2. The integral of the simplest quadratic irrational 


\ dz 

V ax?+br+e ’ 

by completing the quadratic trinomial az? + be + c¢ to a perfect 
square, is reduced to one of the two integrals 


\ dx 
Vata’ 
which are computed below. 
1. \ 7 (a =« 0). 
We apply here the Euler substitution 
Vx?ta=t—z, 
where ¢t is a new variable. Squaring this equality termwise, we have 
eta =? — Qtr + 2’? 
or 
a = t? — tz. 


Differentiating both sides of the last equality, we get 
O = 2t dt — 2x dt — 2t dx 


or 
tdx = (t — zx) dt. 
Hence 
dx _ dt 
4 et 
i.e. 
dx _ at 
Vepa ?. 


Thus, we have 


\ asg= J Hamlet. 


Finally, substituting ¢ by its expression in terms of x, we find tabu- 
lar integral XII (see Sec. 105) 


Injet+V22t+al+C (a0). (109-1) 


\ yee 


This formula should be memorized. 
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Example 2. 
{ dx 
V x2—62-+13° 
Using formula (109-1), we have 
\ dx =| dx 
V «2?—62+13 V («—3)?4+4 ° 


Setting here 


z—-3 =, 
we get in succession 
| See = | een tt VP 4 SC. 
V x2—62r+13 V 24 
Since, 
t=2x—3, 


we shall finally have, 
Se = (7322 a 
\ a= In [e2—3+ V (x —3)2-+4]-+4C oe 
=In(rx—34+ V 22?—62r + 13) + C. 
1] | dx = | ‘ (= } 
J YVYa—z? . Vy 1-(4)’ 


Example 3. 


=arcsin —+C€ (a> 0). 


lVirea 1 78a ty 
t+ On-+4 
= arcsin = == + C = arcsin +C 


5 V5 


; 


Sec. 110. Integration of Trigonometric Functions 
In applications an important role is played by the integrals 
f= \ sin™ xcos" rdz, 


where m and n are non-negative integers. 


270 A Brief Course of Higher Mathematics 


Two cases are distinguished here: 
(1) at least one of the exponents m or n is an odd number; 


(2) both exponents m and n are even numbers. 
In the first case the integral J is taken directly. 


Example 1. Find 

i= | sin’ x cos? x dz. 

We set in succession 

| \ sin? xcos*z(sinzdz) = — \ (1 — cos? x) cos? xd (cos x) = 
=— | cos? x d (cos x) + | cos* rd (cos x) = 


e 


= — cost24+— cos’z+C. 


In the second case the integral J is computed by means of formulas 
for a doubled argument 


sintz=— (1 — cos 2z), costa = (1 + cos 22), 


: oe 
sin zcos x = = sin Qn. 
Example 2. Find 


I= \ sin? xcos' x dz. 


We have 
= Haas ¥ 9 ; 
[= \ (sin x cos x)? cos? xdxz= \ ( a alee dx = 


sin? 27 (1 + cos 22) dx = 
sin? 22 dz + — x | sin? 2x cos 22 dx == 


\ 
44 
a a Ar aaa 7 \ sin? 2x d (sin 2x) = 


dx — Ay cos 42 dx + 7 - 
14 
~ 416 
In the theory of the Fourier series (see Sec. 197, esis 21) an 


important role is played by the integrals 


\ sinmz sinnz dz. { cos mz cosnz dz, 


a! 


toe sin 4x ae : x sing 2r+C. 


| sin maz cosnz dz. 
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They are computed with the aid of the trigonometric formulas: 
sina sin B = {cos (a —B) —cos(a+8)], 
COS @ COS p= [cos (a —fB)-+cos(a+6)], 
sin @cos — [sin (a—B)-+ sin (a+ 8)]. 


Example 3. 
| sinz sin oz dz = = | (cos 42 — cos 6x) dx = 
=— sin he — sin6z+C. 


Sec. 111. Integration of Certain Transcendental 
Functions 


The integral 
\ P (x) e% dz, 


where P (zx) is a polynomial is computed by repeated integration by 
parts. 


Example. 
2 
\ r20e2* dr => | 72d (e™) == eo \ e* Or dr — 
2 ; ; 2 
Ge g | e S a et tem 
x? ; 


a Eft FZ gts 7 ott 4 C= (=> S42 ~)e*+C. 
A similar method is used to calculate integrals of the form 
\ P(zx)sinardx and \ P (x) cosaxdz, 


where P (x) is a polynomial. 


Sec. 112. Cauchy’s Theorem. Some Important Integrals 
Inexpressible in Terms 
of Elementary Functions 


Up till now we were quite successful in finding for some continuous 
functions f (x) their indefinite integrals 


\ f (x) dz. 
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There arises a question whether this will always be so, i.e. (1) whether 
any continuous :function f (x) has an indefinite integral, and (2) 
how this integral can be found. if it exists. 

The first part of this question is answered by Cauchy’s theorem 
which is the' fundamental theorem. of integral calculus. 

Cauchy’s theorem. Any continuous function has an antiderivative. 

In other words, for any function f (x) continuous in an open interval 
(a, b) there exists a function F (x) whose derivative in the open interval 
(a, b) is exactly“equal to the given function f (x), i.e. 


F" (x) = f (2), 


‘which means that there exists the indefinite integral 
| f@)de=F (a) +6, 


where C is an arbitrary constant. 

We omit here the proof of this theorem since it is too complicated. 

But the second part of our question remains unsolved: if we are 
given a continuous function f (x), then how its indefinite integral is 
found. Cauchy’s theorem does not state at all that the antiderivative 
of the given function can actually be found with the aid of a finite 
number of known operations and the answer can be expressed in 
elementary functions (algebraic, exponential, trigonometric, etc.). 
Moreover, there are continuous elementary functions whose integrals 
are not elementary functions. Such integrals are frequently called 
“inexpressible” thus implying that they cannot be expressed in terms 
of a finite number of elementary functions. 

For instance, we can prove that the integrals 

| e- dx, \ sin z dx, \ COS x dat, \ dx 

x x 


In z 


and a number of others cannot be reduced to a finite combination o 
elementary functions and, hence, are “inexpressible”’ in our sense 
of this word. 


Exercises 


Using the basic table of integrals, find the following indefinite 
integrals: 


1. | @ —3r+41)dr. 4. | (a* +0")? da. 


Ze \ (== a 5. \ (sin 3x-++ cos 52) dz. 
x— en dz 
3. \ ge ira x. 6. \ Sin? z cos? z 
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Hint. Use the identity: 1 = sin? x + cos? z. 


7 \ ae (1. | tan2zdz, 
dx x dx 
8. \ —- 12. | Se 
dx dx 
9 13. 
\ V 2—322 | V 2—32 
10. | mA ea Ee 
. V 1—<x4 
Applying the method of expansion, find the following integrals: 
14. | == de. 20. | cos* Sada. 
15. jam dx. 241. \ sin xcos 7x dz. 
22 
16. \ Toa at. 22. | cos 3x cos On ax. 
17. \ a dx 
d 
18. \ ae 
dx 
19. \ x*—5r+6 


Using the indicated substitutions, find the following integrals: 
23. | «V2—1de (Vz—1=12). 25, { = (x= sin t). 
; : dz = dz iG 

24. ee (Vx=1). 26. | == (e =f). 


Using the method of integration by parts, find the following inte- 
reals: 


27. \ arctan x dz. 30. \ xe* dx. 
28, \ xina«dz. 31. | mz dz. 
29. \ xsinzdz. 32. \ xz2e* dx. 


Ih O875 
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Find the integrals of the following rational fractions: 


t dx dx 
33. \ 322-7 - 37. | == SFr 


32-41 ° 

34. \ ae. 38. \ aE 
35. | SS 39. \ ag ee. 
36. | =F. 40. | ae de. 
Find the integrals of the following erica functions: 

\ j/ 22 —3 dz. 45. \ ES : 
42. | Se. 46. SS 
43. { —r- 47. | ea 
4h. = 
Find the integrals of the following trigonometric functions: 
48. \ sin x cos? x dx. of. \ cos‘ zxdz, 
49. \ sin? x cos? x dz. 52. \ sin z sin (x-+a) dz. 
00. \ sin’ x dz. Do. \ —T 


Hint. Use the formula —* _ _ (tan L). 
COS* & 


Find the integrals of the following transcendental functions: 


D4. \ xe* dz. 08. \ x arccot x dz. 
55 \ (22 + 2x + 8) e* de. 59, \ In? x dz. 

06. \ (c—1) sin 2z dz. 60. \ arcsin xdz. 
of. \ c** cos 3x dz. 


Chapter 14 


The Definite Integral 


Sec. 113. The Concept of the Definite Integral 


Let f (x) be a function continuous on a given closed interval [a, 5], 
where a <b or a> Db, and F (2) is one of its antiderivatives (see 
Sec. 103, Chapter 13), i.e. F’ (x) = f (x) for x € la, Ol. 

Definition. The definite integral 


) f (x) dx (113-4) 


of a given continuous function f (x) on a given closed interval [a, b} 
is understood as the corresponding increment of its antiderivative, i.e.. 


\ f (x) de = F (b)— F (a) (113-2) 


(the Newton-Leibniz formula). 
Besides, we assume that for any function f (x) having sense at 
point a 


Wo dx = 0 


(a any number). Thus, formula (113-2) holds for a = b as well. 

In expression (143-1) the numbers a and b are called the limits of 
integration: lower limit (a) and upper limit (b); [a, b] the interval of 
integration, and f (x) the integrand. (The expression is read “the inte- 
eral of f (x) with respect to z between the limits a and b”.) 

Formula (113-2) can be expressed in the form of a rule: the definite 
integral is equal to the difference of the values of the antiderivative of 
the integrand for the upper and lower limits of integration. Introducing 


18* 
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the following notation for the difference 
b 


F (bt) — F(a) =F (2) |’, 


where the symbol | : is called the sign of dowble substitution; we can 
write formula (113-2) in the form 


- (113-3) 


b 
| §@) de=F (2) 


It should be remembered that in deciphering this sign we first sub- 
stitute the upper limit of integration, and then the lower one. (It is 
unfortunate that the word “limit” is used in this connection. The 
limits of integration have nothing to do with the limits considered 
in Sec. 46, Chapter 7). 


_ Example. Evaluate the integral of x? between the limits 2 and 4. 
Since =e is an antiderivative for z?, according to (113-3), we have 


Note that the same result could be obtained if we used another 
v3 


5 2, and so on. 


antiderivative for x’, say, = + 1, or 

Theorem. The definite integral of a continuous function is independent 
of the choice of the antiderivative for the integrand. 

Proof. Let F (x) and F, (x) be two antiderivatives of a continuous 
on [a, b] integrand function f (x) of integral (113-1). By virtue of 
the basic theorem for an indefinite integral (Sec. 103, Chapter 13), 
we have 


where C is a constant. Hence, 
F, (x) (0 = F 1 (b) — Fy (a) =[F, (0] + C) —[F (a) +C] = 


= F (b)—F (a) =F (x) (2 f (x) dz, 


| 
RQ Cuemny Or 


which was to be proved. 
Corollary. 


b 
\ f@)de= | f(a)dale, (113-4) 
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where \ f (x) dx is understood as one of the antiderivatives for the func- 


tion f (x). 

Formula (113-4) establishes relation between the definite and the 
corresponding indefinite integrals. The formal difference between 
them consists in that the definite integral represents a number and 
the indefinite integral a function. 

According to Cauchy’s theorem (see Sec. 112), any continuous on 
a segment function has an antiderivative. This yields the following 
theorem. 

Theorem. For any function continuous on a closed interval [a, b] 
there exists an appropriate definite integral. 


Note. Let 
y’ = f (2), 
1.€. 
dy = f (x) dz. (113-5) 


Integrating equality (113-5) between the limits a and b, we have 
b 
y (b)—y (a) = \ f (x) da. (113-6) 


The last formula is frequently used in practice. 
The study of the indefinite and definite integrals and their appli- 
cations constitute the subject of the integral calculus. 


Sec. 114. A Definite Integral with a Variable 
Upper Limit 


Let a function f (x) be continuous on a closed interval [a, )d]. 
Consider the integral 


{ f (t) dt, (114-4) 


where ¢ € [a, x] < [a, b] (to avoid confusion, the variable of in- 
tegration is denoted by another letter). 

If F (x) is an antiderivative of the function f (z), i.e. 

F’ (x) = f (2), 
then, according to the Newton-Leibniz formula we bave 

| 1@dt=F (@)—F (a). (114-2) 


a 
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Hence, 


ag \ FO) dt= SIF (@)—F (@)|= 


= F’ (2) — [F(a)]' = f (2) —0=f (2). 


Consequently, the derivative of a definite integral with a variable 
upper limit with respect to this limit is equal to the value of the integrand 
for this limit: 


x 


_— \ f(t) dt =f (2). (114-3) 


a 


Thus, the integral 
® (x) = \ f(t) dt (114-4) 


a 


is an antiderivative for the integrand f (x). It should be noted that 
from formula (114-2) it follows that ® (a) = 0, i.e. M (z) is the 
antiderivative of the function f (x) which vanishes for x = a. 


Example. We have 
d ( 4 +1 72 2, 
< \ Vt+edt=V1+2. 
0 
Consider now the definite integral with a variable lower limit 
b 
| f@at, 
x 


where z € [a, Dl. 
By the Newton-Leibniz formula, we have 


b 
x5 f (2) dx |= LF (6) — F (2) ==[F (b))' —F' (x) = —f (2). 


Thus, the derivative of a definite integral with a variable lower limit 
with respect to this limit is equal to the value of the integrand for this 
limit taken with an opposite sign. 


Note. If the function f (x) is continuous on a closed interval [a, 5], 
then on the basis of the relation between the indefinite integral and 
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iuntiderivative (Sec. 103), we shall have 


J rwacac+f feat 


fora <x < b, where C is an arbitrary constant. 


Sec. 115. Geometrical Meaning 
of the Definite Integral 


Consider the area S(x)* of a variable curvilinear trapezoid (Fig. 130), 
hounded above by a continuous curve Y=f(X) (ax X<b, f(X)>0), 
below by the axis OX (Y = 0), from the left by a fixed vertical 
line (X = a) and from the right 
by a moving vertical line (X = z) 
(axz< 9). 

Let us imagine that a flood 
develops along the axis OX and 
the vertical front of water 
moves from left to right. 

Let x receive an increment Az 
(for the sake of definiteness we as- 
sume that Ax >0). Thenthearea pyre. 1439 
will change by the quantity AS 
(Fig. 130) which represents the 


area of the strip bounded }by the arc PP’ of the curve, the axis 
OX and two vertical lines X = x and X = x + Az. Let us set 


m= min f (X) 
xeXSK+Ax 


and 
M= max (/[f(X). 
xX <x+Ax 
Comparing the area AS with the areas of the rectangles with a 
common base Az and the altitudes m and M, we have 


mAz < AS < MAzx**, (115-1) 
llence 

mx <M. (115-2) 

Let now Ax — +0. Since the function f (X) is continuous, we have 

m—>f(x) and M —+f (2). (115-3) 


* For the concept of area see Note to the theorem of Sec. 121. 
** Equality is not excluded here, since the function f/ (X) can be constant. 
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Whence on the basis of the theorem about an intermediate variable 
(see Sec. 54, Chapter 7), we obtain 


; AS 
1 — = ; 
Kerra Ax ee) 
Analogously, as Az —> —O, we shall have 


; AS 
lim =~ =f (2). 


Ax>—0 
Hence, there exists the limit 
y AS ds 


Thus, the derivative of the area of a variable curvilinear trapezoid 
for any value of the argument X = z is equal to its terminal ordinate 
y = f (x) (the Newton-Leibniz theorem). 

From formula (115-4) we obtain 


dS = f (x) dz. (145-5) 


Let S be the total area of a curvilinear trapezoid (Fig. 130) bounded 
by the curve Y = f (X), the axis OX, and two vertical lines X = a 


: 
FIG. 134 FIG. 132 


and X = b. Integratin , equality (415-5) between v.1e limits a and,0, 
and taking into consideration that S (a) = 0, by (113-6), we have 
b 
S =S\(b) —S (a) = \ fl(x)'dxe (115-6) 
Thus, the definite integral (115-6) of a continuous nonnegative func- 
tion for a < b is equal to the area of the corresponding curvilinear tra- 
pezoid* (geometrical meaning of the definite integral). 


Example 1. Find the area § under one half-waveof the sinusoid 
y = sin x Ox<zr< It) (Fig. 134). 


* For what should be understood under the area of a curvilinear trapezoid 
in the case of an alternating-sign function f (x) see Sec. 117 (Note to Item VIII) 
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By geometrical meaning of the definite integral, we have 
st 
S = | sin « dz= —coszx|j = —(cosm—cos0) = —(—1—1)=2 
0 
(appropriate square units), 


Example 2. Find out the geometrical meaning of the integral 
1 
I= \ Vi—2 dz (115-7) 
—t 
and, taking advantage of this meaning, evaluate the integral. 


Since y = V1 — 2® is the equation of the upper semi-circle 
x? + y? = 1, y>0, the integral J represents the area of a semi- 
circle of radius 1 (Fig. 132). 


Therefore, [ = >) this result can also be obtained by direct cal- 


culation of integral (415-7). 


Sec. 116. Physical Meaning of the Definite Integral 


Problem. Knowing the velocity v = v (t) of rectilinear motion 
of a point, find the distance covered by the point during the interval 
of timeO<i< 7. 

Assuming that the path of the point is the z-axis (Fig. 133) and 


~s 


FIG. 133 f ZU) ~~-8---""2(7) & 


xz = x(t) is the equation of motion, we shall have (Sec. 65) 


vij= =, (116-1) 
hence 
dx = v (t) dt. (116-2) 


Integrating equality (416-2) between the limits 0 and 7 we get the 
distance covered by the point during the time 7: 
T 
s=2x(T)—2(0)= \ y(t) dt *. (116-3) 
0 
* More precisely, (116-3) yields the increment of the abscissa of a moving 
et i.e. the displacement of the point during the time T. The distance covered 


y the point is obtained when the velocity v(t) preserves the same sign, i.e. 
(he point moves in one and the same direction (see Sec. 65). 
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Note. From (116-3) we obtain the equation of motion of the point 
t 

L=IXy+ { v (t) dt, 
0 


where !z) = 2(0). 


Example. Determine the height reached by a rocket launched ver- 
tically upward by the end of the tenth second of its flight if its ve- 
locity changes according to the law 


km 


v=[2+— pipe |S. 


Find the average velocity of the rocket flight during this interval 
of time. 
The distance covered by the rocket for ten seconds is equal to 


10 


10 
=| [2+ ar ]#=(%—-sEr) f a 
= (20-7) —(0— 1) ~ 21.09 km, 


Therefore the corresponding average velocity of the rocket is 


21.09 km 
Vaver ayn os 


Sec. 117. Basic Properties of the Definite Integral 


In deriving the basic properties of the definite integral we shall 
proceed from the Newton-Leibniz formula (Sec. 113): 

b 

| f(a) dz=F (b)—F (a), (117-1) 
where f (x) is continuous on the closed interval [a, 6] and F’ (x) = 
= f(x) for z€ [a, )). 

For a better systematization we are going to divide the properties 
of the definite integral into several groups. 

A. General properties. 

I. The value of a definite integral does not depend on the designation 
of the variable of integration, i.e. 


b b 
| f@)da= | fae, 


where zx, ¢ are any letters. 
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This property follows directly from formula (117-1). 

We can mention here the following analogy: diplomatic docu- 
ments of the same contents written in different languages are authen- 
tic. 

II. A definite integral with equal limits of integration is equal to zero 
(on the basis of the above agreement). 

It should be noted that this statement also corresponds to the 
Newton-Leibniz formula: 


j (2) dx= F (a) —F (a) =0. 


Ill. Interchanging the limits of a definite integral does not change 
its absolute value but only the sign. 

Indeed, interchanging the limits of integration, by formula (117-1), 
we have 


a b 
\ f(x) dx = F (a)—F (b) = —[F (b)—F (a)]= —{ f(x) dx. (417-2) 
b a 


B. Additivity property. 

IV. If the interval of integration (a, b] is split into a finite number 
of subintervals (partial intervals), then the definite integral taken over 
the interval [a, b] is equal to the sum of definite integrals taken over all 
of its partial intervals. 

Indeed, let for instance, [a, b] =[a, c] J [c, 6b], whereaxc<b. 
‘Then, setting F’ (x) = f (xz), we have 


 f(2) de= Fb) F (@) =[F (¢) —F @I+1F 0) —F (6) - 


c b 
= { (2) da + f(x)dx. (417-3) 


Note. Formula (117-3) remains true if c lies outside the closed in- 
terval [a, b] and the integrand f (x) is continuous on the closed in- 
torvals [a, c] and Ic, dl. 

C. Linearity properties. 

V. A constant factor can be taken outside the integral sign. 
Indeed, let F (x) be an antiderivative for f (x) on [a, b] and A 
constant, then AF (z) is an antiderivative for Af (x), since 


[AF (x)! = AF’ (x) = Af (2). 


~ 
— 
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We have 
b 
\ Aj (x) da = AF (x) 0 = AF (b) — AF (a) = 


b 
=A[F(b)—F (a) =A \ f(2)de 


VI. The definite integral of an algebraic sum of a finite number of 
continuous functions is equal to the algebraic sum of the definite integrals 
of these functions. 

Indeed, let us consider, for instance, the algebraic sum 


f (z) + g (x) —h (@) (117-4) 


- three continuous functions f (x), g (x), h (x), and let F (x), G (=), 
H (x) be their antiderivatives, respectively, i.e. 


F’ (zt) =f (zt), G (e)=g(z), HH (2) =h (2). 
Then F (x) + G (x) — A (a) is an antiderivative for the sum under 
consideration, since 
[F (xz) + G (zx) — H(z)!’ = 
= F’ (x) + G (x) — H’ (2) = f (z) +  (@) —h() 


Hence, we have 
b 


| (f(@) +8 @)—h(@)] de= IF (2) +6 (a) —H (aI b= 


= [F (b) +G (b) — H (b)|— [F (a) +G (a)—H (a)]= 
= [F (b) —F (a)] + [G (6) —G (a)] — [H (6) — FH (a) = 
b 


=| f()de+ g (x) de— l h (x) da 


a 


D. Monotonicity properties. 

VII. If the integrand of a definite integral is continuous and non- 
negative, and the upper limit of integration is greater than, or equal to, 
the lower limit, then the definite integral is also non-negative. 

Indeed, let f (x) >0 for axxz<b. Since F’ (x) =f (x) > 0 
the antiderivative F (x) is an increasing (or, more precisely, non- 
decreasing) function. In this case for b > a we have 

b 


\ f(x) dx = F (b)—F (a)>0. 


a 
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VIII. An inequality between continuous functions can be integrated 
termwise, provided the upper limit of integration is greater than the 
lower one. 

Indeed, let 


f(z) g(x) for axazrzages, 
where f (x) and g (zx) are continuous on the closed interval [a, 5]. 
Since g (x) — f (x) >O, then for b >a, by properties VI and VII, 


we have 
b b 


b 
| [e(2)—f (x)\ da= | g(x) de— | f(z) dx>0, 


lence, 
b 


b 
| f(@)dr<f g(x)az. 

Note. Let f (x) be an alternating-sign continuous function on the 
ne: interval [a, b] where b >a. For instance, f (x) < 0 for a< 
<2z<a, f(r) >0 for a<xx<f and f(z) <0 for B<r<db 
(Fig. 134). 

By the additivity property (IV), taking into account the geometri- 
cal meaning of the _ integral 
(Sec. 115), we have 

b a 
\ f(a) da= | f(x) de+ 


G 


B 


+ \ f (x) dx + f(z) dx= 
at B 


ee (117-5) 


where S,,S5,S,aretheareasofthe FIG. 134 
respective curvilinear trapezoids. 

Thus, the definite integral, in the general case, for a < b represents 
the algebraic sum of the areas of the corresponding curvilinear trape- 
zoids, where the areas of the trapezoids above the x-axis are taken with 
the plus sign, and those of the trapezoids lying below the x-axis with 
ihe minus sign. 

If b< a, then everything is vice versa. 

Note that the total area of the figure hatched in Fig. 134 is ex- 
pressed by the integral 

b 


J 17@|dr=S,+S2+S,  (b>a). 


a 
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Sec. 118. The Mean Value Theorem 


Theorem. The definite integral of a continuous function is equal 
to the product of the length of the interval of integration by the value 
of the integrand at some intermediate value of the argument*. 

Proof. Indeed, by virtue of the Newton-Leibniz formula, we have 


b 


\ f(x) dx = F (b)— F (a), (118-1) 
where 
F’ (x) = f (2). 


Applying to the difference of the antiderivatives the theorem about. 
the finite increment of a function (Sec. 85, Chapter 11), we get 


F (b) — F (a) = (6 — a) F' (c) = (b — a) f (c), 


where ax<xic< b. Hence, 
b 


| f(a) de=(b—a) f (0), (118-2) 


where ax<c< D. 


Note. We can give a simple geometrical illustration to formula 
(118-2) for f (xz) > 0. Indeed, its left-hand side represents the area 
of the curvilinear trapezoid AabB, where 
AB has the equation y = f (x), and a and 
b are the abscissas of the points A and B, 
respectively. The right-hand side of this 
formula expresses the area of the rectangle 
with the base b—a and the altitude cC 
equal to f (c) (Fig. 135). 

Thus, geometrically formula (4118-2) 
means that it is always possible to choose on 
the arc AB a point C with the abscissa c 
FIG. 135 contained between a and 0b such that the 

area of the corresponding rectangle aDEb 
with the altitude cC will be exactly equal to the area of the cur- 
vilinear trapezoid aA Bb. 

And so, the area of a curvilinear trapezoid bounded by acontinuous 
line is equivalent to the area of a rectangle with the same “base” and 
altitude equal to some mean ordinate of the line. 


* It is assumed that the upper limit of integration is greater than the lower. 
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The number f (c) =p is called the mean value of the function f (x) 
on the interval [a, b]. From formula (118-2) we have 


b 
u= — | f() dx. (118-3) 


a 


Example 1. Intensity of alternating current is equal to 


- 5 2 20 

i=ijsin-=-, 
where i, > 0 is the maximum value of the current, 7 the period, 
and ¢ time. 

Find the mean value of the square of current intensity during the 
period 7. 

By (118-3), we have 


where the dash denotes the operation of averaging. Since 


sin?a = > (1 —cos 2a), 


we have 
i 
= i2 Amt ig TL . Amt \ [7 ig 
eee peed non baat pe ee eee pesca oes = 
i => | (1 COS )dt=5 (2 iq Sin )|, =: (118-4) 


The square root of the mean value of the squared current intensity 
is called the root-mean-square intensity of current, :i.e. 


: 2 


On the basis of formula (118-4), we obtain the following result which 
is very important for electrical engineering: 


irms = TF . (118-5), 
Corollary. Let 


m= min f(z) and M= max f(z). 
axxqb aSxqQb 


Since m < f (x) < M, for a< b we have from (118-2) 
b 


m (b—a)< | f(x) dxr<M (b—a). (118-6) 


a 
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Example 2. Estimate the integral 
IT 
Hi d 
M 
= \ 1+-sin?x ° 
0 


1 


<Sapsnig Si! for 0<a2< +, by (118-6) we have 


Since =< 
It 1 
<I<F. 

We may set approximately 


1/u% qt 4 
Ixy (+z) © ¥ (0.794 1.57) = 1.18. 


2 
The exact value of the integral is 
re: 


Sec. 119. Integration by Parts 
in the Definite Integral 


Let wu = u (x) and v = v (z) be continuously differentiabie func- 
tions* on a closed interval [a, bl]. 
We have 


d [u (x) v (x)] = v (x) du (x) + u (2) dv (2). 
Integrating this equality between the limits a and 6 and taking into 
account that 

du (x) = w' (x) dx and dv (x) = v’' (x) dz, 
we find 


b b 
u(x) v(x x). oF eck (z) de+ | u(z)v' (2) dz 


Hence we obtain the formula for integration by parts in the definite inte- 
gral 


b 


b 
| w (2) v' (x) da = w(b) v (6) —u(a) v(a lal \dx. (4119-4) 


« 


a 


For the sake of brevity we use the following notation 
u (b) v (b) —u (a) v (a) =u (2) v (2) i 


* That is having continuous derivatives wu’ (x) and v’ (z). 


Ch. 14. The Definite Integral 289 


Example. Find 
Qn 

\ xcosxdzx. 

0 


Setting 
== 2, dv = cos x dx = d (sin 2), 
we obtain 
du = dx, v = sin z. 


Applying formula (119-1), we shall have 


21 21 


, 2m F 
| zeoseda=-x sin 2|, —| sin zdz= 


= 2n sin2nxn—Q-sin0+cosz "= cos 2%—cos 0O= 0. 


Sec. 120. Change of Variable in the Definite Integral 
(Integration by Substitution] 


Let there be given a definite integral 
b 


\ f (x) dz, (120-1) 


a 


where f (x) is a continuous function on a closed interval [a, 6], and 
let, for some reasons, it be desirable to introduce a new variable ¢ 
connected with the old one x by the relation 


c= p(t) (axats B), (120-2) 


where @ (¢) is a continuously differentiable function on the segment 
lx, BJ. If in this case: (1) with a change of ¢t from a to 6 the variable z 
changes from a to 0, i.e. 


p(a)=a, (fp) =), (120-3) 


ind (2) the composite function f ( (£)) is defined and continuous on 
(he interval [a, 6]*, then the following formula is valid 
b B 
\ f@)az= | Fe) e' de. (120-4) 
a a 
* If the values of g (¢) do not fall outside the limits of the closed interval 


[a, 5], then condition (2) is unnecessary (see the theorem on the continuity of 
i composite function, Sec. 64 


19—0875 
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Proof. Consider the composite function 
F (9 (t)), 
where F (x) is an antiderivative of the function f (z), i.e. 


F’ (x) = f (2). 


Applying the rule for differentiating a composite function, we get 
d j ; : 
af (@ (t)) = F (e ())-@ &) =F (P @)-e ©), 


consequently, the function F (q (¢)) is an antiderivative for the funce 
tion f (@ (¢))-q’ (t). Hence, on the basis of the Newton-Leibniz for- 
mula and taking into account (120-3), we shall have 


B 
| £(@(@)-@' ()dt=F (9) |, =F (9 6) —F (9 (@) = 


a 
b 


= F (b)—F (a) = \ f(2) de, 
which was to be proved. 


Note. In evaluating a definite integral by the method of substitu- 
tion there is no necessity to return to the old variable, it is sufficient 
only to introduce new limits of integration when applying formulas 
(120-3). 


Example. Evaluate the integral 
3 


\ xV1+2dz. (120-5) 
0 

It is natural to set 

t=Vi-+za, (120-6) 
hence 


x=t—1 and dz = 2it dt. 


The new limits of integration are determined from (420-6): putting 
x = 0, we get ¢ = 1 and putting x = 3, we get t = 2. Consequently, 
3 2 2 
| eVi+ede— | @—1)-2-2¢d¢=2 | (4-8) dt= 
0 1 1 


~2(4 jae ne 14 A 


5 B/i4 5 ©~—Dh—C<CO!UC”S?t”C~S‘™_C ‘(‘(‘ ‘CB#‘C 15° 
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Sec. 121. The Definite Integral as the Limit 
of an Integral Sum 


Let the function f (xz) be continuous on a segment [a, b] and let, 
for definiteness, f (x) >0 on [a, b] where a < b. Then its definite 
integral 

b 


\ f(x) dx (124-1) 
geometrically represents the area S of a curvilinear trapezoid aA Bb 
bounded by the given curve y = f (x), the z-axis (y = 0), and two 
vertical lines z = a and x = 6 (Fig. 136). 

As far back as ancient times (over two thousand years ago) Greek 
mathematicians used the following technique for computing the 


Di Li = Tpy b=Ly 2 
Are >t 


FIG. 136 wd 


area S: partition the figure S* into a large number of vertical strips 
bounded by the perpendiculars to the z-axis erected at the points 
Ly = a, Di Baye ig. BESO 
(Qa = 2%) <2, << te < o 8 << 2; = b). 
ach of the strips thus obtained may be approximately regarded as 
a rectangle with the base Az; = 234, — 2; (i = 0, 1, 2,... 
.. m— 1) and a certain intermediate altitude f (z;), where 
t; <2; < 24 4,. Then the area of one such rectangle is, obvious- 
ly, equal to 
f (z;) Ax, (é =0, 1, 2, ..., 2 —1) 
and, consequently, the area of the step-like figure consisting of n 
such rectangles will be 
Sn =f (Xo) Avy tf (x1) Aayt 6 +f (Gn) Ans (121-2) 
* Here we denote the curvilinear trapezoid and its area by one and the same 
letter S. The difference between them is seen from the context. 
19" 
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or in a briefer notation 
m-1 
Sn= dt f (x,) Ax;, (121-2°) 
i= 


where the Greek letter & (sigma) is used as the summation sign. 
Sum (121-2) or (121-2’) is called the integral sum for the function 
f (x)*. Since, as m — co and max | Az; |— 0, our strips turn into 


i 
the ordinates of the graph of the function y = f (z), it is natural to 
expect that 
b 


lim S,=S = \ f(x) dz. (121-3) 


Indeed, the following theorem is valid. 
Theorem. Jf a function f (x) is continuous on the closed interval 
[a, b], then the limit of its integral sum S,, asn —> co and max | Ax; |—> 


i 
—> Q, is equal to the corresponding definite integral of this function, i.e. 


n—1t b 
lim  >\ f(z) Ax= \ f (x) de**, (121-4) 
max | Ax,|+0 i=0 A 
Proof. Let 
Oe a 
b 


We set S= \ f (x) dx. By virtue of the additivity property, we have 


a 


n—1% gay 
S= >) | f@az. 
i=0 x; 
Hence, applying the mean-value theorem (Sec. 118), we shall have 
n-1 
S= dt) Ax, (124-5) 


where Az; = 234, — 2; >O and &; € [z;, 2;4,]. 
Consider the integral sum 


n—1 
Sn oar af (x;) Axi, (121-6) 


* The concept of integral sum (121-2’) is, naturally, generalized for the 
ease of an alternating-sign function. 

** In this meaning the integral sign represents a stylized letter S (the sum- 
mation sign), and the notation of the entire definite integral is a briefly written 
sum, of an infinite number of infinitesimal terms of the form f (zx) Ax = f (z) dz 
on the interval [a, 6] (from our point of view, the limit of such a sum). 
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where z; € [2z;, x 
From ae ere 5) and (121-6) we obtain 


S—S,="5) 1f &)—1 Gl de. (121-7) 
Hence 7 
| S—Sn |< D1 f(s) Ff (2) | | Az; |. (121-8) 


If ¢ is an arbitrary positive number, then for a sufficiently small 
max | Az; |, by virtue of the continuity of the function f (x), the 
following inequalities are ensured 


lf €:) —f(ti)|l<e (121-9) 
(the property of uniform continuity of a function f (x), see for in- 
stance, A Course of Mathematical Analysis by S. M. Nikolsky, 
Vol. 1, Chapter 9; Mir Publishers, Moscow, 1977). Therefore, from 
(121-9) and (121-8) we obtain 


n—-1 
\S—S, |< SleAx, = (b—a), (124-40) 
i=0 


where (b — a) is the length of the interval la, 5d). 

Since e€ is an arbitrary number, it follows from inequality (121-10) 
that 

lim S,=S, (121-11) 


i.eg equality (121-3) is valid. 


Note. If y = f (x) >0 on la, 5], then the area of the curvilinear 
trapezoid aABb will be understood, by definition, as the number 

S=lim S,, 

nN 00, 

assuming that this limit exists. 

Corollary. Jf a function f (x) > 0 is continuous on [a, b], then a 
curvilinear trapezoid {a <x < b Ox<y<f (x)} has a finite area, 
i.e. it is a squarable figure. 


Sec. 122. Approximate Evaluation 
of Definite Integrals 


The definite integral 
b 
\ f (x) dx (122-4) 


of a given continuous function y = f (x) is evaluated exactly by far 
not always. But, taking advantage of its geometrical meaning, we 
can give a number of approximate formulas with the aid of which 
this integral is found to any extent of accuracy. We are going to 
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consider here the simplest of them, the so-called trapezoid formula. 

As is known, integral (122-1) represents the area (see Note on 
page 285) of a curvilinear trapezoid bounded by the line y = f (z), 
the z-axis, and two ordinates x = a and xz = 5b (Fig. 137). 

Let us subdivide the interval [a, b] into m equal parts, each of 

b—a, 

length h = = 

Let 2, 21, - ++) Lp (Lp = a, Lp = b) be the abscissas of the divi- 
sion points and Yo, Yj, -- +, Yn the corresponding ordinates of the 
curve. We have the following computational formulas 


z= 2+ th, yi =f (x) 
(i = 0, 1, 2, ..., mn). As the result of the construction, our cur- 
vilinear trapezoid is separated into a number of vertical strips of one 


(the subdivision pitch). 


a=Zo Ly wae 


FIG. 137 


and the same width h. Each of these strips may be taken for a tra- 
pezoid. Summing up the areas of the trapezoids thus obtained, we 
shall have 

b 


Jf (2) de =F (yotys) + (Yat Ye) + eb y Unt Wn) 


b 
l yde wh (2+ yt+yet.-- +¥nat 2) (122-2) 


(the trapezoid formula). Formula (122-2) may be briefly written in 
the form 
b 


| ydewh > eis (122-3) 
a i=0 
where i= 5 for i=O and i=nand e;=1 fori=1,2,..., n—1. 
The error 
b 


Ri= | yde—h > ews 


a i=0 
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is called the remainder term of the trapezoid formula (122-3). It is 
proved that if the function y = f (z) has a continuous second deriv- 
ative f” (x) on the closed interval [a, b] then 


| Ry, | S “8 Mph?, 


where 
M,= max | f" (2) | 
<=x<b 


(see Computational Mathematics by B.P. Demidovich and I.A. Ma- 
ron, Chapter 16, Mir Publishers, Moscow, 1977). 


Example. Compute an approximate value of the integral 


i 


| ViFatde=T. 


0 


We divide the interval of integration [0, 1] into ten equal parts 
(n = 10); consequently, the pitch h = 0.1. 

The abscissas of the points of division x; (¢ = 0, 1, ..., 10) and 
the corresponding ordinates y; = 1+ 2?, computed with the 
aid of the table of square roots are tabulated below. For the sake of 
convenience, the ordinates y; are multiplied by the factor e; such 


that 6; = - for i = 0 and i = 10 (marked with an asterisk), and 


2; = 1 for i= 1;.2, 2.4 9. 

i xj | ei; 

0 0.0 0.5000* 
4 0.4 4.0050 
2 0.2 1.0198 
2 0.3 1.0440 
4 0.4 1.0770 
5 0.5 4.4180 
6 0.6 1.1662 
7 0.7 4.2207 
8 0.8 1.2806 
9 0.9 1.3454 
10 1.0 0.7071* 
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By formula (122-3) we have 
I ~ 0.1-11.4838 ~ 1.148. 


The exact value of the integral is 


T=SV2+5 In (1+V 2) w 1.1479. 


Sec. 123. Simpson’s Formula 


A more accurate formula is obtained if we assume that the curve 


bounding a curvilinear strip is a parabola. 
Consider the vertical strip bounded by a continuous curve y = 


NX 


hb Ok FIG. 138 


ai f 


= f (x), the x-axis (y = 0) and two vertical lines: x = —handz=h 
(Fig. 138). 

If h is sufficiently small, then the curve y = f (x) may be approx- 
imately replaced by the parabola 


Y =az®+ Br jy, (123-1) 


passing through the points A (—h, y_,), B (0, yo), and C (h, yj). 
Then 


p 
ydx=I1 
—h 
will be approximately equal to 
h 
3 2 h 
{ (a2?-+ ety) de= (2 45 +40) It = 
—h 
= 52 484 29h. (123-2) 
Setting in formula (123-1) in succession x = —h, 0, h, we get 


y,:= 0h? —Pph+y, yw=) W=ah+Pa+y. (123-3) 


Hence 
_1—2 
y=Vo = Poa Vor Hs (4123-4) 
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Substituting these values in formula (123-2), we shall have 
h 


4 h 
\ y da = zh (y-1—2Yot Ys) + 24h =F (Y-srt4yoty1) (128-5) 
—h 
(Simpson’s formula). 


Example. Using Simpson’s formula, find 


Putting h= >, we have y.,=0, yo=1, y,=0. Consequently, 
Ie 2 (04440) = S02 2.07 


(the exact value is J = 2). 


Translating the coordinate system, we can write Simpson’s for- 
mula in the form 


b 
| ydx => yi(a) + 4y\(—) +y®], (123-5") 
where h= 9 


Note. To increase the accuracy of computation of the definite inte- 
b 
eral \ y dz, the interval of integration [a, b] is usually subdivided 


into n subintervals, where 7 is a sufficiently large natural number, 
and Simpson’s formula (123-5) is applied to each of them, putting: 
h =*>8 . By virtue of the additivity property, the given definite 
integral will approximately represent the sum of the results thus. 
obtained (the parabolic formula) (see Computational Mathematics 
by B.P. Demidovich and I.A. Maron, Chapter 16, Mir Publishers, 
Moscow, 1977). 


Sec. 124. Improper Integrals 
When determining the integral 


\ f(x) dx (124-1) 


a 
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we assumed that: (1) the interval of integration [a, }] is finite and (2) 
the integrand f (xz) is defined and continuous on the interval [a, 5]. 
Such definite integral is called proper (the word ‘proper’ is usually 
omitted). If at least one of the two conditions is violated, then (124-1) 
will be called improper definite integral. Let us find out the meaning 
of this new concept for two simplest cases. 

I. Let a function f (x) be continuous for a<= x <( + oo. Then, by 
definition, we set 


+00 b 
\ f(x) dx= lim | £@) de. (124-2) 
a oa a 


Tf limit (124-2) exists, then the improper integral with an infinite 
dimit of integration standing in the left-hand side of equality (124-2) 
is called convergent and its value is determined by formula (124-2); 


FIG. 139 


otherwise equality (124-2) loses sense, the improper integral standing 
on the left is called divergent and no numerical value is assigned to it. 

Geometrically, for a function f (x) non-negative on [a, oo] improper 
integral (124-2) represents the area of a curvilinear figure bounded by 
the given curve y = f (x), the z-axis, and a vertical line x =a 
(Fig. 139). 

Let F(z) be an antiderivative for the integrand f(x). By for- 
mula (124-2), we have 

+00 

| f(x) de= lim [F (b)—F (a)]. 
e b>-+00 


Introducing the conventional notation 
F(+oo)= lim F (bd), 
b->-+0o 


‘we obtain for a convergent improper integral with an infinite upper 
limit of integration a generalized Newton-Leibniz formula 


-+- 00 
| f (2) da =F (+ 00)—F (a), (124-3) 


~where 


FY (x) = f (2). 
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Example 1. 


Ut aU 
+—0=4. 


dx _ ree | — 
\ eRe arctan x = arctan (-}: co) — arctan 0 = 5 


II. Let the function f (z) be continuous for a< x < b and have 
a point of discontinuity at x = b. Then the corresponding improper 
integral of a discontinuous function is determined by the formula 


b—-& 


b 
\4@ dz = lim \ f(x) dx (124-4) 
a te 1G 


and is called convergent or divergent depending on whether or not the 
limit of the right-hand member of equality (124-4) exists. 

If there exists a function F (x) continuous on [a, b] and such that 
F’ (x) =f (z) for ax x<b (a generalized antiderivative), then 
the Newton-Leibniz generalized formula 


b b—e 
jf (2) delim J f(a) d= lim [F (b—e)—F (a) = 
as as e++0 


= F (b)—F(a)= F (x)|" 
is valid for improper integral (124-4). 
Example 2. We have 


7 = z|,=2-0=2. 


Exercises 


4. Calculate the definite integra] 


Bu 
2 
] cos z dx 


ee 


and indicate its geometrical meaning. 
In Problems 2 to 4 compute the definite integrals. 


4 e 


2. | atde. 3. |= 4. \4 us 
0 
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5. Let 
y 
I= \ e? dt. 


x 


: al dl 
Find: (a) Ty? (b) —. 7 

6. Find the mean value of the function f (x) = Vz on the closed 
interval [1; 9]. 

7. Integrating by parts, as the following definite integrals: 


20 


(a) ee Qxdzx;  (b) (x—1) e-* dz. 


8. Using the indicated substitutions, compute the following 
definite integrals: 


x= t*, 


2 
(a) | Vi=ade, x=2sint; (b) iat oni 7 


9. Evaluate approximately the integral 


1 
dx 
\ 7 
0 
(a) by the trapezoid formula, (b) by Simpson’s formula, subdividing 
the interval [0, 1] into nm = 10 equal parts. Compare the results thus 
obtained with the exact value of the integral equal to In2~z 


~ 0.69315. 
10. Evaluate the following improper integrals: 


“ dx 
x - b 
(a) \ edz; (b) ves 


++ 00 


. dz 
;  (C) | arpeqT- 


0 
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Applications 
of the Definite Integral 


Sec. 125. Areas in Rectangular Coordinates 


Problem 1. Find the area S of a curvilinear trapezoid aABb 
bounded by a given continuous line y = f (x), the segmenta<mr<= 
< b of the z-axis, and two vertical lines x = aandz = Diff (xz) >0 
forax2z< b (Fig. 140). 

By the geometrical meaning of the definite integral, we have 


b 
s={ ydz, (125-1) 


where y = f (x) is the given function. 


Note. Formula (125-1) can be justified in another way. We shall 
consider the area S as a variable quantity obtained as the result of 
displacement of the current ordinate zM = y from the initial posi- 
(ion aA to the terminal position 08. Assigning an increment Az = 
-= dx to the current abscissa z, we obtain the increment of the area 
AS which represents the area of the vertical strip xM Mz’ contained 
between the ordinates at the points x and x’ = x + dx (Fig. 140). 
The differential of the area dS is the principal linear part of the in- 
crement AS as Az > 0 and is, obviously, equal to the area of the 
rectangle with the base dz and altitude y*; therefore 


dS = ydz (425-2) 
(the element of area in rectangular coordinates). Integrating equality 


(125-2) between the limits x = a and x = b, we shall have formula 
(125-1): 


b 
S=\ y da. 


* It is possible to prove rigorously that for a continuous function y = f (z) 
the area of the rectangle y dz differs from the area of the strip AS by a quantity 
of a higher order of smallness than dz. 
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In this particular example we have shown the application of the 
so-called method of differential whose main point consists in that first, 
proceeding from elements, we make up the differential of a required 
quantity, and then, integrating between the corresponding limits, 


FIG. 140 FIG. 141 


find the value of this quantity. In more detail this method is devel- 
oped in the theory of differential equations (see Chapter 22). 

The two basic methods applied in the theory of the definite inte- 
gral: (1) the method of integral sums (see Sec. 121) and (2) the method 
of differential, illustrated with ample examples, will be considered 
in the following sections. 


Example 1. Find the area S of the region bounded by the ellipse 
2 y2 { 
a | oF 


Since the ellipse is a symmetrical figure, we may confine ourselves 
to computing a quarter of the area S (Fig. 141). 
From the equation of the ellipse for the first quadrant we have 


yo 2 V a@— 22. 


Hence, formula (125-1), we obtain 
1 bf y= 
+s={ v= | Vata ade. 

0 


We use here the trigonometric substitution 
x=asint, dxr=acost dt. 


The new limits of integration ¢ = a and ¢ = 6B are determined from 
the equations 


QO=asint, a=asint. 
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We may set 
a=Q and p=—. 


Consequently, 


m ud 
2 


2 
5S = \ V a2— a2 sin? t-acostdt=ab { cos? t dt = 
0 0 


Ad 
rd (1+ cos 2t) dt => (t+ sin 2t) , gg 


and 


In particular, setting a = b, we shall obtain the area of a circle 
S = na? 
of radius a. 


Note. In more complicated cases we try to represent a given figure 
us a sum or a difference fof cur- 
vilinear trapezoids. 


Problem 2. Find the area of 
(he region bounded by two conti- 
nuous curves 

Yi =f, (x) and Ye = fe (2) 
(Yo = Ys) 
und two vertical lines:z=aand FIG. 142 
v= b (Fig. 142). 

We shall assume that y, =f, (x) and y. = fs (x) are non-negative 
functions on [a, b]. This can always be achieved by translating the 
v-axis. 

The desired area S can be regarded as the difference between two 
curvilinear trapezoids bounded by the given lines. Therefore, 

b b 
S= \ Y. dx — \ Y, ax 


a 


und, consequently, 


b 
S=\ (y2—y) de, (125-3) 
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where y, = f, (x) and y. = f. (x) are the given functions. Note that 
Yo — Yi = fe (t) — hh (2) 
represents the “thickness” of the area S at the point z. 


Example 2. Determine the area S bounded by the parabola y = 
= 7? + 1 and the straight line x + y = 3 (Fig. 148). 

Solving the system of equations of the parabola and the straight 
line: 

y=xr+i, 

r+y= 3, 


we find the abscissas of the points of intersection: x, = — 2 and 
Lo = 4. 

Setting y, =3—zandy, =2°+1, by 
formula (125-3), we get | 


4 
S= \ ((3—2)—(224+1)] de= 
2 


(2—x— 2?) dx =: (20-4 —+) 
—2 


=2(14+2)-5(1-4)—5 (14-8) =6 4 
"1G. 143 a re 
FIG Beery 3=45. 


Formula (125-1) is also applicable for computing areas of simple 

figures the equation of whose contour is represented parametrically. 
Example 3. Find the area S bounded by the first arc of the cycloid 
x=a(t—sinf), (125-4) 
y =a (1—cos?) 


and the x-axis (see Sec. 33, Fig. 47). 


We have 
Oma 
S= \ y dx. 
0 


We substitute the variables in this integral by taking the parameter 
¢ for an independent variable. From equation (125-4) we obtain 


dx = a (1 — cos f) dt, 
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and we have ¢ = O for zx = O and t = 2n for z = 2na. Hence, 
250 25 


= | a(1—cost)-a(1—cost) dt =a? (1—2cost+ cos? t) dt = 


0 0 


2m 
=a?| (t—2sin t) hee | ross dt |= 
; 0 


= q? [ 2n-+5 (t-++sin 2t) | = qa? (201 + 1) =3na?, 


Thus, we have obtained Galilei’s* theorem: The area bounded by an 
arc of a cycloid and its chord is equal to the tripled area of the generating 
circle. 


Sec. 126. Areas in Polar Coordinates 


Problem. Find the area S of the sector OAB bounded by a given 
continuous line 


ep =f (9) 


and two rays mp = @ and mo = BB where 0 and 9g are polar coordinates 
(Fig. 144). 

We are going to solve this problem using the method of differential. 

Suppose the area S appeared as the result of angular displacement 
of the radius vector (or polar radius) 9 = f (@) for p varying from 
pg =atoo = 6 (Fig. 144). If the current polar angle @ receives an 
increment dg, then the increment of area AS = area OMM"'. The 
differential dS represents the principal linear part of the increment 
AS as dp —» 0 and is equal to the area of a circular sector OMN of 
radius op and central angle dp**; therefore 


dS =+ MN-OM=5pdp-p=5p?dp (126-1) 


* Galileo Galilei (1564-1642). The founder of modern science, who said that 
the book of nature is written in mathematical symbols, was a mathematician, 
a physicist, an astronomer, a brilliant polemicist, and a talented writer. He 
formulated the principle of inertia and the laws of motion of the pendulum, of 
falling bodies, and of projectiles. He built some of the first telescopes and. used 
them to discover the moons of Jupiter and Saturn, the phases of Venus, the 
rotation of the sun, and the ruggedness of the lunar landscape. 

At the age of 70, Galileo was tried by the Inquisition for his Dialogue on the 
Two Great World Systems. He was forced to renounce the Copernican system and 
spent the rest of his life under house arrest. 

** Indeed, by analogy with the physical meaning of the differential (Sec. 98), 
the differential of area dS is equal to the imaginary increment of the area S 
when the radius vector p is rotated through the angle dg, provided it retains 
« constant length. Hence it is clear that dS is the area of a circular sector of 
a radius 9 and central angle dq. 
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(the element of area in polar coordinates). Integrating equality (126-1) 
between the limits g = a and » = f, we get the sought-for area 


B 
S== | prdg, 


oe 
aL 
where 9 = f (g) is the given function. 
Example. Find the area bounded by the cardioid 
0 =a (i+ cos @). 
Compiling a table of the corresponding values, we obtain 


It It 
Es | E> 


It 


2 


Using the values of @ and p from our table, we plot seven points of 
the cardioid and join them with a smooth line to get the general 
idea of the shape of this curve (Fig. 145). 

Since the cardioid is, obviously, symmetrical about the polar axis, 


FIG. 144 FIG. 145 


it is sufficient to determine the upper half of the area and then to 
double it. Denoting by S the total area enclosed by the cardioid, we 


shall have 
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Ilence 
Jt 


IU 
S= p? dp =a? | (1+ cos 9)? dp = 
0 


rome 


arf TU 
= a? ( | de +2 | cos p dg - cos? p dp). 
0 0 


Jt 
dp=t, | cos p dp =sin pf =0, 
0 


rs 


cos? dp => (1 -+ cos 29) dp=5 (p+ Fsin 29) = 
0 


we finally have 


31 
SES 6 
S = —- a. 


Sec. 127. The Are Length in Rectangular Coordinates 


Definition. The arc length of an arc AB is understood as the limit of 
the length of the polygonal line inscribed into this arc as the number of 
its segments increases indefinitely and the length of the greatest segment 
tends to zero. 

A curve is said to be smooth if this curve is continuous and has a 
tangent at each point which continuously changes its position from 
point to point. Obviously, a curve will be smooth if its equation can 
be written in the form 


y=f@) (@xzrq d), (127-1) 


where the function f (x) is continuous and has a continuous derivative 
/’ (x) on a given segment [a, DI. 

Theorem. Any smooth curve (127-1) has a definite finite arc length. 

Proof. We inscribe into the given smooth curve a polygonal line 
M,M,M,... M, (Fig. 146), where M, = A (a, f (a)) and M, = 
= B (b, f (b)). Projecting the segments M;_,M; (i = 1, 2, ..., n) 
of the polygonal line on the z-axis, we obtain the subdivision of the 
segment la, b] into a system of segments Az;. Let Ay; be the increment 
of the given function y = f (x) on the segment Az; (Fig. 146). By 
the Pythagorean theorem, we have 


Mj4M ; = V (Az;)? + (Ay;)?. 
Applying Lagrange’s theorem about the finite increment of a func- 


20% 
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tion (Sec. 85, Chapter 11), we get 
Ay; = Az;f’ (xi), 
where x; is an intermediate point of the segment Az*. Hence 
M;.M;= V1 +f"? (x;) Aaj, 


and, consequently the length of the entire polygonal line M,M,... 
... M, (i.e. its perimeter) is equal to 


II, = ey V1 + f°? (x;) Ax;. 


To find the length 7 of our curve (127-1) we have to pass to the lim- 


FIG. 146 


it in the last expression assuming that n — oo and max Az; — 0. 
Thus, 

I= lim 3S) V14+f'2(2;) Aq. 

max Ax;>0 i=1 

We have obtained the limit of an integral sum for the continuous 
function 

F (xz) =V 1+ f'? (2) 
(see Sec. 121, Chapter 14). Therefore 


I= | VIFF? @ae 
or : 
b ; 
I= \ Vt+y'2dz, (127-2) 
re ag (x) 


* Geometrically, Lj is the point of the segment Az; at which the tangent 
to the graph of the function y = f(z) is parallel to its chord M;_,M;. 
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The differential of an arc in rectangular coordinates. Let one point 
A (a, h) of the curve be fixed, and the other M (z, y) variable (Fig. 147). 
In such a case the arc length 1 = AM is a certain function of the 
variable x. According to formula (127-2), we have 


=| V1+y? as. 


a 


Whence using the theorem about the derivative of a definite integral 
with a variable upper limit (Sec. 114), we get 


' =ViFP 
and, hence, 

dl=I' dx=V1i+y"dz. 
Thus, 


dl=V1+y'2dz. 


This is just the formula for the differential of an arc in rectangular coor- 
dinates. 
Since 


,__ dy 
ar Te. 


we have 


dl = V (dx)? + (dy)?. | (127-3) 


It is curious to note that the last formula represents the Pythago- 
rean theorem for an infinitely small triangle MTP (Fig. 147). 


Example 1. Let us compute the arc length of a segment of a cate- 
nary (the plane curve in which a uniform flexible cable hangs when 
suspended, from two points). | 

Its equation in a properly chosen system of rectangular coordinates 
is 


y= 2 (er +e 7), (127-4) 


where a is a certain positive number (the parameter of the catenary)- 
Equation (127-4) can be written in a simpler way: 


y =acosh —, (127-4’) 


where cosh is hyperbolic cosine (see Sec. 78, Chapter 10). 
The lowest point A (0, a) of the catenary curve is called its vertex 
(Fig. 148). 
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Let us compute the length of the arc AB of the catenary assuming 
that the abscissa of the point B is equal to b, and its ordinate to h. 
Differentiating equation (127-4’), we have 


y’ = sinh — : 

Then we derive 

1+ y’?=1- sinh? — z= cosh? —, 
Hence, 

V {ty = cosh — : 
Whence, by (127-2), we obtain 


b b 
AB = \ cosh — dx =a cosh ~d(=)=asinh =| = 
a J a a a jo 
0 () 


F f ‘ ; b 
-a@ (sinh —— sinh 0) =a sinh = 


(see formula XIV of Sec. 105, Chapter 13). 
The formula for the arc length AB attains a simpler form if its 


FIG. 147 FIG. 148 


right-hand member is expressed in terms of the ordinate h of the point 
B. Indeed, obviously, 


h=acosh—. 
a 
By virtue of the identity 


. b 
sinh2 — = cosh2 Os { 
a a 
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we have 

—_ ee ee Sees 

AB=a 1/ cosh? — 1=Vh?—a?, 


i.e. the arc AB is equal to the leg OC of the right-angled triangle 
OAC (Fig. 148) whose hypotenuse AC = h, the other leg being equal 
to OA = a. 


Note. Let it be required to find the arc length J of a curve represent- 
ed parametrically: 


c=), y=pt) bats 7, 


where ¢ (¢) and w (¢) are continuously differentiable functions on 
[to, 7]. We can prove that formula (127-3) for the differential of the 
arc dl will be true in this case as well. Since 


dx =x dt, dy=vy' dt, 
we, therefore, have 
dl = V dx?+-dy2= V r'2-+y"2 dt. 


Integrating this expression between the limits ¢ = fy) and t = T, 
we obtain the desired length of the arc 


T 
=| Vat+y?de. (127-5) 
to 
Example 2. Find the length of the arc of the circle 
z=acost, y=asint 


from t = Otot = T. 
Here 


dx = —asintdt, dy =acost dt, 
therefore 
dl = V a? sin? t+ a? cos2t dt =adt 
and, consequently, 
T 
= \ adt=afl. 
0 
Example 3. Find the length of the curve of the astroid 
SS 2. 
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(Fig. 149). The equation of the astroid can be rewritten in the form 


1\2 1\2 1\2 

(23) + (43) = (a3) 
It is natural to introduce a parameter ¢, putting 

2 oe 

xe=a'cost, y%=a' sint. 
Hence, we get the parametric equations of the astroid 

x=acos*t, y=asin't, (127-6) 
where 0 < ¢t < 2n. 

Since (127-6) is a symmetrical curve, it is sufficient to find $ of 


FIG. 149 FIG. 150 


the arc length J corresponding to the change of the parameter ¢ from 
0 to > . We have 

dx = — 38acos?tsintdt, dy = 3asin’t¢ cost dt. 
Whence 

dl=Y dx? + dy? =3asint cost dt. 


Integrating this expression between the limits t=0 and i=>, 


U 
2 sin 2t dt = (—00s 2t) |? = 


ee 


ota] 


ALA 
=Ds 

=| 3a sintcostdt = 
0 


3a 3 
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Consequently the total length of the curve is 


3 
l=> a-4=6a. 


Sec. 128. The Arc Length in Polar Coordinates 


Let us first derive the differential dJ of an arc in polar coordinates. 
By formula (127-3) from the preceding section, we have 


(dl)? = (dx)? + (dy)’, 
where x and y are rectangular Cartesian coordinates of a point on the 


arc. 
As is known, the formulas for passing from the polar coordinates. 


o and og to the rectangular coordinates x and y are: 
x=pcosp, y=osing. 
Whence 
dx = cosgdo —psingdg, dy = sing do +p cos g dg. 
Squaring these expressions, we get 
(dx)? = cos’ g (do)? — 2p cos @ sin @ dp dg + p? sin’o (dq)’, 
(dy)? = sin? » (dp)? + 2p sin @ cos g dp dp + p? cos? @ (dq)?.. 
Adding these equalities termwise, we shall have 
(dl)* = (dp)* + p* (dg)’. 
Hence 
dl =V (dp)? + p (dg)? 
The last formula can be represented in the form 


dl=V Pp dg, (128-4) 
where 
,_ do 
Q —~ dp’ 


Problem. Find the arc length J of the continuously differentiable 
function 
p =f (9) 


between the points A (a, f (a)) and B (B, f (B)), where p and @ are 
the polar coordinates (Fig. 150). Integrating equality (128-1) be- 
tween the limits @ = @ and @ = f, we obtain the arc length in polar 
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coordinates 
B 
be \ V e+ p?de, 


a 
where 0 = f (q) is the given function and 9’ = f’ (q@) its derivative. 


Example. Compute the complete arc length of the cardioid 
(Fig. 145) 


0 =a(1-+ cos g). 
We have 

0° = —asin@. 
‘Therefore 

0? + 9? = a* (1 +2 cos @ + cos? m + sin? g) = 
= a* (2 + 2 cos g) = 2a? (1 + cos g) = 4a cos? 4 
and, consequently, 

Vp +p? = 2a| cos} 


Denoting the length of the upper half of the cardioid by > l, we get 
It wt 
= 1 = ~ P\_ =p es he 
b=20 \ cos > dp = 4a | cos d (+) = 4a (sin +) ; = 4a. 


0 U 


1 


Since the cardioid is a symmetrical curve, we find its entire arc 
length 1 


Ll = 8a. 


Sec. 129. Computing the Volume of a Solid 
by Known Cross Sections 


Problem. Knowing the law of variation of the area of a cross 
section of a solid, find the volume V of this solid (Fig. 151). 
Let Ox be a certain chosen direction and 


S = S(z) 


the area of a cross section perpendicular to the axis Ox at the point 
with the abscissa x. We shall assume that the function S (x) is known 
and continuously varying with a change of x. Besides, we shall assume 
that in a sense the contour of the section changes also “continuous- 
ly”. 
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Projecting the solid on the axis Ox, we obtain a segment [a, 5] 
which yields the linear dimension of the solid in the direction of the 
axis Ox. 

We then divide the segment [a, b] into a large number of small 
parts Az; (i = 1, 2, ..., nm) and through the points of division pass 


wv hd 


oa -1 
LILLE 


Oi) ~~ ~~ RE sea Ae 


FIG. 151 FIG. 152 


planes perpendicular to the axis Ox. These planes separate our solid 
into m layers each of which may be taken for a cylinder. Since the 
volume of the ith layer is approximately equal to 


S (x;) Az;, 


where x; is some point of the segment Az; (see Fig. 151), we obtain the 
following expression for the volume V of the solid: 


Vw >) S(x,) Ax. (129-1) 
i=l 


If n — oo and max | Az; | > 0, then approximate equality (129-1) 
becomes more and more exact, until the following limit is obtained 


V =lim ey S (x;) Ax;. 
noo i=1 
(129-1) represents an integral sum for the continuous function 
S (x), and its limit is the corresponding definite integral (see Sec. 121). 
Therefore 
b 
V =| S(a)dz. (129-2) 


Example 1. Find the volume V of a pyramid whose base is B and 
the altitude is H (Fig. 152). 
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For the axis Oz we shall take a straight line passing through the 
vertex O of the pyramid perpendicular to its base and directed from 
vertex to base. 

Let S be the area of the section by the plane passing at a distance 
xz from the vertex. Since the areas of parallel sections of a pyramid are 
to each other as the squares of their distances from the vertex, we 


have 


S a2 
BT HF 
hence 
B 
S = Fe 2 
From formula (128-2) we obtain 
H ‘: H oe ae. 2 
0 0 


which is concordant with the known geo- 
metrical formula. 


C & > Example 2. Let S, and S, be the areas 
of the lower and upper sections (respective- 


ly) of a “barrel-shaped” solid and S, the 
| H/2 area’ of its mid-section (Fig. 153). Then, 
applying Simpson’s formula to integral 


(129-2), we obtain 
H 
H 
ee V=\ S(2)dr=— (8,4 5,445), 
0 
where # is the altitude of the solid (Simpson’s volume formula). 


Sec. 130. The Volume of a Solid of Revolution 


Problem. Find the volume V,, of a solid obtained by rotating about 
the z-axis a curvilinear trapezoid aABb bounded by a given con- 
tinuous line 


y=f(x) (f(z) > 09), 
the segment a< z < b of the z-axis and two vertical lines zr = a 
and z = 6b (Fig. 154). 

This problem represents a particular case of the problem consid- 
ered in the preceding section. 

Here the area of the variable cross-section S = S (zx) corresponding 
to the abscissa z is a circle of radius y,: therefore 


S (x) = ny’. 
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Hence, by formula (129-2), we have 


b 
Vien \ y2dz, (130-1) 


ca 


where y = f (z) is the given function. 

Formula (130-1) can: be obtained directly applying the differential 
method. The element of volume dV,,, obviously represents a cylinder 
with the base S and altitude dz*. 
Consequently, 


dv, = ny” dx. 


Hence, integrating between the lim- 
its x =a and <=), we get formu- 
la (130-1). 


Note. Let a curvilinear trapezoid 
cCDd bounded by a_ single-valued 
continuous line z = g (y), a segment 
ex y< dof the y-axis, and two par- , 
allelsy = c andy =d revolve about FIG. 154 
the y-axis (Fig. 155). Then the volume 
of the solid of revolution thus obtained, by analogy with formula 
obtained (130-1), will be equal to 


d 
yor \ x* dy, (130-2) 


c 


where x = g (y) > 0 is the given function. 


Example. Determine the volume of a solid bounded by a surface 
obtained by revolving the ellipse 


4H at (130-3) 


about the major axis a (the z-axis) (Fig. 156). 

Since the given ellipse is symmetrical about the coordinate axes, 
it is sufficient to find the volume obtained by rotating about the axis 
OX the area OAB which is equal to a quarter of the area of the ellipse 
depicted in Fig. 156 and to double the result obtained. 


* In other words, dV, is the principal linear part of the increment of the 
variable volume V,. as the cross-section S (zx) displaces by an infinitely small 
quantity dz. 
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Let us denote the volume of a solid of revolution by V,; then by 
(130-1) we have 


where 0 and a are the abscissas of the points B and A. From the equa- 
tion of ellipse we find 


rob (1-3). 


Whence 
a " a b2 ( 
5Veon | (1-2) de=ad? | dx— > | atde= 
0 0 0 
7 Mb2 43 |a wb? =a 2 
— 2. ——————- @ ———— — at eR 2 
= 1b | a mab ae mab 


Consequently, we finally have 
= a mab2, 


Analogously, when ellipse (130-3) is rotated about the minor axis 


FIG. 155 FIG. 156 


b, the volume of the solid of revolution thus obtained is equal to 
4 
Vy = 3 mab. 
Setting a = b, we get the volume of a sphere of radius a: 


__ 4 3 
Vez na’. 
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Sec. 131. The Work of a Variable Force 


Problem. Find the work A of a continuous variable force F (zx) 
applied to a material point M when the latter is displaced along the 
axis Ox from the position x = a to the position x = b, assuming that 
the direction of the force coincides with the direction of displacement. 

Suppose the point M is moved from the position z to the position 
x + dx (Fig. 157). On the infinitesimal interval [z, x + dz] of length. 


a a az b ZZ FIG. 157 


dx the force F (x) may be approximately regarded as constant. There- 
fore, the element of work performed by the given force is equal to 


dA = F (x) dz. (131-1) 


Integrating expression (131-1) between the limits x = a and zx = b, 
we obtain the total work 


b 
A= \ F (2) dz. (134-2) 


Example. What amount of work should be spent to stretch a spring 
by 5 cm if a force of 100 N expands the spring by 1 cm? 

According to the Hooke law, the elastic force F acting on the spring 
increases proportionally to the expansion z of the spring, i.e. 


F = kz. 


Here the displacement xz is expressed in metres, and the force F in 
newtons. To determine the proportionality factor k, according to 
the initial condition of the problem, we set F = 100 N for x = 0.01 m. 
Hence 


100 = k-0.01, 


i.e. k = 10,000 and, consequently, 
F = 10,000. 


The required work, by formula (131-2), is equal to 


0.05 
0.05 


A= 10,0002 da = 500022 |” = 12.5 J. 
; 


320 A Brief Course of Higher Mathematics 


Sec. 132. Other Applications 
of the Definite Integral in Physics 


To illustrate the two principal methods used in the theory of the 
definite integral (1—the method of differential and 2—the method of 
integral sums), let us consider a few exam- 
ples. 


Example 1. The concentration of a sub- 
stance in water changes according to the 
law 


(132-1) 


where z is the depth of the layer. 

What amount of substance Q is contained 
in a vertical water column the area of whose 
FIG. 158 cross-section S = 1 m*® and the depth 

changes from 0 to 200 m? 

Let us consider an infinitely thin layer of the water column with 
the cross-section S and thickness dz found at the depth x (Fig. 158). 

The amount of the substance contained in this layer is equal to 


10x 
zt+i1 


Integrating this expression within the limits from 0 to 200, we obtain 


dQ=C-Sdr= dz. (132-2) 


=10(x¢—In(e+ 1) = 10 [200 —1n 201] =10-(200 — 5.3) =1947 g. 


Example 2. With what force does a uniform rod OS2e<l 
of line density 6 attract a material point P (a) (a >1) of mass m 
{Fig. 159)? 

According to Newton’s law, an infinitely small element of the rod 
[x, x + dz] of mass 6 dr attracts the material point P with a force 
whose magnitude is equal to 


m6 dx 
where & is a proportionality factor (the gravitational constant). 
‘Since these attractive forces act in one and the same direction, their 
magnitudes dF may be algebraically added and, consequently, in- 
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tegrated (since integral is the limit of an algebraic sum): 
l 


— —kmd \ tt = hind 


l 
(a— x)? a—x === h7 


= — km ( 1 -)=- kml 


a—l a a(a—l) °* 


Example 3. Determine the force with which water presses on a 
vertical circle of radius R whose centre is submerged into water to a 
depth H (H >2R). 

We take a vertical line with the origin O coinciding with the centre 
of the circle as the z-axis (Fig. 160). Then we partition the given circle 


into m narrow horizontal strips of thickness Az; (i = 1, 2, ..., n). 
2 “+r P 

7 > dit he ig ad 
FIG. 159 ae eee 


Consider the ith strip (AA’B’B) Az; thick situated at a distaace z; 
trom the centre of the circle (Fig. 157). If Ax; is a small quantity, then 
this strip may be approximate- 
ly taken for a rectangle, and 
(herefore its area 


AS; AB - Ax; = 
=2V R2—2? Az;. 


Assuming that the submer- 
sion level of the strip is equal 
lo H —z;, by the Pascal law, 
we obtain the magnitude of 
the pressure force exerted by 
(he water upon this strip 


y (H — 2;) AS; = 

= 2y (H — 2;) V R2— a? Aq;, 
where is the specific weight FIG. 160 
of water. 


Summing up these expressions, we get the approximate value of the 
pressure force P exerted by the water on the entire plate 


Pw x Qy (H —x;) V R2— x? Az;. (132-4) 


“1—0875 
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The smaller Az;, the more precise is this formula. In the limit, as 
nm —»oo and max Az; > 0, we shall obtain a precise formula for 
determining the water pressure 


P=lim >) 2y(H—2,;) V R?—<a3 Az;. (132-5) 
noo i=1 


(132-4) is an integral sum for the function 


f (1) =2y (H—2) VR? @; 


therefore its limit is the corresponding definite integral. Hence, from 
(132-5) we ind | 


r 
- > 


H—x))V R?—2#2 dx=nyR2H. 


Exercises 


In ‘Problems 1 to 10 find the area of the figure bounded by the in- 
dicated lines: 

1. Parabolas y = x? and y? = z.: 

2. Hyperbola zy = a? and straight lines y = 0, x = b, and zx = 
= 2b (b > 0). 
- Parabola y = Qn — x and the x-axis. 


. Witch of Agnesi y = = (a2 >0O) and the z-axis. 


Curve y = e* and Sigdioht lines x = 0 and y — e. 
. Parabola y = 2 (x — 1) (8 — x) and the z-axis. 

. Parabola y? = 2 (x — 1) and a straight line x = 3. 
. Curve y = 2* and straight lines y = 2 and x = 0. 
. Parabolas y = 1 = and. y= 2 — 7. 

10. Astroid £= aco t, y= as sink t (Ot < 2n). 
. oe Find the arc length of the semicuhical r parabola 

boo 4 i 

y = a xe 


\. 


oe ss ax! 


/ 
é 


from the point 2, = 0 to the point z, = 8. 
12. Find the arc length of the curve 
x23 1 
from the point z, = 1 to the point z, = e. 
13. Find the arc length of one arc of the cycloid 


x =a (t — sin 2), = a (1 — cos f) (0O<t < 2n). 
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14. Construct the lemniscate 
0? = a* cos 29 


and find the area of the entire region bounded by this line. 

15. Construct the three-leafed rose 9 = a sin 39 and find the area 
of the region bounded by this line. 

16. Compute the arc length of the logarithmic spiral 


» = aeme? (a >0, m>Q0), 


contained inside the circle 


0 =a. 
17. Construct the curve 
0 = 2a sin? + 


and find its arc length. 

18. Find the volume of the obelisk whose bases are rectangles 
with sides A, B and a, 0, and the altitude is equal toh. 

19. By means of integration, find the volume of a ball of radius R. 

In Problems 20 to 23 find the volume of the solid obtained by re- 
volving about the x-axis a region bounded by the following lines: 

20. y = 2x — x’, y = 0. 

21. One half-wave of the sinusoid y = sin x and y = 0. 

22. y=secxr, y = 0, z=ts. 

23 =o Y 2: 

In Peoblens D4 and 25 find the volume of the solid generated by 
rotating about the y-axis a region bounded by the, following lines: 


24, y=h (=)’, y=h (paraboloid of revolution) 


25. y =e*, y = 0 and «x = 0. 
26. The velocity of a point changes with time ¢ according to the 
law 


v = 0.0123 m/s. 
What distance will be covered by the point during 10 seconds? What 


is the average velocity of motion? 
27. Specific heat of a body at a temperature f° is equal to 


ec = 0.2 + 0.0011. 


What amount of heat is required to warm 1g of the body from 0°C to 
100°C? 


ott 
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28. Line density of a rod 0 < x < 1 of length 2 is equal to 


q=qsin—=, 


where gy is a constant. Find the mass of the rod. 

29. A cylinder of diameter 20 cm and length 80 cm is filled with 
vapour at a pressure of 100 N/cm®. What work is required to reduce 
the volume of the vapour by half with temperature unchanged? 

30. Find the pressure force exerted by water upon a vertical semi- 
circular shield of radius a whose diameter lies on the water surface. 


Chapter 16 


Complex Numbers 


Sec. 133. Arithmetic Operations on Complex Numbers 


As is known, a complex number is defined as an expression of the 
form 


z2=e+iy=re+yi (133-1) 
where x and y are any real numbers and i is the so-called imaginary 
unit (i? = — 1). 


The numbers of the form z + i0 = z are identified with real num- 
bers; in particular, 0 + i0 = 0. The numbers of the form 0 + iy = 
= iy are called pure imaginary numbers. 

The real numbers z and y are called the real and the imaginary part, 
respectively, of the number z and are denoted in the following way 


x=Rez, y=Imz. (133-2) 
The modulus of the complex number z is mG Cr HOO’ as a non- 


negative number 
{ 


Jz] =[(Rez)?-+ (Im 2)2]* =V Fy S0. (133-3) 

The conjugate number z to number (133-1) is defined as the number 

z2=a2+i(—y) =x — iy. (133-4) 

Thus, 

Rez =Rez, Imz=—Imz (133-5) 
and 

[z|=|z|. (133-6) 


On the set of complex numbers the equality of two numbers, as 
well as the operations of addition, subtraction, multiplication, and 
division, are defined in the following way. 
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I. Let 2, = @y4 a U4 and Zo = Lo —+ LY 9. Then 
21 = So <_ Rez, = Re Zo, Im 2, = Im 2g. 


In particular, z= 0 <> Rez = 0, Imz = 0. 
IT. 2) - 2g = (4, + te) + i (yr + 2). 
Hence it follows that 


Re (z, + 2.) = Rez, + Rez, 
and 
Im (2, + 2.) = Im z, + Im 2y. 


IIT. 212g = (24%q — YiYe) +t (HiY2 + ey). 
Hence, in particular, we obtain an important relation 
W== (0 + i1) (0+ 1) = (0—1) +71(04 0) = —1. (133-7) 


Note that this rule is obtained formally by multiplying the bino- 
mials x, + iy, and zz, + iy,, taking into account (133-7). 
It is also obvious that for z = xz + iy and z = x — iy we have: 


z= |2|2= 22+ y2. 
We can easily check the following properties: 


(1) (j=; (2) %tmR=ytH; 


(3) 422=2%; (4) (2)=2 (#0); 


z+z Z—2Z 
(9) Rez=——, Imz=—5—. 


Sec. 134. The Complex Plane 


Consider a plane with a rectangular coordinate system Oxy. Each 
complex number z = x + iy can be represented by a point z in the 
zy-plane (Fig. 161), this correspondence being one-to-one. The plane 
on which such correspondence is established is called the complex 
plane, and instead of complex numbers we speak of points of the com- 
plex plane. 

Located on the x-axis are real numbers: z = x + Oi = x; there- 
fore it is called the real azis (or the axis of reals). Pure imaginary 
numbers z=0O-+iy = iy lie on the y-axis, the latter being 
called the imaginary azis. 
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Note that r = | z | represents the distance of the point z from the 
origin. 

Each point z is associated with its radius vector Oz. The angle 
formed by the radius vector of the point z with the z-axis is called the 
argument @~ = Argz of this point. Here —oo < Argz< + ow. 
For the point z = 0 the argument is arbitrary. The least (by modulus) 
value of Arg z is called its principal value and is denoted as arg z: 


—nui< argz< iQ. | (134-1) 
For the argument @ we have (Fig. 161) 
COS @ =— , sin g== , tang= =, (134-2) 


where r= J 22+ y?. 
Example. (1) arg2=0; (2) arg (— 1)=n; +(3) argi=—, 


The modulus r and the argument @ of a complex number z can be 
regarded (see Fig. 161) as the polar coordinates of the point z. Hence 
we get 


x=rcosg, y=rsin@g. (134-3) 
Thus, we have the trigonometric form of a complex number 
z= 2+ ly =reos@ + irsin p =r (cos p +7 sin 9), (134-4) 


where r= |z|, » = Argz. 

Theorem 1. As complex numbers are added, their radius vectors are 
added (according to the rule of parallelogram). 

Indeed, if the number z, = z, + iy, corresponds to the point with 
the coordinates (z,, y,), and the number z, = z,. + iy, to the point 


FIG. 161 FIG. 162 


with the coordinates (7.2, y,), then to the number z, +z, there cor- 
responds the point (x; + 29, y; + Y2). Since the hatched right trian- 
gles with the legs z, and y. are congruent (Fig. 162), the quadrilateral 
with the vertices 0, 21, 2; -+ 29, 2, is a parallelogram. Consequently, 
the radius vector of the point z, + 2z, is the sum of the radius vectors 
of the points z, and zg, (cf. Sec. 146, ‘Chapter 18). 
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Corollary. Since z is the length of the vector Oz, we have 
123 + 22 |< [21 [+ | 22 |. 


Theorem 2. As complex numbers are subtracted, their radius vectors 
are subtracted. 

Since z, — 2, = 2, + (—2,), the difference z, — z, is equal to the 

—> 
second diagonal of the parallelogram constructed on the vectors Oz 
—>- 

and Oz’ (Fig. 163), i.e. it is equal to the dif- 
ference of the radius vectors of the points 
z, and 2, (cf. Sec. 147). 

Corollary. The distance between the two 
points z and 2’ is equal to 


p (2, z)=|2 —2]. 


Sec. 135. Theorems on the Modulus 
and Argument 


Theorem 1. The modulus of a product of 
FIG. 163 complex numbers is equal to the product of the 
moduli of these numbers while the argument of 
the product is equal to the sum of the arguments of the cofactors. 
Indeed, if 


2, =, (cos g, +i sin gi), 2, = Te (cos M2 + i Sin Qa), 
then we have 

ZZ, = yrq [(cos @, COS Mg — Sin g, Sin My) + (sin @, Cos mg, + 

+ cos Q; sin e)] = ryrz loos (p, + Pe) + i sin (G1 + Go). 

Whence 

| 2122 | = Tyre = | 21 [> [20 | 
and 

Arg 2425 = Q, + @, = Arg z, + Arg 2, (135-1) 


where the values of many-valued functions Arg standing in the left- 
and right-hand sides of equality (135-1) should be chosen in a proper 
way. This remark should be taken into consideration for further rea- 
soning as well. 

Corollary. The modulus of an integral power of a complex number is 
equal to the same power of the modulus of this number, while the argu- 
ment of the power is equal to the argument of the number multiplied by 
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the exponent, i.e. 
[2" |= |2 |", Arg2” =nArgz 
(nm a positive integer). | 
The proof follows directly from considering a product of equal. 
cofactors. 


Example. Construct the point z’ = iz. 
We have 


jz |= ]é]-|z)=121, 


Arg z’ = Arg iz = argi+argz =—-+-argz. 


Consequently, when multiplied by i, 
—>- 


the vector Oz is turned by a right angle FIG. 164 
anticlockwise (Fig. 164). 

Theorem 2. The modulus of a quotient of two complex numbers is 
equal to the quotient of the moduli of these numbers, while the argument 
of the quotient is equal to the difference of the arguments of the divisor and: 
dividend. 

Let 


2; = 1, (cos g, + isin @,), 2 = re (cos @. + t sin Pe) % 0. 
Since 


Zo = To (cos M2 — i sin @2) = rz [cos (—g,_) + i sin (—q,)], 
by Theorem 1 we have 


ame OS joo —_ 
sc 


_ 11 , (cos gi + isin 9) [cos (—q)+isin(—g,)] _ 
To (COs G+ é Sin Me) (COS Pa— i Sin Mo) = 


= + [cos (P1— G2) +i sin (Gi—qe)] (re #1). 


Hence 
Os PL, 21 | 
Zo lo |Z2|] ” 


Sec. 136. Taking the Root from a Complex Number 
Let 
i 2=p (cosp+isin y), (136-1) 
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where z = r (cos g + isin g). Then, on the basis of the preceding 
section, we have 


z = [p (cos p + i sin p)]" = 0” (cos np + i sin ny). (136-2) 
Hence we obtain 

eo =r, np=@ + 2kn (it = 0, +1, +2, ...). (136-3) 
‘Thus, 

p= T=V [2 
and | 


| —_ n/>_ Qtakn _ arg z+ 2kn 
p= Arg y/z=2o— = Se 


Note that here j/ r is understood as the arithmetic value of the root. 


FIG. 165 


Here it is sufficient to take for the number & only the values k = 
=0,1,2, ..., nm — 1, since all other values of k yield already found 
values of the root. 

Hence, finally we have 


n/> n/t arg z-+ 2kn - 6 argz+2kn © 
"a= Ig (cos EATS" 4 jsin SBA | 
(k=0, 1, 2,...,n—1). (136-4) 


It follows from (136-4) that the nth root of any complex number 
z= 0 has exactly n values. 


Example. Find W=;}/ —1-+i. Since 


—1+i=/V2 (cos SF 4 isin =.) 
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by (136-4) we have 


3m 
ieee —— + 2kn ——+ 2kn 
w=V V3 co a + ane de 


=V/2 [cos (F+3%)+isin(F+3*)] (&=0, 4, 2). 


Hence 
W = 2 (cos +isin +), . 
W,=// 2| cos ($+) + isin (+ +) l= 
7 =j/ 2 (cos 35m +isin yn), 
W.=V/ 2| cos (+f) +isin (+) |= 
= /9 (cos 5 m+isings x). 


The points Wy, W,, We. represent three equidistant points lying on 
a circle of radius j/ 2 (Fig. 165). 


Sec. 137. The Concept of a Function 
of a Complex Variable 


Suppose we are given two complex planes Oxy (plane z) and O’uv 
(plane w). 

Definition. Jf/, according to a certain law f, each point z € E (where 
E is a set of points of the plane z) is associated with a unique point w € E’ 
(E’ a set of points belonging to the plane w), then w is said to be a single- 
valued function of 2: 


w = f (2) (137-1) 
with the domain of definition E whose values belong to the set E’ 


FIG. 166 


(Fig. 166). If the set of values of the function f (z) exhausts the entire 
set EZ’, then LE’ is called the set of values (the domain of variation) of 
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the function f (z). In this case we write 
EK’ =f (£). (137-2): 
The sets E and E’ can be represented on one complex plane. 


Thus, each complex function realizes a single-valued (in one direction): 
mapping of one set onto the other. Due to this fact, complex functions. 


Z 


FIG. 167 


find their applications in such fields of science as hydrodynamics and 
aerodynamics. With their aid it is convenient to describe a “history” 
of motion of a certain volume of liquid (or gas). 

The branch of mathematics studying the properties of complex 
functions is named the theory of functions of a complex variable. 


Example. Into what does the sector E 
O<arge<s, 0<i[zj<i 


(Fig. 167, a) go in the mapping w = 22? 
We have 
argw = 2argz<i 7 

and 
jwl=|zP<1. 


Therefore, the mapped domain E’ represents a_ semi-circle 
(Fig. 167, 5). 


Exercises 
1. Find 
gene. 
(V 3—i)% © 


2. Construct the following domains: 

(a) O< Rez<1; (b) Imz >2; 

(c) O< arg B<; (d) |z|<1. 

3. Into what does the square with the vertices 0, 1,1 + i, i belong- 
ing to the plane z go in the mapping w = 2°? 


Chapter I7 


Determinants of Second 
and Third Order 


Sec. 138. Second-Order Determinants 


A determinant of the second order is a square array of type 


a, ob, 


D = — A,b5— And, (138-1) 


a, by 


(see also Sec. 5, Chapter 1). 

The numbers a,, },, ds, be are called elements of the determinant; 
they are arranged in two rows and two columns. In our further rea- 
soning we shall always assume that all the quantities under consid- 
eration are real. 

Formula (138-1) gives the rule for “expanding” a determinant of 
the second order, namely: a determinant of the second order is equal to 
the difference of products of its elements of the first and second diagonals. 

Second-order determinants are useful for solving simultaneous 
linear systems of two equations in two unknowns: 


Ay + by = C1; ! 
AoX +. boy —_ Co. 


Such a linear system with the constant terms in the right-hand side 
we shall call, for definiteness, a standard system. 

Any pair of numbers (z, y) reducing this system to an identity will 
be called the solution of simultaneous system (138-2). If there exists 
only one such pair, then the solution is said to be unique. The con- 
cept of solution of a simultaneous system in n unknowns (n = 1, 2, 
3, ...) is introduced analogously. 

To find the solutions of system (138-2), we use the following meth- 
od. Multiplying the first equation of the system by b, and the 
second by —b,, and then adding, we shall have 


(a,b, — @51) tL > Cid, — Coby. (138-3) 


(138-2) 
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Analogously, multiplying the first equation of system (138-2) 
by —a, and the second by a,, and adding, we shall obtain 


(a,b, — apb;) y = Q1Co = Aly. (138-4) 
Let us introduce the determinant of the system 
D= a, by 

Ar dy 


and also the additional determinants 
Ds C, Oy Qy Cy 


’ 7) oe 


Co dy ag Co 


Note that the additional determinants D, and D, are obtained from 

the determinant of the system D by replacing the coefficients of the 

indicated unknown by the corresponding constant terms. 
Equations (138-3) and (138-4) attain the form 


Dx =D,, Dy =D,. (138-5) 
If D #0, then system (138-2) has a unique solution 


D 
pane, y= (138-6) 
(Cramer’s formulas). The fact that system of numbers (138-6) is the 
solution of system (138-2) can be verified by substituting them into 
system (138-2). 


Note. If the determinant D = 0, then system (138-2) has either no 
solution (it is incompatible), or an infinite number of solutions (i.e. 
the system is indefinite). 


Example. Solve the system 


(z—6by =09, ee 
ee ied eer) 
We have 

7 —6 | 
D=|, 4 j= —49448=—1, 

9 —6 

De=|_ io ~ 7 [= —35—60 = ~98, 

a | 
D, =| 8 410 | —70—40 = — 110. | 
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Hence, by Cramer's formulas, we obtain 


_ Dy  —95 
t= =z = 9, 
Dy — 410 
= py om ea 110. 


Geometrically, the solution (95, 110) represents the point of in- 
tersection of straight lines (138-7). 


Sec. 139. A System of Two Homogeneous Equations 
in Three Unknowns 


Consider: the following homogeneous system 


a,x + by -+e4z=0, | 
AoX + boy -- CoZ — Q. 
This system is always compatible, since, obviously, it has a zero 

solution: z = 0, y = 0, z = O. But we are interested in finding non- 


zero solutions (z, y, z) of system (139-1). Let, for instance, z ¢ 0. 
Then we can rewrite our system as follows 


(139-1) 


+h, = —4, 
(139-2) 
zr, y 
Ay — + by —- = — Cp. 
Hence, assuming that 
eee 
ales A, be Fe ,] 
we obtain 
x 4 | —e1 Oo 4 [or ey 
oD ee elke DO. ear oe 
y 4 | % a a ee O(a | 
z Dia —c,| £Dia, e| (139-4) 


Let us introduce into consideration the matriz of the coefficients of 
system (139-1) 


Qa, Oy C 


(139-5) 


a, be Cy 


The second-order determinants D,, D,, and D, which are obtained 
from this matrix by deleting the corresponding column are called its 
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minors. Thus, we have 


by Cy a, cy a, b, 


? 37 


q D,= 


= D, 


a Aa, be 


by Ce Ay Cy 
Using these notations we may rewrite equations (139-3) and (139-4) 
in the following form: 


Bice, Wi Ue 

zs Ds,’ a De 

Whence we get 

sie OT OR , 
De Sp, = De (139-6) 


Equalities (139-6) are obviously valid for a zero solution as well. 

And so, we have the following rule: The unknowns of a homogeneous 
system (139-1) are proportional to the corresponding minors of the matrix 
of its coefficients taken with proper signs. 

Denoting by ¢ the proportionality factor for ratios (139-6), we 
get the complete system of solutions of system (139-1): 

z=D,t, y=-—-oDt, 2=D,t (—oo << t<i + oo). 

(139-7) 

In deriving the above formulas, we proceed from the assumption 
that D = D, #0. But, as it is easy to get convinced, formulas 
(139-7) will be true if any (at least one) of the minors D,, Do, Ds 
is non-zero. 


Note. If all the minors (D,, D,, D;) are equal to zero, then system 
(139-1) requires a special consideration. 


Example. Solve the system 
x—2y+3z=0, 

Az + oy —6z=0. 

Compiling the matrix of the coefficients 


(139-8) 


1 —2 3 
' o —6 i 
we find its minors 
—2 3 
Di = 5 _g [a t2-15= 3, 
1 3 
D.= |, _ 4 |=—8—t2= 18, 
| 1 —2 
Ds=| =548=13 
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On the basis of formula (139-7), the complete set of solutions of 
system (139-8) has the form 
g=—3, y= +18, z= 138, 


where —oo < ft < + oo. 
The simplest non-zero solution of system (139-1) obtained for 
t= 1 is: c= — 3, y = 18, z = 138. 


Sec. 140. Third-Order Determinants 


Definition 1. The expression 
a, oy C4 


A, Og 
D — Qo b, Co = a, -|- Ci as bs (140-1) 


Q3 C3 
a, bs Cz 


is called the determinant of the third order. 
The numbers a;, b;, c; (i = 1, 2, 3) are called elements of the deter- 
minant. They are arranged in three rows and three columns. 
Expanding the second-order determinants (minors) in formula 
(140-1) and collecting terms with the same sign, we see that a deter- 
minant of the third order represents an alternating sum of six terms 


D = AybeC3 -1. AobsC1 + A30jCo = a1b5Co — A,b,C3 — AsboC1, 


(140-2) 
of which three are taken with plus, and three with minus. 

Example. Compute . 

12 3 
Dea 2 734), (140-3) 

3 4 5 
Using formula (140-1), we have 

3.4 2 4 2 3 

p=11, 5|-2+/3 [te 3 Ac 


=4.(—1) —2.(—2) 4. 3.(—1) =0. 
Later on we shall introduce more convenient methods for evaluat- 
ing determinants of the third order. 


Definition 2. A minor of any element of a determinant of the third 
order is the determinant of the second order obtained from the given de- 
ferminant by deleting the row and column in which the element stands. 


~2—0875 
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For example, the minor of element 2 of determinant (140-3) (this 
element is contained in its second row and first column) is the deter- 
minant 
2s 
45 

Henceforward, for brevity, we shall state that an element of a 
determinant of the third order occupies an even place if the sum of 
the position numbers of the row and the column in which the ele- 
ment stands is an even number, and an odd place if this sum is an 
odd number. 

Definition 3. The cofactor (or the signed minor, or the algebraic 
adjunct) of an element of a determinant of the third order is the minor 
of this element taken with the plus sign if the element occupies an even 
place, and with the minus sign if its place is odd. 

Thus, if M denotes the minor of an element of a determinant, and 
i and j the number of row and the number of column, respectively, 
at the intersection of which the given element stands, then its co- 
factor is 


A = (—1)i¥M. 
For instance, for the element c, of determinant (140-1) contained in 
the second row and in the third. column its cofactor is 
a, oy 
a, bs as 3 


The signs prefixed in this event to the minor of elements of determi- 
nants can be specified by the following table 


M= SZ. 


a, by 


C, = (— 1)** 


+ — + 


Let us agree to denote the cofactors of elements of a determinant 
whose elements are expressed by letters by the corresponding capital 
letters. 

Expansion theorem. A determinant of the third order is equal to the 
sum of the products of the elements of some row by their cofactors. 

Thus, for determinant (140-1) the following six expansions are 
valid: 

D=a,A,+0,B,+¢,C,, 

D — aA, + 6B, -- CoCo, (140-4) 

D=a3;A3;+63B3-+¢3C3 
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and 
D=a,A, + @,A, + a3Az, 
D=5,B,+06,B,+ b3Bs3, (140-5) 
D=ce,C,+¢,C, + ¢3C3. J 


It is easy to check that formulas (140-4) and (140-5) yield one and 
the same expression (140-2) taken for the definition. 


Note. With the aid of formulas of type (140-4) or (140-5) it is 
possible to introduce determinants of higher orders. 


Sec. 141. Basic Properties of Determinants 


In formulating the properties we shall not indicate the order of 
determinants, since they are valid for determinants of any order. 

I. The magnitude of a determinant does not change if each of the 
rows is substituted by a column of the same position number, i.e. 


a, Of & Q, A, az 
ao b. Co — b, bs bs Fy (144-4) 
az 63 C3 C4 Co C3 


Indeed, expanding the first determinant in terms of the elements of 
the first row, and the second in terms of the elements of the first col- 
umn, by the expansion theorem (Sec. 140), we shall obtain one and 
the same result. 

Il. If any two rows or any two columns are interchanged, the absolute 
value of a determinant remains unaltered, while the .sign is reversed. 

Let, for instance, in the determinant 


a, Oy ey 
D = Qo bs Co (141-2) 
a3 bs C3 


(le first and second rows be interchanged: then we shall have the 
dcelerminant 


Aa, Oy Cy 
D=l|a, b, cy |. (141-2’) 
a3 63 ¢3 


I'xpanding the determinant D in terms of the elements of the sec- 
aud row and taking into account that the parity of positions of 
(hese elements has changed due to the interchange of the rows, we 


hb ve 
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shall have: 
D = a, (—A,) + b, (—B,) + e¢ (—C) = — D. 


Similar results are obtained in other cases. 

Corollary 1. A determinant having two identical rows or columns is 
equal to zero. 

Indeed, let, for instance, 


ad, O, & 
D= Q, b, Cy 
a3; b3 Cy 


Interchanging the first and the second rows of the determinant, due 
to the theorem, we get the determinant —D. But obviously, this 
operation does not change the determinant D; therefore —D = D 
and, hence, D = 0. 

Corollary 2. The sum of the products of the elements of some row or 
column of a determinant by the cofactors of the corresponding elements of 
a parallel row or column is equal to zero, i.e. for determinant (141-2) 
we have 


a,A,+o6,B,+¢,C,=0, 
tM, + 04D, + C02 (141-3) 
a,A,+b,B,+¢,C3=0 
and so on, as also 
B,+a,B, +a,B;,=0, 
Q,5,+ a,b, +43b3 ! 41-4) 
aC, + aC» -+- asl; = 0 


and so on (all in all we can write twelve such relations). 

The left-hand members of all relations of (141-3) and (141-4) rep- 
resent the expansions of the corresponding determinants of the third 
order containing two identical rows, and, hence, are equal to zero. 
For example, 


a, by ey 
Q,A,+b,Bo+e,Cg=| a, 6, cy |=0 
a3 bs C3 


(here the expansion should be carried out in the second row!). 
III. A common factor of all the elements of one row (or of one column) 
may be taken outside the sign of the determinant, i.e. 


ka, kb, ke, a, by cy 
Qo b. Co — k ao bo Co 
a; 63 C3 az; bz C3 


and so on. 
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This property follows directly from the expansion of a determinant 
in terms of elements of the corresponding row. 

Corollary 1. If all the elements of some row of a determinant are 
equal to zero, then the determinant is equal to zero. 

Corollary 2. Jf the elements of some row of a determinant are pro- 
portional to the corresponding elements of its parallel row, then the de- 
terminant is equal to zero. The same holds true for columns. 

For instance, we have 


a, by ey a, by ey 
ka, kb, ke,|=kl\a, 6, c, |=0 
a, 53 C3 a, 53 Cs 

and so on. 


IV. If every element of some column (row) is the sum of two terms, 
then the determinant is equal to the sum of two determinants: one con- 
taining only the first term in place of each sum, the other only the second 
term (the remaining elements of both determinants are the same as 
in the given determinant). 

For instance, we have 


A, +a, +B, ty 


Ap, by Co | = (G44 4) Ay + (0, +81) Bi + 
as bs C3 
+ (C4 V4) Cy = (4 Ag + Oy By + 0404) + (Ag t+ ByBy + W141) = 
a, Oy ey a Pi V4 
=|@, b, Co}+ | a, 5, Cy 
a, 03 C3 a, 03 ¢3 


and so on. 
Corollary. The numerical value of a determinant remains unchanged 
if to all the elements of some row we add (or subtract) terms proportional 
to the corresponding elements of a parallel row with one and the same pro- 
portionality factor (so-called “elementary transformations of a deter- 
minant”), 
Indeed, let 
a, by ey 
D=\a, by Cp}. 
a3 b3 Cs 
Let us consider, for instance, the determinants 
adj+ka, b,+hb, c, tke, 
dD = Qo bs Co 


as b; C3 
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Taking advantage of properties IV and III, we shall have 


a, by & a, Od, Cs 
D=|a, b ce |+kla, b ec |=D+k-0=D. 
a, bs C3 a, bs Cz 


Elementary transformations yield a convenient method for com- 
puting determinants. 


Example. Evaluate the symmetric determinant 


12 3 
D=|)2 1 2 
oO 2. A 


Subtracting the doubled first row from the second row and the 
tripled first row from the third row, we get 


1 2 3 
D=|0 —3 —4|=1- 
0 —4 —8 


—3 —4 


- 73 [24 16=8, 


Sec. 142. A System of Three Linear Equations 


Consider a standard linear system of three equations 
a,x+ by +42 = dy, 
yx +- Dey + C92 = dp, 
Asx + bsy + ¢32 = ds, 
whose constant terms represent the right-hand members of the equa- 


tions. Any set of three numbers (z, y,z) satisfying this system is said 
to be its solution. 


Let us introduce the determinant of the system 


(142-1) 


ay by “ey. 
D= Ao bo Co ’ (142-2) 
az bs C3 


and also the additional determinants 


d, 5, Fey Fay dy ¢ a, by d, 
tT —_ F a 
D,, =| dz by Co ty D, = {ao dg Co|, D,=| a by ds |. 
a3; b3 Cy a3; dg C3 a3 b3 ds 
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Multiplying in succession the equations of system (142-1) by the 
cofactors A,, A», A; of the corresponding elements a,, ds, a; of the 
first column of the determinant D, we obtain 


(Q;A; + @2A_ + @3A3) 2 + (0)A; + 02A_ + 53A35) y + 
+ (c,A, + CAs + C3A 3) s= dA, + d,As +- d,A 3. (142-4) 

Hence, using the expansion theorem (Sec. 140) and corollary 2 
to property II, we shall have 

Dze+0-y + 0-2 = D,, 
1.e. 

Dx = D,. (142-5) 

Using now the cofactors of the elements of the second and third 
columns of the determinant D, we find in a similar way 

Dy =D,, Dz=D,. (142-5’) 

If the determinant of the system D +~ 0, then from equations 
(142-5) and (142-5") we obtain the unique solution of system (142-1): 


D D D, * 
L = 5 ’ \ aaa a = D ° (142-6) 


Thus, we have Cramer’s rule: The unknowns of a standard linear 
system (142-1) with a non-zero determinant represent fractions whose 
denominator is the determinant of the system, the numerators being 
equal to the corresponding additional determinants. 


Note. If the determinant of the system D = OQ, then system (142-1) 
is either incompatible or has an infinite number of, solutions. 


Example. Solve the system 
z+2y+3z2z=1, 

22+3y+ z2=0, 

sx+ y+2z=0. 

We have 


D= 


© wo = 


2 
3 
1 


NO = 


* We have proved here that if a solution of system (142-1) exists, then it 
is expressed by formulas (142-6). We can get convinced by a direct substitution 
that for D 40 formulas (142-6) yield the solution of system (142-1). 
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Subtracting the doubled first column from the second column and 
the tripled first column from the third column, we get 


1 0 0 ; : 
=(2 —1 —5j—14. 75 7 |= 7-25= 18 #0. 
3 —o —7 
For the additional determinants we find the following values: 
a eee 
Delors 4 =1-)4 9|=5 
O01 2 
113 2 4 
D,=|2 0 1 —1-|, 7 —-1, 
o 0 2 
1. 2: A 9 3 
D, = 23 ofa1-[3 4] —7. 
o 1 0 
Using Cramer’s rule, we obtain the solution of the system: 
pedeg onl, “Ait 


Sec. 143. A Homogeneous System 
of Three Linear Equations 


Consider the linear system 


asx + byy+e42=0, 
AoX + boy “- CoZ — 0, (143-1) 


asx + bsy + ¢32=0, 
whose constant terms are equal to zero. Such linear system is called 


homogeneous. 
Homogeneous linear system (143-1), obviously, allows a zero so- 


lution: z = 0, y = 0, z = Oand, consequently, is always compatible. 
It is of interest to find out the cases when a homogeneous system 


has non-zero solutions. 
Theorem. A linear homogeneous system of three linear equations in 


three unknowns has non-zero solutions if and only if its determinant is 
equal to zero, 1.e. 
a, Oy cy 

D — as bs Co — Q. 
a, bs Cs 


(143-2) 


Ch. 17. Determinants of Second and Third Order 345: 


Proof. Let us assume that system (143-1) has a non-zero solution 
(21, Yi, 2,). If its determinant D = 0, then, by Cramer’s formulas, 
system (143-1) has only a zero solution which contradicts the assump- 
tion. Hence, D = 0. 

Suppose D = Q. Then linear system (143-1) is either incompatible, 
or has an infinite number of solutions. But our system is compatible, 
since it has a zero solution. Consequently, system (143-1) allows an. 
infinite number of solutions including non-zero ones. 


Note. Let us indicate here the method for finding non-zero solu- 
tions of homogeneous system (143-1) in a typical case. 

Suppose the determinant of the system D = 0, but not all of its: 
second-order minors are equal to zero. 

We shall assume that 


a, 0b, 


O3= A, 0» 


+0 (143-3) 


(this can always be achieved by permuting the equations and chang-: 
ing the numeration of the unknowns). 

Consider the subsystem consisting of the first two equations of 
system (143-1) 


a,x+-b,y+e,z2=0, 


ax + boy +¢,2=0. (143-4): 


According to Sec. 139, the solutions of this system have the form. 


Pel A st, Y = Bt, a= Ct (143-5): 
(—oo <1 ¢t < + oo), where Az, B3, Cz are the corresponding signed 
minors. Substituting these numbers into the third (unused) equation 
of system (143-1) and taking into consideration that the determinant. 
D=0, we get 


Ast + bsy + C33 = (a,A 5 + 6B, + CC’ 3) t= Dt = 0. 


Consequently, formulas (143-5), where ¢ is arbitrary, yield all 
solutions of complete system (1438-1). 

Geometrically, the equations of system (143-1) represent the equa- 
tions of the three planes in the space Ozyz (see Sec. 162, Chapter 19). 
If (1) the determinant D + 0, then all these planes intersect at the 
unique point O (0, 0, 0); but if (2) the determinant D = 0 but not 
all of its second-order minors are equal to zero, then in our case these 
planes intersect along a straight line (like the sheets of a book). We 
leave without consideration the case when the three planes merge. 
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Sec. 144. A System of Linear Equations 
in Many Unknowns. Gauss’ Method 


Consider a system of n linear equations in n unknowns: 
QyyXy + Ay%y + «2. + Ajnon = 44, nts 


QoL, + Age%o-+ «1. +@antn = 42, n+4) 


Ani L4 + Anolg t+... + Onnln =4n, nit: 


Here for the coefficients a system of double subscripts has been in- 
troduced, namely, the first subscript of the coefficient a;, denotes the 
number of the equation, and the second the number of the unknown. 
For the sake of convenience, the constant terms are denoted by 


Bie ON Dy wrong MY: 


The simplest method for solving system (144-1) is the method of 
elimination. We are going to set it forth in the form of Gauss’ scheme 
(usually called Gauss’ method). 

Let, for definiteness. a,, = 0 be the “leading coefficient”. Dividing 
‘all the terms of the first equation by a,,, we shall have a reduced 
equation 


(144-1) 


y+ yey +... 1 Cinta = C1, nti (144-2) 
where 
tee G=4,2 n+1) (144-3) 
j a eee . 


Consider the ith equation of system (144-1) 
QjyLy TP Ajole +. +. F Aintn = Qj, n4t- (144-4) 


‘To eliminate z, from this equation, we multiply reduced equation 
(144-2) by a,, and subtract the obtained equation from equation 
(144-4). Then we shall have 


a> t+... + nan = OS nat, (144-5) 
‘where 
ayy = ayy — Ay%y = 2,3, ..., 7+ 1). (144-6) 


Thus, we obtain a shortened system 


(1) (1) 
459 Xo + coe + Aon Lyn = a2, n+19 


Tone eres ne er ee (144-7) 


{ (1) (1) 
avis ty + Se rae Tan =4n,n+1) 


whose coefficients are determined by formulas (144-6). 
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If its leading coefficient is a; ~~ 0, then, using the above indicated 
method, we can eliminate the unknown z, from system (144-7), and 
the new coefficients will be computed by the formulas of type (144-6) 
and so on. This part of computations is called the direct operation of 
Gauss’ method. 

To determine the unknowns z,, 25, ..., 2, let us consider the 
reduced equations 


Ty AyoLe + 0.6. + Uj ntn = Qi, n+1) 


(1)), y(t) 
Lo +... + Qintn 2, n+19 (144-8) 


Hence we find in succession the unknowns (the reverse operation) 


(n—1) 
Ln = An, n+ 


(n—-2) (n—2) 
Un-1 = An-1, n+1— An-1, tn (144-9) 
4 tw fee ey eee, Jer Seca: To ee tle Gel ae SR OSA is GE es, te ee Me ee 
Hy = O41, nti Aint nm 2 0 omy, nap ni1 — - - » Ayo Xq. 


Note that operations (144-9) are carried out without division. 

If the next leading coefficient turns out to be equal to zero, the 
equations of the system should be properly rearranged. Of course, it 
is possible that system (144-1) is incompatible. Then, naturally, 
Gauss’ method allows no realization. 


Example. Using Gauss’ method, solve the system 

22,— 32, + 42, = 20, 

32, + 4%,—22,= —11, (144-10) 
4x, +27,+327,;=9. 


We compile a table of the coefficients of system (144-10), regard- 
ing its constant terms as coefficients of x° = 1: 


x1 xo : x3 | x0 | p> | 

=| —3 4, 2() 23 

3 4 —2 —i1 —6 i 
4 2 3 ) 18 
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| 


Table (continued) 


x2 | X3 


x1 | | > 
8.5 ame —4I —40.5 
8 | —5 —34 98 
— II 
4 | —0,625 | —3.875 | —3.5 
| 
— 2.6875 | —8.0625 | 10 75 
Korg i Ac erates oe Su fie nites tae Ill 
1 | 3 | 4 
4 3 4 
{ ae) —{ IV 
4 { 2 


The last column 2 contains the sums of elements of the correspond- 
ing rows of the table; it serves to check the computations. 

Regarding the marked coefficient 2 as leading and dividing by it 
all the elements of the first row of the table (including the one enter- 
ing the column 2), we obtain the coefficients of the first reduced equa- 
tion (see the table). The current check of calculations is realized by that 
the element from the column 2% is equal to the sum of the remaining 
elements of this row. This is how section I of the table is filled in. 

Then, using formula (144-6), we compute the coefficients of the 
shortened system not containing the unknown z,. For the sake of 
obviousness, we shall call the row containing the coefficients of a 
reduced equation a reduced row, and the column containing the lead- 
ing element of a section a leading column. Then, on the basis of for- 
mula (144-6), the following rule holds true: The transformed coeffi- 
cients of Gauss’ scheme are equal to its initial coefficients minus the pro- 
duct of their “projections” on the corresponding reduced row and the 
leading column of the table. Using this rule, we fill in section II of 
the table, the check column included. For the convenience of com- 
putations, we take element 8 as the leading coefficient of section II 
(see the table). 

Section III is filled in in a similar way. And this is the end of the 
direct operations of Gauss’ scheme. 

The unknowns £3, 22, and x, are determined in succession from the 
reduced equations 


L3 = 3, 
Lo — 0.6252, == 3.875, Ly — ea y an —- 2k a 10. 
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Hence 
rz = 3, 
Lo = — 3.875 + 0.625-3 = — 2, 
x, = 10 — 2:3 + 1.5-(—2) = 1 
(reverse operations). The results of the reverse operations are tabulated 


in section IV. 
Note that if the elements of the column > are taken as constant 


terms, then for the unknowns we obtain the values ty = 4, fo = 


= — i, r= = 2 which exceed by unity the value of the unknowns 
23, Ly, XL. This ensures the final check of the computations carried 
out. 


Exercises 


1. Evaluate the following second-order determinants: 
—i7 cosa —sina 

(a) g _7|? 

2. With the aid of determinants solve the system 

xz+0.9y=1, 


sing cosa 


1.4¢+y=—2. 

3. Find the solutions of the system 
c+y=41, 

2x4 +-2y=a 


(a parameter). 
4. Find the point of intersection of the straight lines 


or t+ay=1, 
x--Sy= —3 


(a parameter). 
9. Solve the system 


x —d3y+5z=0, 
7x— 9y—11z=0. 


Indicate a certain integral non-zero solution of this system. 
6. Evaluate the following third-order determinants: 


0 1 2 1° 2. 3 x 2% 23 | 
(a) | —1 03]; (b)|}4 4 9]3 (ce) | 1 2x 32x? ], 
—2 —3 0 1 8 27 0 2 62 
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7. Solve the equation 
z—1 1 4 
1 a«—1 1 =(). 
1 1 «s—i1 
8. With the aid of determinants solve the system 
—art+dsy+5z=—1, 
or-+ yt+3z=2, 
or -+3y— z= —d. 
9. Solve the system 


x+2y+3z2=0, 

2x—dsy+4z=0, 

sx— ytiz=0. 

10. Solve the system 
axr=—O0, 

zt+ty=0, 

x+z=0 


(% parameter). 
11. Using Gauss’ method solve the system 


2, +22,+32,+427,= —10, 
22,+32,-+ 47,—9027,= — 8, 
32, + 42,.—527,— 62, =4, 
4x,— 929 —623— 72, = 24. 


Chapter 18 


Fundamentals 
of Vector Algebra 


Sec. 145. Scalars and Vectors 


A quantity completely characterized by its numerical value in a 
chosen system of units is called scalar or the scalar. The mass of a 
body, its volume and temperature, etc. are examples of scalars. The 
scalar is defined by a number, positive or negative, or equal to zero. 

In addition to the numerical value, a quantity may also be spec- 
ied by a certain direction. Such a quantity is called vector or the 
vector. Force, displacement, velocity, etc. belong to vectors. A vector 
is defined by a number and direction. 

Vectors are usually denoted by boldface letters, for instance, a. 
Geometrically, a vector is represented by a directed line segment in 
space (Fig. 168). We denote such a directed segment by the symbol 


AB (a = AB), where the point A is the initial point and the point 
/} the terminal point, and we usually draw 


it as an arrow. a 
The length of a vector a, a 
[a] =a, A 


which is also called the absolute value (or fra. 468 
modulus) of the vector, is understood as its 
numerical value without taking into consideration its direction. (Nat- 


urally, the symbol | AB |, denotes the length (modulus) of the 


vector AB.) Vector 0 whose modulus is equal to zero is called the 
null-vector (its direction being arbitrary). 

Two (non-zero) vectors a and b are said to be equal if they lie on 
parallel or coinciding straight lines (parallelism in a broad sense), 
lave the same length and are in the same direction. Let us agree 
here not to distinguish among equal vectors, and thus we have arrived 
lo the concept of a free vector. In other words, a free vector may be 
(ransferred into any point in space provided its length and direction 
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are preserved. In particular, free vectors can be reduced to a common 
origin. Henceforward we shall discuss the theory of free vectors in 
a three-dimensional space. 


Sec. 146. The Sum of Several Vectors 


Definition. The sum of several vectors, for instance, a, b, ec, d, (Fig. 
169) is a vector 


s-at+b-o+e-+d, 


—— 
equal (by absolute value and direction) to the resultant OM of a three-di- 
mensional polygonal line constructed on the given vectors. 

In case of two vectors a and b (Fig. 170) their sum s is the diagonal 
of the parallelogram constructed on these vectors emanating from a 
common point of their application, or 
from the origin (the parallelogram 
law). 

Since in any triangle the length of 
one side does not exceed the sum of the 
lengths of two other sides, from Fig. 
170 we have 


nen Jatbl<lal+ pl, 
i.e. the modulus of a sum of two vectors does not exceed the sum of the 
moduli of these vectors. 
—> 
The sum s of three vectors a, b, ec (Fig. 171) is the diagonal OM of 


b 
FIG. 170 FIG. 171 


a parallelepiped constructed on these vectors (the parallelepiped law). 
It is easy to check that for the addition of vectors the following 
properties are valid: 
(1) commutative property 


at+b=b-+ as, 
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i.e. a sum of vectors does not depend on the order in which the vectors are 
added; : 
(2) associative property 


a+ (b+ec)=(a+b)+e=a+b+e, 


i.e. the sum of three (or more) vectors is independent of the order in which 
the parentheses are arranged. 


For each vector a = OA (Fig. 172) there exists an opposite vector 


FIG. 172 A’ ag A 


—a = OA" which has the same length but an opposite direction. 
By the parallelogram law, we obviously have 


a+ (—a) = 0, 


where 0 is a null-vector. 
It is easy to check that 


a+ 0 =. 


Sec. 147. The Difference of Vectors 


The difference of the vectors a and b (Fig. 173) should be understood 
as the vector 


d=a—pb 
such that 
btd=a — (147-1) 


Note that in the parallelogram construct- 
ed on the given vectors a and b (Fig. 170) 
(heir difference is the other diagonal of the FIG. 173 
parallelogram. 

It is easy to check that the following rule of subtraction is valid: 


a—b=a-+ (—b). 


Sec. 148. Multiplication of a Vector by a Scalar 

Definition. The product of a vector a by a scalar k (Fig. 174) is a 
vector 

b = ka = ak, 


23-0875 
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whose length is b = | k | a and whose direction: (1) coincides with the 
direction of the vector a if k > 0; (2) is in the opposite sense if k < 0; 
(3) is arbitrary if k = 0. 

It is easy to get convinced that this vector operation possesses the 
following properties: 


(1) (A+ l)a = ka + la, 
k (a+ b) = ka + kb; 
(2) k (la) = (kl) a; 


(3) 1-a=a, (—t)a=-—a, O-a=0 
(k, 1 scalars). 
Example. (a + b) + (a — b) = 2a. 


If we divide a non-zero vector a by its length a = |fa | (i.e. mul- 
ha (ke) a ka (hk) 
Soe 


tiply by the scalar =) , then we shall obtain a unit vector e, which 
is in the same direction 


a 
e= — 


a 


Hence, we have the standard formula of the vector 
a = ae. (148-1) 


Formula (148-1) is formally true for the null-vector a = 0 as well, 
where a = O and e is an arbitrary unit vector. 


Sec. 149. Collinear Vectors 


—> —-> 

Definition. Two vectors a = OA and b = O'B (Fig. 175) are called 

collinear if they are parallel in a broad sense (i.e. they are situated either 
on parallel lines, or on one and the same line). 

Since the direction of a null-vector is arbitrary, we may assume that 


the null-vector is collinear to any vector. 
Theorem. Two non-zero vectors a and b are collinear if and only if 


they are proportional to each other, i.e. 
b = ka (149-1) 


(&% scalar). 
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Proof. (4) Let the vectors a and b (a + 0, b = 0) be collinear and 
e, e’ be their unit vectors. 


We have 

a=ae and b = be’. (149-2) 
Obviously, 

e’ = +e, (149-3) 


where the plus sign corresponds to the case when the vectors a and 
b are of the same direction, and the minus 
sign is taken when the vectors a and b have 
opposite directions. 

From formulas (149-2) and (149-3) we ob- 


(ain 


b b 
be a2 0e =e ‘(ae) = + —a, 


wherefrom formula (149-1) is derived, where as 
k = bla. FIG. 175 
(2) If equality (149-1) is fulfilled, then the 
collinearity of the vectors a and b follows directly from the sense of 
multiplication of vectors by a scalar (see Sec. 148). 


Sec. 150. Coplanar Vectors 


Definition. Three vectors a, b, and ec are called coplanar if they are 
parallel to a certain plane in a broad sense (i.e. either parallel to this 
plane, or lie in it). 

We may also state that the vectors a, b, and e are coplanar if and 
only if, when reduced to a common origin, they lie in one and the 
same plane. 

According to the sense of the definition, three vectors among which 
there is at least one null-vector are coplanar. 

Theorem. Three non-zero vectors a, b, and ¢ are coplanar if and only 
if one of them isa linear combination of the others, i.e., for instance, 


c = ka + lb (150-1) 


(/;, Lb scalars). 

Proof. (1) Let the vectors a, b, and ¢ be coplanar, lie in the plane P, 
and have a common origin O (Fig. 176). 

Let us first assume that these vectors are not all collinear pairwise, 
for instance, the vectors a and b are not collinear. Then, decomposing 
(he vector c into a sum of vectors ¢, and ¢c, collinear to the vectors a 


oS as 
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and b, respectively, by virtue of Sec. 149 we shall have 
e=ec, +a =—ka-+ b, (150-2) 


where k and / are the corresponding scalars. 

If the vectors a, b, e are 
collinear pairwise, then we 
may write 


ec = ka = ka + Ob, (150-3) 


and thus condition (150-1) is 
fulfilled once again. 

(2) Conversely, if for the 
vectors a = OA, b= OB, and 
© = 0C (Fig. 176) condition 
FIG. 176 (150-1) is fulfilled, then, by 

the sense of the corresponding 

vector operations, the vector 
c is situated in the plane containing the vectors a and b, i.e. these 
vectors are coplanar. 


Example. The vectors a, a + b, a — b are coplanar, since 


a= (a+b) + (a—b). 


Sec. 151. The Projection of a Vector on an Axis 


A directed straight line is called the azis. Its direction is usually 
denoted by an arrow. We shall regard the specified direction of the 
axis aS positive and the opposite direction as negative. 

Definition 1. The projection of the point A on the azis lL is the foot 
A’ of a perpendicular AA’ dropped from the point A onto this axis. 

The perpendicular 4A’ is understood here as a straight line inter- 
secting the axis / and making right angles with it*. Thus, the pro- 
jection A’ is the intersection of the plane passing through the point 
A and perpendicular to the axis / with this axis. 

Definition 2. The component (or geometric projection) of the vector 


a = AB with respect to the axis | (Fig. 177) is the vector 
—_— 
a’ = A'B’, 


* Remember that all geometrical objects are considered here in a three- 
dimensional space. 
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whose origin A’ is the projection of the origin A of the vector a on the 
axis l, and the terminus of which B’ is the projection of the terminus B 
of this vector on this azis. 

Definition 3. The algebraic projection of the vector a on the azis l 
is the scalar 


—_ 
a,;=+|A'B’], 


equal to the length (modulus) of its component a’ along the axis 1 taken 
with the plus sign if the component is in the same direction as the axis l, 
and with the minus sign if the component is in the opposite direction. 

If a = 0, then we set a, = 
=a), 

It should be noted here 
that if e is the unit vector of 
the axis /, then the following 
equality holds true for the 
component a’ 


a’ = aye. (154-1) | A’ B 4 
Theorem 1. The projection FIG. 177 
ef a vector a on the azis l is 


oqual to the product of the length a of the vector by the cosine of the an- 
gle between the direction of the 


A vector and the direction of the 
veh | axis, i.e. 
la ae 


7 a’ A! Z a,=acosg, g=Z (a, l). 
(4) , (151-2) 
A 

| a yp ; ga 
Proof. Since a = OA is a free 
| u-P | vector (Fig. 178), we may as- 
A’ a’ " oe sume that its origin O lies on the 

(bd) axis l. 

VIG. 178 (1) If the angle @ between the 


vector a and the axis / is acute 
(0 <qo< =), the direction of the component a’ = OA’ of the 
vector a coincides with the direction of the axis / (Fig. 178, a). In 
this case we have 
a, = pr; a = + | OA’ | = OA cos p = a Cos @. 
(2) If the angle m between the vector and the axis 1 is obtuse 
(> <Qg<x x] (Fig. 178, b), the direction of the component, a’ = 
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—- 
= QA’ of the vector a is opposite to that of the axis J. Then we obtain 
ae / 
a; = pr; a = — | OA’ | = —AO cos (xn — G—) = +24 Cos @. 


Thus, formula (151-2) has been proved. 

Corollary 1. The projection of a vector on the azis is (1) positive if 
this vector forms an acute angle with the axis; (2) negative if this angle 
is obtuse, and (3) zero if this an- 
gle is a right one. 

Corollary 2. The projections of 
equal vectors on one and the same 
axis are equal to each other. 

Theorem 2. The projection of a 


s / eee: sum of several vectors on a given 
a ae C' BL axis is equal to the sum of their 
projections on this azis. 
FIG. 179 Proof. Let, for instance, 
s=a-+b-+e, 


—> —>- —- 
where (Fig. 179) a = OA, b = AB and ec = BC and, consequently, 
poe 
s= OC. 
Denoting the projections of the points O, A, B, C on the axis l 


by O’, A’, B’, C’ and taking into consideration the directions of the 
components (see Fig. 179), we have 


Ai Ara Saat ae 
prs= +(0C' |= 4+|OA|4 AB |—-| BC | = 
=pr,a-+pr,b+pr,¢, (151-3) 


which was to be proved. 

Corollary. The projection of a closed vector line on any axis is equal 
to zero. 

Theorem 3. When'multiplying a vector bya scalar, its projection on 
a given axis is multiplied by this scalar, i.e. 


pr; (ka) = k pr; a. (151-4) 


Formula (151-4) follows from Theorem 1 as well as from the sense 
of multiplying a vector by a scalar. 

Corollary. The projection of a linear combination of vectors is equal 
to the linear combination of the projections of these vectors, i.e. 


pr; (kya + kb) = kypr, a + kapr)b. 
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Sec. 152. The Rectangular Cartesian Coordinates 
in Space 


Let (Fig. 180) Ox, Oy, Oz be three mutually perpendicular axes in 
a three-dimensional space (the coordinate axes) emanating from a com- 
mon point O (the origin) and forming a right-handed triple (a right- 
handed coordinate system), i.e. oriented according to the right-handed 
screw rule. In other words, for 
the observer viewing along the 
axis Oz the nearest rotation of 
the axis Ox towards the axis Oy 
is seen as occurring anticlockwise. 
Three mutually perpendicu- 
Jar planes Oyz, Ozz, and Oxy 
passing through the correspond- 
ing axes are called the coordi- 
nate planes. They separate the 
entire space into eight octants. 

For each point M in space 
(I'ig. 180) there exists its radius pig. 180 


vector r = OM whose initial po- 
int: is the origin O (of coordinates) and whose terminal point is the 
given point M. 

Definition. The rectangular Cartesian coordinates x, y, 2 of a point 
M are understood to be the projections of its radius vector r on the corres- 
ponding coordinate azes, i.e. 


Lie PST WS tS (152-1) 


ITenceforward, for the sake of brevity, we shall call rectangular Car- 
lesian coordinates simply the rectangular coordinates. 

The point M with the coordinates x,y,z is denoted as M (a, y, 2) 
where the first coordinate is called the abscissa, the second the ordi- 
nate, and the third the z-coordinate of the point M. 

To find these coordinates, we pass through the point M three planes 
MA, MB, MC perpendicular to the axes Ox, Oy, Oz, respectively 
(Fig. 180). Then, on these axes we obtain the following directed seg- 
ments 


OA=2, OB=y, OC =z, (152-2) 


whose lengths are numerically equal to the coordinates of the point 
M. 

The radius vector r is the diagonal of the parallelepiped [I with 
the dimensions | z |, | y |, | z | formed by the planes MA, MB, MC 
and the coordinate planes. Therefore 


r=VPPPre. (152-3) 
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Designating by a, B, y (0 < a, 6, y < a) the angles between the 
radius vector r and the coordinate axes, we shall have 


x=rcoa, y=rcosp, z=rcosy. (152-4) 


The cosines cos a, cos B, cos y are called the direction cosines of 
the radius vector r. Taking into account (152-3), we obtain from 


(152-4) 
12 y2 22 
cos’ a + cos?B-+ cos y=—7-+-7+—4=1, (192-5) 


i.e. the sum of the squares of the direction cosines of the radius vector of 
a point in space is equal to unity. 

From (152-4) it follows that a coordinate of the point MM is positive 
if the radius vector of this point forms an acute angle with the cor- 
responding coordinate axis, and negative if the angle is obtuse. In 
particular, in the first octant of space whose edges constitute positive 
coordinate semi-axes all coordinates of the points contained are pos- 
itive. In the remaining octants the coordinates corresponding to the 
negatively directed edges will be negative. 

The dimensions | z |, | y |, | z | of the parallelepiped II are equal 
to the distances of the point M from the coordinate planes Oyz, 
Ozx, Oxy, respectively. Thus, the rectangular coordinates of the point 
M inspace represent the distances of this point from the coordinate planes 
taken with proper signs. 

In particular, if the point M (z, y, z) lies on the plane Oyz, then 
x = 0; if on the plane Ozz, then y = 0; and if on the plane Oxy, 
then z = O; and conversely. 


Sec. 153. The Length and Direction of a Vector 


Let there be given a vector a in the space Oxyz. The projections of 
this vector on the coordinate axes 

Ay = Prya, Ay = prya, a, = pra (153-1) 
are called the coordinates of the vector a, and the vector will be written 
in the following notation: a = {a,, a,, a,}. 

Since a is a free vector, we may regard it as the radius vector of the 
point M (a,, a,, a,). Hence we get the length of the vector 


ja] -a=V a2 +42 +4 a2, (153-2) 
i.e. the modulus of a vector is equal to the square root of the sum of the 


squares of its coordinates. 
The direction cosines of the vector a are determined from the equa- 


tions 
dy = acos a, dy =acosf—, a, =acosy, (153-3) 
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where 
cos? a + cos? B + cos? y = 1, (153-4) 


i.e. the sum of the squares of the direction cosines of a vector is equal to 
unity. The direction cosines of a non-zero vector determine its direc- 
tion uniquely. Consequently, a vector is completely characterized by 
its coordinates. 


Example. Find the length and direction of the vector 
a = {1, 2, —2}. 

We have 

a=VP+2T(—2F=3 


and 
_ ay 41 i aes — az 2 

cosa=—- ==, cosp=—-=7, a ar 
Hence 

@ = arccos - ~ 70°30’, 

8 =arccos = =~ 48°10’, 

ca 2 orn 
7 = a¥rccos (—+) ow 131°50". 


Thus, the vector a forms acute angles with the coordinate axes Ox 
and Oy and an obtuse angle with the coordinate axis Oz. 


Sec. 154. The Distance Between Two Points in Space 


— 

Let M, (2, y,, 2) be the initial point of the segment 1 = M,M, 

and M, (Ze, Ye, 22) its terminal point. The points M, and M, can be 

specified by their radius vectors r, = {2,, y,, 2} and rg = {2o, Yo, Zo} 

(Fig. 181). Considering the vector 1 = MM ,, from the triangle 
OM,M,, we shall have 

bS75 = Ty: (154-1) 


Projecting this vector equality on the coordinate axes and taking into 
consideration the properties of projections, we shall obtain 


lL, =2Lg—%, ly =Yo—yy, |L = 2% — Y. (154-2) 
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Thus, the projections of a directed segment on the coordinate axes are 
equal to the differences between the corresponding coordinates of the ter- 
minus and origin of the segment. 

From formulas (154-2) we obtain the length of the segment (or, 
in other words, the difference between two points M, and M,) 


l= VE Si F i= V (t2— ©)? + (Yo— Y1)* + (2,— 24). (104-3) 


And so, the distance between two points in space is equal to the square 
root of the sum of the squares of like coordinates of these points. 


Example. A_ rocket displaced rectilinearly from the point 
M, (10, —20, 0) to the point AZ, (—30, —950, 40) (the distances are 


J 
ZT FIG. 184 


given in kilometres). Find the distance / covered by the rocket. 
By virtue of (154-3) we have 


1=V (—80—10)? + (—50 + 20)? + (40—0) = 
-= V 1600 + 900+ 1600 = 4100 ~ 64.4 km. 


We would like to note that on finding the direction cosines of the 
vector of displacement J, it is not difficult to determine the direction 
of motion of the rocket. 


See. 155. Operations on Vectors Represented 
in the Coordinate Form 


Let the vector a = {a,, a,, a,} be given by its projections on the 
coordinate axes Ox, Oy, Oz. 

We construct a parallelepiped (Fig. 182) whose diagonal is the 
vector a and whose edges are its components a,, a5, a, along the cor- 
responding coordinate axes. We have the following decomposition 


a= ay -{- A> + a3. (155-1) 
If we introducefthe unit vectors i, j, k directed along the coordi- 


nate axes, then on the basis of the relation between the components 
of the given vector and its projections set forth in Sec. 151 we shall 
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have 
dy = ayi, a, =—a,j, az = a,k. (155-2) 


Substituting these expressions into equality (159-1), we get the 
coordinate form of the given vector 


a= a,i+ a,j + a,k. (155-3) 


Note that decomposition (155-3) for the vector a is unique. Indeed, 
let 


a = dyi + ayj + azk. (155-3") 


Hence, subtracting (155-3’) from (155-3) and taking advantage of the 
commutative and associative prop- 
erties of the sum _ of vectors 
(Sec. 146) and also of the proper- 
ties of the difference of vectors 
(Sec. 147), we shall have 


0 = (a, — ay) i+ (ay — ay) i+ 
+ (a, — a;)k’ 


If at least one of the coefficients of FIG. 182 

the unit vectors i, j, and k were 

non-zero, then the vectors i, j, k would be coplanar (Sec. 149), which 
is false. Therefore, 


oe Yd . 6 
Ay = Ax, ay = ay, az = az, 


and the uniqueness of decomposition (153-3) has been proved. 
li b = {b,, b,, b,}, then obviously, we also have 


b = b,i + b,j -+ 0k. (155-4) 


Now we can write the above considered linear operations on vectors 
in the following form: 


(1) Aa = hayi + Aadyj + Aa_k, 


or in a brief form: Aa = {ha,, Aa,, da,} (A scalar). Thus, when multi- 
plying a vector by a scalar, the coordinates of the vector are multiplied 
by this scalar. 


(2) act b = (dy + by) i + (ay + Oy) ji + (a, + O,) k, 


or in a brief form: a + b = {a, + 0b,, ay + by, a, + D,}. 


Thus, in addition (or subtraction) of vectors their like coordinates are 
added (or subtracted). 
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Example. Find the magnitude and direction of the resultant F of 
two forces 


F, = {10, 20, 30} and F,' = {30, 20, 10}. 


We have 

F=F,+ F, = {10+ 30, 20+ 20, 30+ 10} = {40, 40, 40}. 
Hence 

F=|F|=40V 3 
and 


1 
cosa=cosp=cosy=——, 
y ary g: 


where cos a, cos f, cos y are the direction cosines of the resultant F. 


Sec. 156. Scalar Product of Two Vectors 


Definition. The scalar product of a vector a by a vector b is understood 
as a number equal to the product of their absolute values (lengths) by 


M s N’ 
FIG. 183 FIG. 184 


the cosine of the angle between them, i.e., using the standard notation, 
we have 


a-b = (a, b) = ab cos Qg, (156-1) 
where ~ = Z (a, b 


). 
Note that in formula (156-1) the scalar product may also be written 
as ab omitting the point. Since (Fig. 183) 


bcos @ = prab and acos @ = pra, 
we may write 

ab = a-prab = 0-prpa. (156-2) 
In words, the scalar product of two vectors is equal to the absolute value 


(the length) of one of them multiplied by the algebraic projection of the 
other vector on the direction of the first. 
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The Physical Meaning of a Scalar Product. Let a constant force F 


—— 

ensure a rectilinear displacement s = MN of a mass point. If the 
force F forms an angle @ with the displacement s (Fig. 184), then, as 
is known from physics, the work done by the force F during the dis- 
placement s is equal to 


= Fs cos Q. 
By (156-1), we have 
A =F-s. (156-3) 


In words, the work of a constant force with the point of its application 
being displaced rectilinearly is equal to a scalar product of the force 
vector by the dispacement vector. 

A scalar product possesses the following basic properties: 

(1) The scalar product of two vectors does not depend on the order in 
which the factors follow (commutative property): 

ab = ba. (156-4) 


This formula follows directly from (156-1). 
(2) For three vectors a, b, and ¢ the distributive property holds 
true: 


(a + b)-c = ac + be, (156-5) 


i.e. in a scalar multiplication of a sum of vectors by a vector we may 
“remove the parentheses”. 

Indeed, taking into account the properties of the projections of 
vectors by (156-2) (Sec. 151, theorem 2), we have 


(a + b)-c = pr, (a + b)-c = (pre a + pre b)-¢ = 
= pr, a-c + pre b-c = ae + be. 


(3) The scalar square of a vector is equal to the square of its absolute 
value (modulus), i.e. 


a = a’. 


Indeed, 
l™ 
a? = a-a = aa cos (a, a) = a’. 
Hence for the modulus we obtain the formula 
|a| =V (a, a). (156-6) 


(4) A scalar factor may be taken outside the symbol of a scalar pro- 
duct, i.e. 


(Aa, b) = (a, Ab) = A (a, b). (156-7) 
This property is also easily derived from (156-1). 
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(5) A scalar product of a linear combination of vectors by an arbitrary 
vector is equal to the linear combination of the given vectors by this vector, 
i.e. 

(Aa + ub, c) = A (a, c) + yp (b, ec) 

(A and uw scalars). 
This obviously follows from (2) and (4). 


It follows from definition (156-1) that the cosine of the angle g = 
= / (a, b) between two non-zero vectors a and b is equal to 


D cos p= ae. (156-8) 
It follows from formula (156-8) that two vectors a and b are perpen- 
dicular, i.e. @ = a; if and only if 
ab = 0. (156-9) 
This assertion is also valid for the case when at least one of the 
vectors a or b is a null vector. 
Example. Find the projection of the vector a on the vector b. 
Denoting by @ the angle between these vectors, we have 


b 
prpa=acosp=a-——=a 2 =ae, 


where e=2 is the unit vector of the vector b. 


Sec. 157. Scalar Product of Vectors 
in the Coordinate Form 


Let 
a= a,i-+ a,j + ak (157-1) 
and 
= b,i + b,j +f0,k. (157-2) 
Multiplying these vectors as polynomials (which is valid by virtue 


of the properties considered in the preceding section) and taking into 
consideration the relations 


ij = jk = ki = 0 
and 
ii = jj = kk = 1, 
we shall have 
ab = a,b, + ayby + a,b. (157-3) 
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Thus, a scalar product of vectors is equal to the sum of products of 
their like coordinates. Hence, denoting by @ the angle between the 
vectors a and b, we get 


ab Axdx~ + ayby + a,b, 

ab aba al VPP OE 
Example. Determine the angle @ between the vectors 
a = {1, +2, 3} and b= {—3, 2, —4}. 

By (157-4), we have 


(157-4) 


COS (=. 


Hence @ =: arecos ( ——) ~~ 98°10". 


Let the vectors a and b be collinear (parallel). According to the 
collinearity condition (Sec. 149) 


b = ka, (157-5) 
where k is a scalar, which is equivalent to 
b, = ka,, by =ka,, b, = ka, 


or 


b 
2s = —t 22 (157-6) 


Ax dy a, 
Thus, two vectors are collinear if and only if their like coordinates are 
proportional. 

For perpendicular vectors a and b we have g = = and, consequent- 
ly, cos pm = 0, or, according to (157-4) 

AyD, + ayby, + a,b, = 0. 


Thus, two vectors are mutually perpendicular if and only if the sum 
of products of their like coordinates is equal to zero. 


Sec. 158. Vector Product of Vectors 


As we remember, a system of three non-coplanar vectors a, b, 
and ¢ is called right-handed (Fig. 185, a) or left-handed (Fig. 185, b) if 
it is oriented according to the rule of a right-threaded or a left- 
threaded screw, respectively. 
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Note that if we interchange two vectors in a system of three non- 
coplanar vectors, it will change its orientation, i.e. a right-handed 
set will become left-handed and vice versa. 

Henceforward we shall regard a right-handed system of three 
vectors as a standard one. 

Definition. A vector product of two vectors a and b is understood as 
the vector 


ec=a xX b=[a, bl, (158-1) 
for which: 


(1) the modulus is equal to the area of the parallelogram constructed 
on the given vectors, i.e. 


c= |c]|=absin q, (158-2) 


where » = Z(a, b) (0 < @ <Q) (Fig. 186); 
(2) this vector is perpendicular to the vectors being multiplied (in 


Cc c 
4 a 
7 0 
. b 
(@) 6) 
FIG. 185 FIG. 186 


other words, it is perpendicular to the plane of parallelogram con- 
structed on them), i.e. 


e | a and clb; 


(3) if the vectors are not collinear, then the vectors a, b, e form a 
right-handed system of vectors. 

Let us indicate the basic properties of a vector product. 

(1) If the factors are interchanged, the vector product reverses its 
sign (or in other words, it is multiplied by —41): 


b X a = —(a X b). (158-3) 


Indeed, when interchanging the vectors a and b, the area of the 
parallelogram constructed on them remains unchanged, i.e. 
|b X a| = ]|a Xb]. But the system of three vectors b, a, a X b 
is left-handed. Therefore, the direction of the vector b X a is oppo- 
site to the direction of the vector a X b (a and b are non-collinear). 
If a and b are collinear, then equality (158-3) is obvious. 

Thus, a vector product of two vectors does not possess the commutative 


property. 
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(2) The vector square is equal to the null-vector, i.e. 


axa= 0. 


This is an obvious corollary of property (1). 
(3) A scalar factor may be taken outside the symbol of a vector pro- 
duct, i.e. if A is a scalar, then 


(Aa X b) = (a X Ab) = 2 (a X b). 


This property directly follows from the sense of the product of a 
vector by a scalar and the definition of a vector product. 
(4) For any three vectors a, b, ¢ the following equality holds true 


(a+b) X ec = (a X oc) + (b X 0), (158-4) 


i.e. a vector product possesses the distributive property. We leave 
the proof of this property to the reader. 


Example. 
(a — b) X (a + b) = (a X a) — (b X a) + (a X D) — 
— (b X b) = 0 + (a X b) + (a X Db) + :*O = 2 (a X DB). 
Hence, in particular, we have 
(a — b) X (a + b)| = 2] a xX bd], 


i.e. the area of the parallelogram constructed on the diagonals of 
the given parallelogram is equal to twice the area of this parallelo- 
gram. 

With the aid of a vector product it is convenient to formulate the 
readily checked necessary and sufficient condition for collinearity 
of two vectors a and b: 


ax b= 0. 


Sec. 159. Vector Product in the Coordinate Form 


Let , 

a= a,i + a,j + ak (159-1) 
and 

b = b,i + b,j + 0,k. (159-2) 


24-0875 
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Multiplying these equalities as vectors and taking advantage of 

the properties of a vector product, we obtain the sum of nine terms 
a X b = [a,b, (i X i) + a,b, (j X i) + a,b, (k X i) + 
+ [a,by (i X j) + ayby GX j) + a,b, (k X NI + 

+ [a,b, (i X k) + a,b, (j X k) + a,b, (k X k)]. (159-3) 


From the definition of a vector product it follows that for the unit 


A FIG. 187 


vectors i, i, k the following “multiplication table” is valid: 
i cr... pc H=0; kx k=O 


and 

ixj= —@G xi) =k, 
jx k = —({k X j) = i, 
kX i= —(i X k) = j. 


Therefore from formula (159-3) we get 

aX b=i(a,b,—a,b,) +j (a,b, — a,b,) + k (a,b, —a,b,) = 
ay a, ay, a, Ay Ay 
by 6, by 0, by, By 
(with the succession of the letters xz, y, z retained). 


For a better memorizing formula (159-4) is written in the form of a 
third-order determinant (see Chapter 17) 


= j i +k (159-4) 


ijk 
axb=|a, ay, a,|. (159-5) 
b, 0, 0b, 
It follows from formula (159-4) that 
ig ly (P| Og gl? | ae ey F 
ja x b|?= es aI ft oe bu bs (159-6) 
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Geometrically, formula (159-6) yields the square of the area of the 
parallelogram constructed on the vectors a and b. 


Example. Find the area of a triangle with the vertices A (41, 4, 0), 
BA, 0, 1), and C (0, 4, 4). 
The area S of the triangle ABC is equal to half the area of the pa- 


— — 

rallelogram constructed on the vectors AB and AC (Fig. 187). Using 
the formulas for the projections of directed segments (see Sec. 154), 
we have 


— _— 
AB ={0, —1, 1} and AC={—41, 0, 4}; 


hence 
ys i j k 
AB x AC = 0 —1 1/= 
—1 0 1 
!—1 1 QO 1 O —1 ee 
=) 56 cla] 4 | | 1 |= — tink 
Consequently, 


—- —_ = 
S=5|ABx AC] => V3. 


2 


Sec. 160. Triple Scalar Product 


Definition. A triple scalar product of three vectors a, b, and ec, is 
understood as the number 


abe = (a X b)-e. (160-1) 


Let us construct a parallelepiped II (Fig. 188) whose edges are 
(he vectors a, b, and e emanating 
from a common vertex O. 

Then |a X b|=S' represents 
(lhe area of the parallelogram con- 
structed on the vectors a and b, i.e. 
(he area of the base of the paral- 
lelepiped. The altitude H of the pa- 
rallelepiped is, obviously, equal to 


H = +prge = -te cos g, (160-2) 


where S = aXb and the plus sign FIG. 188 

corresponds to the acute angle 

() = Ze, S) and the minus sign to an obtuse angle gq. In the first 
case the vectors a, b, ec form a right-handed system, and in the se- 
cond case a left-handed system. 


ee 
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By definition (Sec. 156), we have 
(a <X b) ce = Se = S-prge = +SH = +Y, (160-3) 


where V is the volume of the parallelepiped constructed on the 
vectors a, b, ec. 

Hence 

abe = +\J, 


i.e. a triple product of three vectors is equal to the volume V of a paralle- 
lepiped constructed on the vectors with the plus sign if the system a, b, ¢ 
is right-handed and with the minus sign if the system is left-handed. 
A triple scalar product possesses the following basic properties: 
(4) A triple scalar product does not change in a circular permutation 
of the factors, i.e. 


abc = bea = cab. 


Indeed, in this case both the volume of the parallelepiped II and 


the orientation of its edges remain unchanged. 
(2) An interchange of two neighbouring factors reverses the sign of a 


triple product, i.e. 

bac = ach = cha = —abce. 
This follows from the fact that an interchange of neighbouring fac- 
tors, while preserving the volume of the parallelepiped, changes 
the orientation of the system of three vectors, i.e. a right-handed 


system becomes left-handed, and vice versa. 
A triple product provides a necessary and sufficient condition for 


the coplanarity of three vectors a, b, e: 
abe = 0 

(the volume of the parallelepiped is equal to zero). 
f 


a= a,i + a,j + a,k, 

b= 0,i + b,j + Dk, 

ec =c,i + c,j + ck, 
then, using the expressions in coordinates for a vector (Sec. 159) and 
a scalar (Sec. 157) product, we get 


abe = (a X b)-c = (b X c)a=a-(b X c) = 


ij =k 
= (a,i+a,j+a,k)| 6, b, 6,/= 
Ce. Cy. C3 
b, 06, b, 0, b,. hdl 
= ay —ay a, ’ 
Cy Cz C Cz Cy Cy 
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A, Gy a, 
abe =| 0, 6, 0, 
Cy Cy C, 


Exercises 


1. Find the length and direction of the vector a = {4, —1, V 2}. 

2. Find the magnitude and direction of the resultant F of three 
forces: F, = {10, 20, 0}, F, = {0, —10, 20}, "3 = {—10, 0, —20}. 

3. Find the iii of “the vector a = {1, 2, —2} on the vector 
b= {4, 0, —1 

4. Find the work done by the force F = {10, 20, 30} if the point 
of its application is in : fe ra motion from the point M (0, 1, 2) 
lo the point N (3, , oO). 

5. Find the area S aad the angle of a arallélogram constructed. 
on the vectors a = {1, —2, 3} and b = {3, 2, 

6. Are the vectors a = j of k,b=k+i,e =i ++ j coplanar? 


Chapter 19 


Fundamentals 
of Solid Analytic Geometry 


Sec. 161. The Equations of a Surface and a Line in Space 


Definition 1. An equation relating the coordinates x, y, 2 is called 
the equation of a surface in the space Oxyz if the following two condi- 
tions hold: (1) the coordinates x, y, z of any point of the surface satisfy 
this equation, (2) the coordinates x, y, z of any point not lying on the 
surface do not satisfy this equation. 

That is, if 


F (x, y, z) =0 (164-1) 


is the equation of the surface P (Fig. 189), then for M (z, y, z) € P* 
we have F (z, y, z) = 0, and for N(x, y, 2) ¢ P** we have 
F (z, y, 2) #0. 

Thus, equation (161-1) is fulfilled if and only if a point M (z, y, z) 
belongs to a given surface. The coordinates of an arbitrary point of 
a surface are called the current coordinates of a point. Therefore, to 
form the equation of a surface means to find the relation between 
the current coordinates of its points. 


Example 1. (The equations of the coordinate planes.) 

Any point M (zx, y, z) lying on the coordinate plane Oyz has the 
abscissa x = 0; conversely, if for some point M (xz, y, z) x=0, then 
this point is situated on the plane Oyz. Hence, 


x=0 


is the equation of the coordinate plane Oyz. 
Analogously, 


y = 0 

is the equation of the coordinay plane Ozz and 
z=0 

is the equation of the coordinate plane Oxy 


* The formula M € P denotes that the point M belongs to P 
** The formula N ¢ P denotes that the point N does not belong to P. 
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In the general case 
e=a, y=b, z=ec (161-2) 


are the equations of three planes perpendicular to the corresponding 
coordinate axes Ox (the z-axis), Oy (the y-axis), Oz (the z-axis) and 
intercepting on them segments numerically equal to a, b, and c. 


Theorem. The equation of a cylindrical surface whose generatriz is 
parallel to a coordinate axis does not have the current coordinate denot- 
ed by the same letter as this coordinate axis, and conversely. 

Proof. Let, for instance, a cylindrical surface P be generated by 
displacing a straight line MN parallel to the z-axis (this line is 
called the generatrix) along a given line Z lying in the plane Ozy 
(this line is called the directrix) (Fig. 190). 

We denote by ™M (sz, y, z) the point of the surface P with the cur- 
rent coordinates x, y, z. The generatrix MN passing through the 
point M intersects, obviously, the directrix at point N (zx, y, 0). 

Let 


F(x y)=0 (161-3) 


be the equation of the directrix Z in the coordinate plane Oxy. This 
equation is satisfied by the coordinates of the point N. Since the 
point M belonging to the surface P has the same abscissa x and the 


Z 


a 


FIG. 189 FIG. 190 


same ordinate y as the point NV, and the variable z does not enter 
equation (161-3), the coordinates of the point M also satisfy equa- 
tion (161-3). Hence, the coordinates of any point M (z, y, z) of the 
surface P satisfy equation (161-3). Conversely, if the coordinates of 
some point M (z, y, 2) satisfy equation (161-3), then this point is 
situated on a straight line WN (parallel to the z-axis) such that its 
trace on the plane Ozy, the point N (z, y, 0), lies on the line Z, and, 
hence, the point MM helongs to the cylindrical surface P. Cons-- 
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quently, 
F (x, y) = 


is the equation of a cylindrical surface in the space Oxyz, the z-coordi- 
nate being absent from this equation. 


Example 2. (The equation of an elliptic cylinder.) By the preced- 
ing theorem, an elliptic cylinder whose base is an ellipse with semi- 
axes a and 6 and whose axis is the z-axis (Fig. 191) has the equation 


2 
2 TR 53 = 1, 
In particular, for a = b we obtain the equation of a circular cylinder 


ett y* = a’. 


The line L can be specified in space as the intersection of two given 
surfaces P, and P, (Fig. 192). The point M (xz, y, z) on the line Z 


FIG. 191 FIG. 192 


belongs both to the surface P, and to the surface P,, and, conse- 
quently, the coordinates of this point satisfy the. equations of both 
these surfaces. 

Therefore, the equations of a line in space are understood aS a SyS- 
tem of two equations: 


Fy, (2, Y, Zz) =0 ’ 

Fy (2, Y, z)=(0, 
which are the equations of the surfaces defining the given line. 

One should not think that system (161-4) must be “solved” in order 
to find the equations of the line. Generally speaking, this cannot be 
done, since the number of equations in system (161-4) is less than 
the number of the unknowns. This is the precise sense assigned to 


equations (161-4): there belong to the line L only those points M (zx, y, 2) 
whose coordinates satisfy both equations of system (161-4). 


(164-4) 
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Note that a given line can be specified as the intersection of sur- 
faces in different ways. Therefore, an infinite number of equivalent 
systems of equations correspond to a line in space. 

Definition 2. Two equations (taken together) relating the coordinates: 
x,y, 2 are called the equations of a line in the space Oxyz if the following 
two conditions are fulfilled: (1) the coordinates of any point of the line 
satisfy both equations; (2) the coordinates of any point not lying on the 
line do not satisfy both equations at once (although they may satisfy 
one of them). | 


Example 3. (The equations of the coordinate axes.) 

The z-axis may be considered as the intersection of the coordinate 
planes Oxy and Ozz. Therefore, 

y=0, 

z=0 
are the equations of the z-azis. 

Analogously, 


x=Q, 
z=(0 
are the equations of the y-axis and 
L2=0; 
y=0 
are the equations of the z-azis. 
Example 4. Write the equations of the circle I of radius R = 4 


FIG. 193 FIG. 194 


whose centre is situated at point C (0, 0, 2) and whose plane is pa- 
rallel to the coordinate plane Oxy (Fig. 193). 
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The circle I‘ may be regarded as the intersection of a circular cy- 
linder of radius 1 whose axis is Oz and a horizontal plane situated 
two units higher than ‘the coordinate plane Ozy. Therefore, the equa- 
tions of the given circle are 


r+ y2=1, 


z=2, 


In mechanics the line Z is frequently considered as the trace of a 
moving point (Fig. 194). Let xz, y, z be the current coordinates of a 
point M belonging to the line Z. Since the point M displaces and its 
coordinates change with time, they are functions of time ¢. Hence, 
we have 


z=), y=), 2=y¥ (), (161-5) 


‘where g, , x are definite functions. Generalizing these equations, 


FIG. 195 FIG. 196 


we regard ¢ as an auxiliary variable (parameter), not necessarily time; 
therefore, equations (164-5) are termed the parametric equations of a 
line in space. 

Eliminating the parameter ¢ from these equations, we shall obtain 
two relations for the current coordinates x, y, and z which represent 
the equations of certain surfaces passing through the given line. 


Example 5. Write the equations of a helix of radius a and lead h 
(Fig. 195). 

Let M (zx, y, z) be a moving point of the helix and M”’ (z, y, 0) 
its projection on the plane Ozy. 

Taking the angle M’Ozx for the parameter (t = 7 M’Oz) and tak- 
ing into account that the z-coordinate of the helix increases propor- 
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tionally to the angle of rotation ¢, we shall have 


z=acost, 
y=asint, (161-6) 
z= bt. 


To determine the proportionality factor b, let us set t = 21; then 
z=h. Hence, 


h—2nb and ba 
AIA 


Eliminating the parameter ¢ from the first and second equations, 
and also from the first and third equations of (161-6), we get 


2 y= a’, 
r=acos-— (161-6’) 
ae 


Consequently, the helix represents the intersection of a circular 
cylinder with the generatrix parallel to the z-axis and a cylindrical 
surface whose generatrix is parallel to the y-axis and whose directrix 
is a cosine curve contained in the plane Ozz. It also follows from 
equations (161-6’) that the projection of helix (161-6’) on the coordi- 
nate plane Oxy is a circle, and its projection on the coorinate plane 
Ozxz is a cosine curve. 


A moving point MM (2, y, z) of the line Z can be characterized by 
its adius vector (a “tracking” radius vector) (Fig. 196) 


= zi + yj + 2k 


(i, j, k unit vectors). Then from (161-5) wa obtain the vector equation 
of a line 


r=f(d), (161-7) 
where 
f(t) = ig (t) +i) @ + ky () 


which is the so-called vector function of a scalar argument t. 

In mechanics time is usually taken as the parameter ¢. In this 
case line (161-7) is called the path of the point / (2, y, 2). 

The set of all points M (z, y, z) in space whose coordinates satisfy 
a given equation (or a system of equations) is called the geometrical 
image (graph) of the given equation (or the system of equations). 


Example 6. What geometrical image corresponds to the equation 
2—1=0? (161-8) 
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From equation (164-8) we obtain: z = 1 or z = —1. Hence, the 
graph of this equation is a pair of planes parallel to the coordinate 


Zh 
/ 
! MZ, 4,2) 
i 
a Y¥ 
M250) 


FIG. 197 FIG 198 


plane Oxy and passing from it at a distance of unity (Fig. 197)... 


Example 7. What geometrical image corresponds to the following 
pair of equations: : 


a2, y=? 


The desired graph represents the intersection of the planes x = 2 
and y = 3 and, consequently, is a straight line parallel to the z-axis 
and having a trace N (2, 3, 0) on the coordinatejplane Ozy (Fig. 198). 


Sec. 162. The General Equation of a Plane 


A plane P in space can be specified by some of its points My (Xo, Yo». 
Z9) and a non-zero vector N {A, B, C} (A? + B* + C*=40) perpendi- 
cular to this plane (a normal or direction vector of a plane). Let 
ry = {%o, Yo, 2} be the radius vector of the point M,, and r = 
= {x, y, z} the radius vector of an arbitrary point M of the plane 
(the current radius vector) (Fig. 199). Then the vector r — ry = 
= {x — X, Y— Yo, 2 — 2} iS situated in the given plane and, 
consequently, is normal to the vector N, i.e. N 1 (r — r,). Hence, 
using the perpendicularity condition for two vectors (Sec. 156), 
we have 


N-(r — r,) = 0. (469-4) 

This is just the equation of a plane in the vector form. And this is 
the coordinate form of equation (162-1): 

A (x — Xo) + By — yo) + C (2 — %) = 0, (162-2) 
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or 

Axz+ By +Cz+D =), (162-3) 
where 

D = —Az, — Byo — C2 = —Nr,. 

Equation (162-3) is called the general equation of a plane and 
represents an equation of the first degree with respect to the current 
coordinates z, y, z. Thus, the plane is a surface of the first order. 


Conversely, let there be given a non-degenerate equation (162-3) 
(A? + B? + C240). We choose a certain point M, (29, Yo, 20) 


lying on surface (162-3) (for instance, if A =40, then we may take 
the point M, (—3. 0, 0) and so on). We have 


Axo + Byo +- CZ, + D — 0. (162-4) 
Subtracting equation (162-4) from equation (162-3), we shall have 
A (t& — 2) + By — Yo) + C (@ — %) = 9. (162-5) 


Hence, introducing the vectors N = {A, B, C}, rp = {Xo, Yo, 20} 
and r = {z, y, 2}, we get 


N (r — ro) = 0. 


Hence, the surface specified by equation (162-3) is a plane passing 
through the point M, (29, Yo, Zo) per- 
pendicular to the vector N. 


Example 1. Find the angle formed 
by the plane 


x—2y+2z—10=0 


with the z-axis. 

The angle w between a straight line 
and a plane is understood to be the 
angle between the given line and its FIG. 199 
projection on this plane. This angle 
is a complementary one to the angle » formed by the straight 
line and a perpendicular (normal) to the plane. 

The normal vector of our plane is N = {1, —2, 2}. Hence 

, 2 2 
sin p= cos @ VPLS 


and, consequently, 


p=aresin + ~ 41°50’. 
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If in equation (162-1) we take the unit vector as the direction 
vector of the plane 


no  (N=VPFBP+C£0), 


then we shall obtain the so-called normalized equation of the plane 


ne(r — ry.) = 0, (162-6) 
or in the coordinate form 
Az+ By+Cz+D = (162-7) 
V A2-+ B24 C? 
where D = —Ax, — By) — CZ). Equation (162-7) is suitable in 


finding the distance of a point from a plane. 


Problem. Find the distance h of the point M, (21, y1, 2,) from the 
plane P specified by equation (162-6) (Fig. 200). 
Let h — M,N;, where M,N, P, N, E P, 


—_— 

Consider the vector M,M, =r, — ro, where ry and r, are the ra- 

dius vectors of the points M,€P and M,. From the triangle 

M,M,N,, taking into account that M,N, 
is parallel to h, we find 


h = |ptn (t1—¥o)| = |n-(t4—To)| = 


_ |Aey+ By + C2, + DI 
VRP RLO 


Consequently, we obtain the follow- 
ing rule: To find the distance from a 
FIG. 200 point to a plane, we have to substitute the 

coordinates of the given point into the 
left-hand side of a normalized equation of the plane and take the abso- 
lute value of the result thus obtained. 

In particular, setting x, = 0, y; = 0, 2, = 0, we obtain the dis- 
tance of a plane from the origin: 


| ee 2) 
0 AEB Oe 


Sec. 163. Angle Between Two Planes 


Let there be given two planes 
Ax<+ By+Cz+D=0, A’e + By 4+C'2+D' =0 (163-1) 


with the direction vectors N={A, B, C} and N’={A’, B’, C’}. Then 
@ (the dihedral angle between them) is equal to the angle formed 
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by the vectors N and N’. Thus, we have (see Sec. 156 of the pre- 
ceding chapter) 


NN’ 
cos P= Wn ; (163-2) 
where NN’ = Ad’ + BB’ +4 CC’ and N=V A2+B2+C2, N’= 
=V A2+ B24 C'2, 


Hence, we obtain: (1) the condition of parallelism of planes (in a 
broad sense) 


A’ B’ C’ 

2 ey moa oe (163-3). 
and (2) the condition of their perpendicularity 

AA’ + BB’ +CC’ =0. (163-4) 


Note that if for the given planes condition (163-3) is not fulfilled, 
then these planes are neither parallel nor coincident, i.e. they in- 
tersect. 


Example. Determine the angle @ between two bisector planes 
xz—z2=0, y—z=0. 

Here 

N = {1, 0, —1}, N’ = {0, 1, —1}. 

We have 


1-0+0-1-+(—1)-(—1 
08 9 


and, consequently @ = 60°. 


aces 
= 


Sec. 164. Equations of a Straight Line in Space 


A straight line in space is uniquely defined by a point M, (2p, Yo, 20) 
and a certain direction (i.e. by some vector). 

Let ro = {%o, Yo, 29} be the radius vector of the point M, and 
s = {l, m, n} be a non-zero direction vector of the straight line (its 
length is arbitrary). Denoting by r = {z, y, z} the radius vector of 
an arbitrary point M of the line (the current radius vector), from 
the vector triangle OM,M (Fig. 201) we have 


—_—> 
r=r,+ MM. (164-1) 
—_—> 
Since the vectors /7,M and s are collinear, we have 


———> 


MM = ts, (164-2) 
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where ¢ is a certain scalar (— 00 <t <-+ oo). Substituting this 
expression into equation (164-1), we shall obtain the vector equation 
of a straight line in space 


r=r,+ ts (164-3) 


(¢ parameter). 
Projecting equation (164-3) on the coordinate axes, we shall have 
the parametric equations of a straight line in space 


L=Xy tle, 
Y=Yor mi, (164-4) 
6s 0 + nt. 


Eliminating the parameter ¢ from the above equations, we shall 
obtain the so-called canonical equations of a straight line in space 
Z—%XQ _ Y—Yo __ 2—2% * 
Aaa. (164-5) 
System (164-5) contains two equations, for instance, for n = 0 
‘we may put 
Z—%X ___«—«Z— 2% Y—Yo _. 4—%2n 


<a 9 


L n 


m n 


These equations represent the equations of two planes whose inter- 
section is the given straight line. Note that the first equation has 
no coordinate y, and the sec- 
zh ond no coordinate x. Conse- 
rMay2Z) | quently, the first plane is par- 
| eas allel to the y-axis, and the 
second to the x-axis, i.e. these 
ve arvana ta >, planes are the planes projec- 
ting our straight line on the 
coordinate planes Ozz and 
Oyz, respectively. 
Le The numbers lJ, m, n are 
called the direction numbers of 
FIG. 204 a straight line. Denoting by a, 
B, y the angles formed by the 
straight line with the coordinate axes (Fig. 201) and taking into 
consideration that cos a, cos B, cos y are the direction cosines of the 
vector s, we shall have 


l1=scosa, m=scosf, n=scosy, (164-6) 


* These equations have a sense of proportions, i.e. some (not more than 
two) of the numbers J, m, n may be zeros. 
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where 
—VP m+ +0 (164-7) 
is the length of the vector s. Hence we obtain 
coe cos Bh =— cos y= — 
~ gs? oe a y= 
(cos? a + cos? 8B + cos? y = 1). 


Thus, the direction numbers of a straight line are proportional to 
the corresponding direction cosines of this line. 

The equations of straight line (164-5) can be written in the stan- 
dard form 


I—Zo Y—VYo _ 4—%9 of 
cosa cosp cosy ® (164-9) 


where cos a, cos 8B, cos y are the direction cosines of the straight 
line. 


Example 1. The equations of motion of a rocket are 


x=2t, 
oo —At, 
z= 4, 


where the time Zz is given in seconds, and the coordinates of a moving 
point in kilometres. 

What is the path of the rocket? At what distance will the rocket be 
from the starting point O (0, 0, 0) in 10 seconds? 

Eliminating the time ¢ from the given equations, we get the equa- 
tion of the path 


iy enn ap 
a a 
or 
ee 
17~ —2 7 2° 


Thus, the path of the rocket represents a straight line passing 
through the origin. 
For t = 10 s we have: x = 20, y = —40, z = 40 and 


r=OM =) 22+ y2+ 22=YV 400+ 1600+ 1600 = V 3600 = 60 km. 


Problem. Write the equation of a straight line passing through 
two non-coincident points: My (Xo, Yo, 2) and M, (21, y;, 2;). 

We take 

S = {© — Zp, Yi — Yo: 21 — 2} AO 
25-0875 
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for the direction vector of the desired line. 
Hence, by (164-5), we have 


f—% _ Y—Yo _ 2-79 (164-8) 


—_— 
e 


“L4— Zo Yi— Yo 24 — 29 


Example 2. Write the equation of the straight line passing 
through the point /, (8, —4, 5) parallel to the z-axis. 
Obviously, we have 


cosa =O, cosB = 0, cosy = 1. 


Thus, by (164-5’), we obtain the equations of the required straight 
line 


ss te eT (164-9) 


equivalent to the pair of equations 


z—3 2-09 yt4 2-9 


) ; re. 0) 1 


or 
The direction vector of straight line (164-9) is {0, 0, 1}, i.e. this 


line is perpendicular to the z- and 
y-axes. 


The straight line Z in space can be 
also specified as the line of intersec- 
tion of two planes: P and P’ (Fig. 
202): 

Az+ By+Cz+ D=0, 

A’a+ B’y+C’z+D' =0. 


It is assumed that the planes are 
neither parallel, nor coincident (see Sec. 
159). The vectors N = {A, B, C} and 
N’ = {A’, B’, C’} are the normal 
FIG. 202 vectors of these planes. The direction 
vector s of the straight line, ob- 
viously, satisfies the conditions: s_| N and s_| N’. We may put 


s=NxXN’ 


where X is the symbol of a vector product (see Sec. 159). 


(164-10) 


Ch. 19. Fundamentals of Solid Analytic Geometry 387 


Example 3. Determine the direction cosines of the straight line 


x—2y+3z—4=0, 


ox —2y+z2=0. 
We have 
N = {1, —2, 3}, N’ = {3, —2, 1}. 
Hence 
|i ji k 
s=NxN=|1 —2 3/=4i+8j+4k=4(i4+ 2j+k). 
3 —2 1 


We may take s=—s={l, 2, 1} for the direction vector of the 
line. Its length is ss =) 6. Hence 


2 1 


V6 ; a IT 


1 
cosa=——, cosp= 


Sec. 165. The Derivative of a Vector Function 


Suppose we have a vector function 
r(Zi)=c(@it+ty@®j+z@k (165-1) 


(a <(t <6), where, for the sake of convenience, the functions of 
the parameter ¢ representing the projections of the vector r (¢) on the 
coordinate axes are denoted by the corresponding letters (cf. Sec. 161). 
If r (t) is treated as the radius vector of the point MM (a, y, t) of the 
space Oxyz, then the terminus of the variable vector r (¢) will describe 
a certain curve K of the space Oxyz whose parametric equation is 
vector equation (165-1). In mechanics this curve is called the hodo- 
graph of the variable vector r (¢). 

Naturally, we are going to determine the limit of the vector func- 
lion, putting 

limr (¢) =ilimz(t)+jlimy (#)+k limz (2), (165-2) 

t+to t>to t+to t>to 
if there exist the limits which stand in the right-hand side of equali- 
ty (165-2). 

Let us assign an increment Az to the parameter ¢; then the point 
AT (x, y, 2) of the curve K will displace to the point W’ (x + Az, y + 
|-- Ay, z + Az), whose radius vector is 


ry (t) =r (t) + Ar (é). 


noe 
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From the vector triangle OMM’ (Fig. 203) we have 
—_-—> 
Ar (t) = MM* = Axi + Ayj + Aczk. 
Hence — for definiteness that At > 0, we get 


Ar (t) _ 
Ai i-— j ites —— k, (169-3) 


Ar (t) 
At 


In the general case for At=40 the vector 


-— 
i.e. the vector is directed along the secant MM’. 


Ar (t) 
At 


will be colli- 


—-—> 
near with the vector MM". 
Definition. The derivative of a vector function r = r (t) is the vector 


dr. Ar(t) 
es 


: (165-4) 


If x (t), y (t), 2 (t) are differentiablejfunctions, then from formu- 
la (165-3), as At +0, we find 


dr 


_ dz, dy . dz 
Goa area lee) 


Since the limit position of a scranl. Sue 
by definition, a tangent, the vector 5 — - is 


. directed along the tangent to the sie K 
FIG. 203 at its point M (towards the increase of 
the parameter f). 
From formula (165-5), as usually, we obtain 


dr |__4/ (dz \? dy \2 , (dz \2 : 
ae l=V (a) +(ar) + Ga) - pee) 
If t is time, then the vector a = v represents the velocity of a 


moving point M (z, y, 2), which is understood as a vector. 
Example. Write the equation of a tangent to a curve 
z=t, y=, z= 


at its point M (1, 1, 1) (¢ = 1). 
Here 


r=ti+ ?j+ k 
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and 
ar 


Hence, the direction of the tangent at the point M is determined 
by the vector 
d ‘ i 
(a) p= i+ 25+ 3k. 


Thus, the equation of the desired tangent is 


z—1  y—1_ 2-1 


1 2 3 


Sec. 166. The Equation of a Sphere 


Definition. A sphere of radius R is the set of points in space equidi- 
stant from a given point, called the centre. The distance of any point 
of the set to the centre is equal to R. 

Let us derive the equation of a sphere. Let C (xo, Yo, 29) be the 
centre of a sphere of radius R, and M (za, y, z) an arbitrary point 
lying on this sphere (Fig. 204). Then 


CM =R. 
By the formula for the distance between two points, we have 
CM =V (2 — 25)? + (Y— Yo)? + (2 — 20)” 
Equating this expression to R, we get the equation of the sphere 
V (a= 20)? + (Y= Yo)? + (2—Z)2=R 
or, finally, 
(x — Xo)” + (y — Yo)® + (2 — 29)? = R?. 
If the centre of a sphere coincides with the origin, then z, = 0, 
Yo = 0, 2 = O and the equation attains the form 
et+y+ 2 = R?* 
Example 1. Determine the coordinates of the centre and the radius 
of the sphere 
z+ y* + 227 — 2y — 32 = 0. 
Collecting the terms having like current coordinates and complet- 
ing them to perfect squares, we shall have 


x? + (y—1)?+ (2+4)'=3. 
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Consequently, the centre of the sphere is at the point 
c (0, 1, —=4 =) and its radius is 


R=+ VT. 
Note that the set 


(x — Xo)? + (Y — Yo)? + (2 — 2p)? = R?, 
Ar+ By+Cz+D=0 


of the equations of a sphere and a plane defines a circle in which 


FIG. 204 FIG. 205 


they intersect (if this set is not empty). In particular, if Az) + Byy + 
+ Cz,+ D=0, then the system of these equations represents the cir- 
cumference of the great circle. 

The equation of a circle can also be written in the parametric 
orm. 


Example 2. Write the parametric equations of the meridian of the 
sphere 


e+yt 2 = R? 


passing through the poles N (0, 0, R) and S (0, 0, —#) if the plane 
containing this meridian forms an angle « with the coordinate plane 
Oxz (Fig. 205). 

We take the angle p =27 MOM’ (i.e. the latitude of a current 
point M (zx, y, z) of the desired meridian) for the parameter of this 
point, where M’ (x, y, 0) is the projection of the point M on the 
coordinate plane Oxy. Since M’O =r = R cos, we have (from 
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Fig. 205): 
x=rcosa=Rcoswpcosa, 
y=rsina=RAcos sina, 
z=Rsiny», 


where 


—F<v<y. 


Sec. 167. The Equation of an Ellipsoid 


Definition. A three-azis ellipsoid is a surface obtained as the result 
of uniform deformation (expansion or compression) of a sphere along 
three mutually perpendicular directions (cf. Sec. 24, Chapter 4). 

Consider the sphere of radius R with centre at the origin: 


X2+Y24 72 = R2, (167-1) 


where X, Y, Z are the current coordinates of a point on the sphere. 

Let the given sphere be uniformly deformed along the directions 
of the coordinate axes Ox, Oy, and Oz with the coefficients of defor- 
mation equal to k,, k,, and k,*. 

As the result, the sphere becomes an ellipsoid, and the point 
M (X, Y, Z) of the sphere with the current coordinates X, Y, Z 
goes into the point M’ (2, y, z) of the ellipsoid with the current coor- 
dinates z, y, z, and 


L= kX, 
y-=koY, ; 
Z2=— kZ, 


(Fig. 206). Hence 


Nese. Voss. Gras 


ky’ ke lee: 
Substituting these formulas into equation (167-1), we shall have 
42 y2 , 22 ; 
ee 
or 
2 2 2 
++ = +4=1, (167-2) 


* In other words, the linear dimensions of the sphere in the direction of the 
z-axis are reduced by 1/k, times if 0 <k, <1, and increased by k, times if 
k, >1, and so on. 
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where 
a=khR, b=kR, c=k,R. 


Equation (167-2) relates the current coordinates of the point 1’ of 
the ellipsoid and, consequently, 
is the equation of the _ three-axis 
ellipsoid. 

The quantities a, b, c are called 
the semi-axes of the ellipsoid; the 
doubled quantities 2a, 2b, and 2c 
are called the axes of the ellipsoid 
and, obviously, represent its linear 
dimensions in the directions of 
deformation (in this case in the 
directions of the coordinate axes). 

If two semi-axes of an ellipsoid 
are equal to each other, then such 
an ellipsoid is called the ellipsoid 
of revolution, since it can be ob- 
FIG. 206 tained by revolving about one of its 

axes. For instance, in geodesy the 
surface of the Earth is regarded as an ellipsoid of revolution with 
the semi-axes 


a = b = 6377 km and c = 6356 km. 


If a = b =c, then ellipsoid becomes a sphere. 


Sec. 168. The Equation of a Paraboloid of Revolution 


Let the vertical parabola 
X? = 2pZ (168-1) 


contained in the plane Ozz rotate about its axis Oz, thus generating 
a surface called the paraboloid of revolution (Fig. 207). 

To derive the equation of the obtained surface, let us consider an 
arbitrary point M (xz, y, 2) of the paraboloid of revolution and let 
this point be obtained as the result of rotation of the point NV (X, 0, Z) 
of the given parabola about the point C (0, 0, Z). . 

Since the points M and N are situated in one and the same hori- 
zontal plane and CN = CM as radii of one and the same circle, we 


have 


X= V z% + y?, (168-2) 
LA: 
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Substituting formulas (168-2) into equation (168-1), we obtain the 
equation of the paraboloid of revolution 
x* + y* = 2Qpz. 


Note that the surface of mercury contained in a vertical cylindri- 


FIG. 207 


L 


cal vessel rapidly revolving about its axis has the shape of the para- 
boloid of revolution. This fact is of importance in manufacturing 
parabolic mirrors. 


Exercises 


1. What geometrical images in space correspond to the given 
equations: 


(a) zy = 0; (e) y= 1, 2 = —2; 
(b) 22 = yz; (f) 2? = 0; 
(c)y+y—2=0; (g) 2 + y*? = 0; 

(A) Zo 27; (hy) 2 +y+ 2 = 0. 


2. Determine the length of a perpendicular dropped from the 
origin onto the plane 


r—yt+tzV2—8=0 
and the angles formed by this perpendicular with the coordinate 
axes. 

3. Write the equation of the plane parallel to the axis Oz and 
intercepting on the axes Ox and Oy segments of length 2 and 3, res- 
pectively. 

4. Write the equation of the plane passing through the point 
AT (A, 2, 3) perpendicular to the z-axis. 
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9. The function z = f (z, y) is given in the tabular form: 


Evaluate z for x = 72 and y = 20 regarding the function z as 
linear, i.e. of the first degree with respect to x and y. 
6. What angles are formed by the straight line 


x—1  yt2 z 


with the coordinate axes? 

7. Find the traces (i.e. the points of intersection) of the straight 
line 

gti  y—1 242 

2  —3 ~— 4 

on the coordinate planes. 

8. Write the equation of the sphere with centre at point C (2, —2,1) 
passing through the origin. 

9. Write the parametric equations of a parallel of the sphere 


vt y? + 22 = R? 


with the angular distance a ( lal[< =} from the equator z = 0, tak- 


ing the longitude q of the current point M (za, y, z) for the para- 
meter. 
10. Determine the semi-axes of the ellipsoid 


x? + Qy? + 32? = 4, 

11. Determine the semi-axes of the ellipse formed by the inter- 
section of the ellipsoid 

x2 y® gh 

<a 
and the plane x = 3. 

12. Write the equation of the tangent to the helix 

x=acost, y=asint, z= Dt 
at its point M, corresponding to the parameter ¢t = fp. 


What angle is formed by this tangent with the z-axis? 
Find the projections of the helix on the coordinate planes. 


Chapter 20 


Functions 
of Several Variables 


Sec. 169. The Concept of a Function of Several Variables 


In many problems of natural science we have to deal with func- 
tions of two, three, and more variables. Let us give some examples. 


Example 1. The area of a triangle 

U= = xy 
with the base z and altitude y is a function of two variables x and y 
defined in the domain z >0O and y > 0. 

Example 2. Resolving the equation of a sphere 

gt y? + 22 = R 
with respect to z, for z > 0 we get 

2=V R2—2v— y?. 


Here the z-coordinate of a point belonging to the upper hemisphere 
is a function of two variables x and y, i.e. of the abscissa and ordi- 
nate of this point. This function is defined in the circle x? + y? < R?. 


Example 3. The volume of a rectangular parallelepiped 

V = ryz 
with the dimensions x, y, and z is a function o three variables defined 
in the positive octant of the space Oxyz. 


Example 4. According to Newton’s law, the magnitude of the 
attraction force F of two mass points (m and m,) occupying the posi- 
tions VM (z, y, z) and M, (2, y;, 21), respectively, is equal to 


= mm, 
Ne (x, — x)*+ (yy— yy)? +(21—2)? ’” 


where k is a certain constant (the so-called “attraction constant”). 
Consequently, F is a function of six variables: xz, y, 2, 21, yj, 24. 
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Let us draw reader’s attention to one important thing: any func- 
tion of several variables becomes a function of less variables if some of 
them are fixed, i.e. assigned constant values. 

For instance, let us have a function 


u= f(z, y, 2) 


of three variables z, y, and z. 
If we assume that z retains a constant value (i.e. remains un- 
changed) 


eo 
then we obtain a function of two variables z and y: 
u= f (x, Y, c). 


Furthermore, assuming that two variables y and z preserve un- 
changed values 


y=b and z= 6c, 
we get a function 
u=f (x, b, c) 


of one variable z. 

Thus, in different situations, according to our desire, the function 
u may be regarded as a function of one, two or three variables. 

Strictly speaking, almost any physical relation gives us an exam- 
ple of a function of rather a large number of variables. But in stu- 
dying this relation, we ignore a number of unessential factors and 
thus limit the number of variables, reducing it to a minimum. 

For instance, the distance s covered by a freely falling body during 
the time ¢ depends on the following variables: the time of falling ¢, 
the area of the cross-section of the body Q, the latitude of the loca- 
tion @, elevation above sea level h, air pressure P, ambient tempera- 
ture 7’, coefficient of air viscosity yn, and so on. Hence, we must 
write 


s =f (t, Q, Q, h, P, ie cee 


In the first approximation, all the variables, except for the time 
t, are unessential. Ignoring them, we get 


s=f () 
and, thus, arrive at a known formula 
gt? 
= 


where g is acceleration due to gravity which is considered to be 
constant. 
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If only partly we take into consideration the role of other vari- 
ables, then we shall have more and more precise formulas for s de- 
pending on the increasing number of the variables. 

The geometric representation (graph) of a function of two variables 


2=f (x, y) (169-1) 


is, generally speaking, a surface in the space Ozyz. 

Indeed, let the given function be defined in a certain domain 
of the plane Oxy. Then to each pair of values x and y from the domain 
w there corresponds, by (169-1), a certain value of z. In other words, 
each point N (zx, y, 0) € w is associated with the point M (z, y, 2) 
belonging to the graph of the function and which is the end-point 
of the perpendicular NM to the plane Oxy (MN _| Oxy). 

If the point N occupies all possible positions exhausting the do- 
main w, then the point M associated with it will, in general case, 
describe in space some surface P* hanging over the domain w. Ob- 
viously, we can imagine that P is a “roof” constructed over the area 
w. The surface P is just the geometrical representation of function 
(169-1) (Fig. 208). Geometrical representations of functions of three 
and more variables have no simple geometrical sense. 

In some cases we can obtain an obvious geometrical representa- 
tion of the character of change of a function by considering its level 
lines (or level surfaces), i.e. lines (or surfaces) where a given function 
preserves a constant value. 

Definition 1. The level line of the function 


z= f (2, y) 


is the set of all points of the xy-plane for which the given function has 
one and the same value (isoline). 
Thus, the equation of a level line is 


f(z, y) =C, 
where C is a constant. 


Example. Construct a family of level lines of the function 
g2=2+4+ y’. 


Assigning to z non-negative values z = 0, 1, 2, .. . (z, obviously, 
cannot be negative), we shall obtain the respective equations of the 
Jevel lines of the given function: x? + y? = 0 is a point O (0, 0); 
x* + y? = 1a circle of radius R = 1 with centre O (0, 0); 2? + 
+- y? = 2, a circle of radius R=/ 2 with centre O (0, 0), and so on. 

Thus, the level lines of our function represent a family of concen- 
tric circles with centre O. Having constructed these lines, we get a 


* Here we are speaking of simple elementary functions. 
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“surface map” for the given function with the altitudes (elevations) 
indicated (Fig. 209). 

Figure 209 gives a distinct picture of how the function z increases 
along each radial direction. Therefore, in the xyz-space the geometri- 
cal image of the function represents a giant “pit” with steeply increas- 
ing edges. Theoretically, this is a paraboloid of revolution (see 
Sec. 168). 


Definition 2. The level surface of the function 
u= f (x, Y, Z) 


is the set of all points of the Oxyz-space for which the given function has 
one and the same value (isosurfaces). 

Level lines and level surfaces are frequently encountered in phy- 
sical problems, as well as in other fields of science. For instance, 


Cae = 


FIG. 208 FIG. 209 


joining on a map of Earth’s surface the points with equal daily 
average pressure or with equal daily average temperature, we shall 
obtain isobars and isotherms, respectively, which are important 
initial data for weather forecast. 


Sec. 170. Continuity 


Let z = f (z, y) be a function of two variables z and y, a pair of 
whose values (z, y) we shall call, for brevity, a point. Thus, z is a 
function of the “point”. 

Now we assign an increment Az to the variable z, leaving the 
variable y unchanged. Then the difference 


A,z = f (x + Az, y) —f (2, y) (170-1) 
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is called the partial increment of the function f (x, y) with respect to 
the variable x. Hence, we may write 


Analogously, if only the variable y receives an increment Ay, and 
the variable x remains unchanged, then the difference 
A,f (z, y) = f(z, y + Ay) —f (@, y) (170-2°) 


is called the partial increment of the function f (x, y) with respect to 
the variable y. 

Finally, it may happen so that both variables xz and y receive the 
increments Az and Ay, respectively. Then the corresponding incre- 
ment of the function 


Af (x, y) =f (a + Az, y + Ay) — f(z, y) (170-3) 
is called the total increment of the function f (x, y) (or simply the 


increment of the function). 
Naturally, here we consider only such points 


(xz, y), («+ Az, y), (t, y+ Ay), (x + Az, y + Ay), 


for which the function f has sense, i.e. defined. 

Note that from formulas (170-2), (170-2’), and (170-3) it follows 
that the total increment of a function is, generally speaking, not equal. 
to the sum of partial increments of this function: 


Af (x, y) # Asf (x, y) + Aygf (, y). 
Example. Find the increment of the function 
f(t, y) = 2? + ay — 2y’, 

where x changes from 2 to 2.2 and y from 1 to 0.9. 
Here 
Az =0.2 and Ay = —0.1. 


\ve have 

f(2, 1) =2?4+2-1—2-12 =4 
and 

f (2.2, 0.9) = 2.2? + 2.2-0.9 — 2-0.9? = 95.20. 
Ilence, 

Af (2, 4) = 5.20 — 4 = 1.20. 


The partial and total increments of a function of more than two 
variables are determined and written in a similar way. 

Definition 1. The function f (x, y) is said to be continuous at point 
(Xo, Yo) if: (1) it is defined at this point and the latter is the limit point 
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for the domain of existence of the function; (2) to the infinitesimal incre- 
ments 


A%p = X— 2X, and Ayo = Y — Yo 


of the variables x and y there corresponds the infinitesimal increment 
Af (Xo, Yo) of the function f (x, y), i.e. whatever the way by which 
the increments Az, and Ay, tend to zero, for which f (x) + Azo, 
Yo t+ Ay,) has sense, the following condition is fulfilled 


lim Af (29, Yo) = lim [f (a +A, Yo tAYo) — 
Axg70 Axo>0 
Ayo>0 Ayo>0 


—f (Xo, Yo)] =O. (170-4) 


For obviousness, we may think that the function f (z, y) conti- 
nuous at the point (zo, y,), is defined both at the point itself and in 
some neighbourhood of this point, and for sufficiently small (by 
absolute value) Az, and Ayy equality (170-4) holds true. 

Definition 2. The function f (x, y) is said to be continuous in a given 
domain if this function is continuous at each point of the domain under 
consideration, i.e. if for each point (z, y) of the domain we have 


oo Af (x, y)= lim [f (e+ As, y+ Ay)—f(z, y)J=0. (170-5) 


Ay70 Ay 0 


As usually, we assume here that the displaced point (x + Az, 
y + Ay) belongs to the given domain and f (x + Az, y + Ay) 
exists (the set of such points is non-empty in any neighbourhood of 
the point (z, y) by Definition 1). Thus, we may say that a function 
is continuous if and only if to the infinitesimal increments of its argu- 
ments there corresponds an infinitesimal increment of the function. 


Example. The function 
f(z, yy=Ve+Vyt+V1i-—2z—-y 


is defined and continuous in the triangle: A = {x >0, y>O0; 2+ 
+ y< 1}. We should like to note that the points ; belonging to the 
boundary of the set A are not its interior points. 


From formula (170-5) it follows that 
f(x + Ax, y + Ay) =f, y) +, (170-6) 


where @ is an infinitesimal as Ax —0O and Ay —0. Thus, if a func- 
tion f (x, y) is continuous, then its values at two infinitely close points 
differ from each other by an infinitesimal function. 

Let us put z+ Ar = 2,, y + Ay = y;. Obviously, as Az +0, 
Ay —0O we have zx, —~zx and y, —y, and conversely. Then from 
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(170-5) we get an equivalent. definition for the continuity of a func- 
Lion 
lim f (24, Yi) =f (2, Y)- 


0 Banat," 
yi7y 


Sec. 171. Partial Derivatives of the First Order 


Let there be given a function 
2=f (2, y). 


‘or simplicity, here and henceforward we shall assume that for 
cach point (z, y) under consideration the function f (x, y) is defined 
in some complete neighbourhood of this point. 

Consider the ratio of the partial increment 


Ax =f (x + Az, y) — f (, y), 
of the function z with respect to the variable z to the increment Az 
of this variable 

Axz _ f(xtAz, y)—f(z, ») 


e 
—— 


Ax Ax 


The limit of this ratio (if any), as Ax —0, is called the partial de- 
rivative (of the first order) of the function z = f (a, y) with respect to x 


and is denoted as follows: 
6] ; 
= iz (zx, Y). 
Hence, we have 


dz. f (z+ Az, y)—Ff (2, y) 
a) ie! ae 


3 


The partial derivative = = fy, (z, y) of the function x = f (x, y) 
with respect to y is determined in a similar manner: 
OZ lim f (2, y+ Ay)—f (2, y) 


Definition. The partial derivative of a function of several variables 
with respect to one of these variables is the limit to which tends the ratio 
of the corresponding partial increment of the function to the increment 
of the independent variable under consideration provided the latter 
tends to zero. 


Note that if we differentiate the function z=f(z, y) with 


respect to 2x (ice. if we find =) , then y is regarded as cons- 
tant, and if we find an then x is considered to be constant. 


"6—0875 
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Therefore, the partial derivative of a function of several variables is 
equal to the derivative of the function of one variable which is obtained 
if all the independent variables of the given function, except for the 
corresponding one, are considered to be constant, i.e. 


SF =f f(z, y)], Where y=const, etc. 


Consequently, partial differentiation requires no new rules, and 
we may take advantage of the known differentiation formulas (see 
Sec. 82). 


Example 1. Let 
z2=2siny + y'. 
It is clearly seen that 


02 : 02 
pees Bey — 3 3 
rs = 3x? sin y, ay cos y+ 4y3. 


Determined and evaluated in a similar way are the partial deriv- 


FIG. 210 


atives of the function u =f (x, y, 2) of three variables z, y, 2, 
and so on. 


Example 2. Let u = x6 — y* + 32°; then 


dU pts QU pg OU h 
3 = 62%, a 4y°, 5 = Lost. 


For the function 

z= f(z, y) 
it is not difficult to find out the geometrical meaning of its partial 
derivatives = = f, (x, y) and = =f, (z, y). The geometrical repre- 
sentation of the given function is a certain surface P (Fig. 210). 
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Putting y = const, we get a plane curve I, representing the section 
of the surface P by a corresponding plane parallel to the coordinate 
plane Oxz. Let MK be the tangent to the curve I’, at point M (z, y, 2) 
und a@ the angle formed by this tangent with the positive direction 
of the z-axis. Since 


Se) 
Ox | dx Jy=const’ 
hy the geometrical meaning of an ordinary derivative, we have 


02 
———tanad. 
OX 


Analogously, if I, is the section of the surface P by a plane z = 
~= const and £ is the angle formed with the y-axis by the tangent WZ 
lo the curve I, at point M (z, y, z), then 

02 


ay = tan B. 


Sec. 172. The Total Differential of a Function 


Let z =f (za, y) be a function of two independent variables z 
and y. Then the increment of this function 


Az =f (x + Az, y + Ay) —f (z, y) 


represents the difference between the values of the given function 


al points M (xz, y) and M’ (x + Az, y + Ay). Let us denote by p 
(lhe distance between these points: 


o=V (Az)*-+ (Ay). : 


If, as p +0, we can choose quantities A and B independent of 
Ax and Ay so that the expression 


A Ax + B Ay 


(iffers from the total increment Az of the function by a quantity of a 
higher order of smallness as compared with p, then this expression 
is called the principal linear part of the total increment of the func- 
lion. In this case we get 


Az =A Ax+ B Ay + yo, (172-1) 
where y 0 as 9 +0 (or, which is the same y 0 as Ax —0 and 
Ay —Q). 

[;xpression (172-1) can be written in another form. Since Az = 

o cos g, Ay = o sin @ (Fig. 211), we have 


0 = Az cos @ + Ay sin q; 


“* 
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hence 
Az =A Ax + BAy+a Ax + 8B Ay (172-1') 


where 
a= ycosqg—>0O and 8 = ysing—> 0 


as 0 0, i.e. as Ax —0O and Ay —0, and conversely. 
Generalizing the definition of the differential of functions of one 
independent variable for the case of a function of two independent 
variables, we come to the following definitions. 
Definition 1. The differential of an independent variable is understood 
as the increment of this variable, i.e. 


dx = Ax and dy = Ay. 


Definition 2. The total differential of a function (or simply, the 
differential of a function) 2 = f (x, y) of two independent variables x 


FIG. 211 FIG. 242 


and y is the principal linear part of the total increment of this function. 
This definition is extended in a natural way to functions of any 
number of variables. 
Denoting the differential of a function by d, we may write 


dz =A Ax+B Ay, (172-2) 
where A and B are independent of Az and Ay, and, moreover, 
Az —dz =a Az+B Ay, 


where o and f are infinitesimals as Ax —O and Ay — 0. 

A function that has a differential in a given domain is called 
differentiable in this domain. If the function z is differentiable, then 
for the total increment Az of the function formula (172-1) or (472-1’) 
holds true. 

Let us note that if a function z = f (z, y) is differentiable, then 
this function is continuous. Indeed, passing to the limit in formula 
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(172-1’) as Ax —0O and Ay —0, we get 

lim Az =0, 

Ax—0 

Ay+0 
i.e. the function z is continuous (see Sec. 170). 

Example. Find the differential of the function 

2 = oy. 

The function z may be regarded as the area of a rectangle with the 
sides x and y (Fig. 212)*. Assigning increments Az and Ay to the 
sides x and y, we shall obtain an increment Az of the area z repre- 
senting the area of the “border”: 

Az = (4 + Az) (y + Ay) — zy = y Ax + 2 Ay + Az. Ay. 


The principal part of this increment as Ax —0O and Ay —0 con- 
sisting of two rectangles with the sides y, Az and z, Ay is the differen- 
tial dz of the area z; therefore 

dz = y Ax + = Ay. 

Theorem 1. The differential of a function is equal to the sum of 
the products of derivatives of this function by the differentials of the 
corresponding independent variables. 

Proof. Let the function z = f (x, y) be differentiable, i.e. let it 
have a differential 

dz =A Axr+B Ay. (172-3) 
To determine the coefficients A and B, we write the total increment 
of the function 

Az =A Ax+ BAy+a Azx+ 8B Ay, (172-4) 
where @ and 6 are infinitesimals as Ax —O and Ay —+(Q. Putting 
Ay = 0 in (172-4), we get the partial increment 

A,z = A Az +a Az. 

Hence 
A x2 
Az 

and, consequently, as Ax —0, we shall have 


=A+a 


* For the sake of obviousness, we consider z and y to be positive. 
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Thus, 


02 02 
A=7,, B=7-. 


Substituting these values into (172-3) and taking into account that 
Az = dx and Ay = dy, we finally have 


02 Oz = 
daz = da+ > dy. (172-5) 


Corollary. A given function has one differential. 

Indeed, from the proof of Theorem 1 it follows that the differen- 
tial (if it exists) of the function z = f (zx, y) is necessarily expressed 
by formula (172-5). 


Note. From formula (172-5) it follows that for the function z = 
=f (x, y) of two independent variables z and y its differential dz 
is a function of four independent variables zx, y, dz, dy, which is 
linear (i.e. of the first degree) with respect to the second pair of the 
variables. The first pair of the variables, x and y, represents the 
coordinates of the point M (z, y) at which the differential is taken. 
The second pair of the variables, dx and dy, are the coordinates of 
the displacement vector of the point M (z, y) as the latter goes into 
an infinitely close point M’ (x + dz, y + dy), where dz and dy are 
the projections of the segment MM’ on the corresponding coordinate 
axes Ox and Oy. 


Theorem 2. (the sufficient condition of differentiability of a func- 
tion). [f a function z = f (x, y) possesses continuous partial derivatives 
— = fi (x, y) and = = f, (x, y) in a given domain, then this function 


is differentiable in this domain and its differential is expressed by for- 
mula (172-9). 
Proof. Consider the total increment of the function 


Az = f (+ Az, y + Ay) —f (@, y). 
Subtracting and adding the term f (x, y + Ay), we shall have 
Az = If (a + Az, y + Ax) — f (xz, y + Ay)I + 
+ If @, y + Ay) —f (@, y)]. (172-6) 


The expression in the first brackets of the above formula repre- 
sents the increment of the function f (z, y) with respect to the va- 
riable x with the fixed value y + Ay of the second variable y, i.e. 
it may be regarded as an increment of a function of one variable z. 
Holding the quantity y + Ay fixed and applying Lagrange’s theo- 
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rem on finite increments of a function (see Sec. 85), we find 
f(x + Az, y + Ay) —f (a, y + Ay) = 
= Aaf, (x, y + Ay), (172-7) 


where zx is some intermediate value between z and xz + Az. 

Analogously, the expression in the second brackets of (172-6) is 
the increment of the function f (z, y) with respect to the variable y 
with the value of the variable x unchanged. Therefore, by Lagrange’s 
theorem, we have 


where y is an intermediate value between y and y -+ Ay. From (172-6), 
(472-7), and (172-8) it follows 
Az = Azfy (c, y + Ay) + Ayfy (2, y)- (172-9) 


Let Az +0 and Ay — 0. Since the derivatives f;, (x, y) and fy (2, y) 
are continuous, their values at infinitely close points P (zx, y + Ay) 


and M (x, y) and, correspondingly, Q (z, y) and M (z, y) (Fig. 213) 
differ from each other by infinite- 


simals (Sec. 170); therefore, P(zy+dhy) © 
fe (x, y + Ay) = fe (zt, y) +2 
and fy (2, y) = fy (ay) +B “0 Ay 


where a and 6 are infinitesimals 
as Ax QO and Ay-—-0Q. Hence, My) 


from (172-9) we have Az 
Az = Ife (et, y) Atty (zt, 9) AV+ pe og 
4 (a Az + B Ay). (172-40) 


By definition, the principal linear part of the total increment Az of 
a function is the differential dz of this function. Consequently, from 
(172-10) we get 


: , 0 0 
dz = fz(x, y) Act fy (x, y) Ay = 3, de+3- dy, 
which was to be proved. 


Example 1. Find the differential of the function 


1 — ae oe 
Here 
02 


a= = yx’! and — Fy ge 0G 
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Hence 
0 0 = 2 
dz = da-+ > dy = ya" 1dzx+x¥ Ina dy. 


Note. Analogously, if a function u = f (z, y, 2) has continuous 


partial derivatives 2H 8 ond ee then the differential of this 


oz? Oy Oz 
function is expressed by the formula 


du Ou du 
du=— > dz-+ | dy + 3 a2, 


where dx = Ax, dy = Ay and dz = Az. 
Example 2. Find the differential of the function 


Ze 
u=—e.~ 
y 
We have 
ou _ipe SOUP wg oo du caren tt 
6x Oly CY y2 ? 62 ly 
Hence, 


du =e (— da — = dy += dz) : 


If the increments Az and Ay are small, then the increment of a 
differentiable function 


Af (x, y) =f (« + Az, y + Ay) —f (%, y) 


may be approximately substituted by the differential df (x, y) of 
this function: 


df (x, y) = fx (a, y) Aw + fy (&, y) Ay. 
Hence, we have an approximate equality 
f (c@ + Ax, y + Ay) —f (@, y) & fa (%, y) Az + fy (z, y) Ay, 
rea will be relatively more precise with a decrease in | Az | and 
y |. 


Example 3. Given a rectangle with the sides x = 6 m and y = 
— 8m. What an increase in length will the diagonal of this rectangle 
receive if the side z is increased by 5 cm, and the side y is reduced by 
10 cm? 

Denoting the diagonal of the rectangle by u, we have 


u= V 22+ y?. 
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Hence, replacing the increment Ax of the diagonal by the differ- 
ential du of this diagonal, we approximately find 


take isp at pater A oe 

Setting 

xz=6m, Az = 0.05 m; 

y=8&m, Ay = —0.10 m, 
we get 

Au & BL Aas Gael 2 ee — 0.05 m. 

V 36-464 

Thus, the diagonal of the rectangle is reduced approximately by 
o cm. A precise computation yields Au = —0.045 m. 


Sec. 173. Application of the Differential 
of a Function to Approximate Computations 


With the aid of the total differential of a function we can find out. 
the effect of the errors of the arguments of the function on its value. 

Problem. Determine the limiting absolute error A, of the func- 
tion 

= f (x, y), 
knowing the limiting absolute errors A, and A, of the arguments 
x, Y: 

| Ax | < A, and |A,|<A 


We have 
| Az | = |f ( + Az, y + Ay) —f (@, y)|. 


Substituting the increment of the function by its differential, we 
obtain 


| Az | = | fe (x, y) Ax + fy (a, y) Ay |. 
llence we derive an ck oni estimate: 


eee we may ole 


A= (173-1) 


oes ee 
Ox Oy 
for the limiting absolute error of the function z. 
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Example. The hypotenuse of a,right-angled triangle x = 120 m + 
+ 2 m, and the acute angle y = 30° + 1°. With what accuracy can 
‘we find the leg z of this triangle lying opposite the given angle? 

We have 


Z=a2xsin y. (173-2) 
Hence, 


Lear Tt Leer 
Ox ~~ Yy dy ie Y. 


Putting x=120, Ay=2 and y=, Ay = ay by (172-2) and 
(172-1), we find 
z = 120 sin 30° = 60 m 


and 
A, = sin 30°-2 + 120-cos 30°-=7- =1+4+1.8=2.8 m. 
Consequently, 


z= 60 m+ 2.8 m. 
Using (172-1), we can also determine the limiting relative error of 
the function: 


Az 
oe =P 


In particular, let us put 
Z2=a2y (x40, yO). 


Then 
A, = ly |A, + [a |Ay, 
and, hence, 
ee 
Oa ta yl 
5, = 6, + 5,, 


i.e. the limiting relative error of a product is equal to the sum of limit- 
ing relative errors of its factors. 


Sec. 174. Directional Derivatives 


Let wu = f (x, y) be a function defined in the domain @. We are 
going to consider some point M (xz, y) € wm and a certain direction / 
defined by the direction cosines cos a and cos B = sin @ (i.e. cos a 
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and cos f are cosines of the angles formed by the ray / with the coor- 
dinate axes Ox and Oy). As the point M (xz, y) displaces along the 
given direction / to the point M’ (x + Az, y + Ay) € o, the func- 
tion u = f (z, y) receives the increment 


Aw =f (x + Az, y + Ay) —f (z, y), (174-1) 


which is called the increment of a function in a given direction l 
(Fig. 214). If MM’ = Al is the magnitude of displacement of the 
point M, then from the right-angled triangle /PM’ we obtain 


Az =Al-cosa, 


Ay = Al-cosB, ee) 


hence, 
Aw =f («4 + Alcosa, y + Al cos 8) — f (2, y). 


Definition. The (directional) derivative se of the function u in the 


given direction Ll is the limit of the ratio of the increment of the function 
in this direction to the magnitude of displacement, provided the latter 
tends to Zero, i.e. 


du iy. Aju ‘ 
aro uy AL (174-3) 


From this point of view, the derivatives ~~ and ~ may be considered 


as the derivatives of the 
function w in the positive 
directions of the z- and y- 
axes. 

The derivative sae gives 
the rate of change of the 
function in the direction l. 

Let us derive the formu- 


la for the derivative a, FIG. 244 


assuming that the func- 

tion u =f (z, y) is differentiable. It follows from the defini- 
tion of the differential that the increment of the function diifers 
from its differential by a magnitude of a higher order of smallness 
as compared with the increments of the independent variables. 
Therefore, using the formula for the total differential (172-5), we 
shall have 


du Ou ; 
Aju= = Ar+ a, Ay+e,Ar-+ Eo Ay, 
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where €, —0O and e, 0 as Az —0O and Ay —0. Hence, by rela- 
tions (174-2), we get 


Ajw= (= COS a+ cos B} Al + (€, cos a-+ €, cos B) Al. 


0 
Consequently, 
Aww Ou 
<= ar 008 a+ cos§+e,cosa+e,cosf. 


Passing to the limit in the above formula, as Al —0, i.e. as Ax > 0 
and Ay —0, and applying (174-3), we shall obtain the sought-for 
formula of the derivative of the function in the given direction: 


—— === 60 s a-+ 5 cos B, (174-4) 


where cos B = sina. 
Example 1. Find the increment of the function 
u= xz? + Qey — y? 
as the point M (1, 2) displaces in the direction / which makes an 


angle a = arctan Zz with the positive direction of the z-axis over a 


distance Al = 0.1. Evaluate the derivative = at the point M. 
We have tana => , and 0<a< >. “ae 


seoa=Vittama=/ 1+4-=—, 
hence, 
4 
cosa= = — 
seca 5 
and 
sine Stahieeose ee 
aaa ee aa eee ome oe 


Using the obtained direction cosines cos a => and cos B = 2 of the 


direction /, we find the increments of coordinates for the point M 
Ac= Al-cosa=0.1¢-2=0.08 


and 


3 
—— 0.06. 
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Thus, the displaced point M’ has the following coordinates 

Z=xr+ Ar =1-+ 0.08 = 1.08 
and 

yp =y + Ay = 240.06 = 2.06. 
Hence, the required increment of the function u is equal to 

Aju = (1.08? + 2-1.08-2.06 — 2.067) — (17 + 2-1-2 — 2%) = 

= 1.3724 — 1 = 0.3724. 

Note that 


Aju 
Al 3.7. 


Further, we have 


du du . 
therefore, 


(FE) y= 8 (Se a= 2 
and, consequently, 
(++) = (45), ,c08%+ (4) 0088 =6-¢ + (—2)-F = 3.6. 


Note. For the function u = f (z, y, 2) its derivative in the direc- 
tion 1 = {cos a, cos B, cos y} is equal to 
du Ou 


du Ou 
ar = Gy 008 a+ 3 cos B-+ =— cos y. 


Sec. 175. The Gradient 


Definition 1. A scalar field is said to be defined in a given domain w* 
if for each point M € w a certain scalar (i.e. a number) 


u =f (M) (175-1) 


is specified. 

Thus, u is a numerical function of a point. 

A temperature field (i.e. the distribution of temperature in a heated 
body), the distribution of concentration of substance in a solution, 
etc. are examples of scalar fields. 

If the domain w is situated on the zy-plane, then any of its points, 
say WM, is defined by two coordinates (zx, y), and a plane scalar field 


* Traditionally, the word “domain” is used here as synonym for the word 
“set”. For the precise definition of the notion “domain” see Sec. 179 


414 A Brief Course of Higher Mathematics 
(175-1) can be written in the form 
u=f (zx, y) ((2, y) € @). (175-2) 


Analogously, for the domain o, contained in the xyz-space, we 
shall have 


u= f (x, Y, 2) ((z, Y, Z) C @). 


Thus, the notion of a scalar field represents a physical interpreta- 
tion of a function of several variables. 

Definition 2. A vector field is said to be defined in a given domain if 
for any point M € w a certain vector 


a = F(M). (175-3) 


is specified. 

A velocity field of points of a fluid flux in a given moment of time, 
a force field generated by an attractive centre, etc. are examples 
of vector fields. 


For the case of a plane vector field (175-3) (@ € Oxy) we shall have 
a vector function 


a= F(z, y) ((z, y) € @). (175-4) 
Hence, passing over to the coordinates of the vector a, we obtain 
ay = Fy (z, y), ay = Fy (z, y). (175-5) 


Thus, specifying a plane vector field (175-4) is equivalent to spe- 
cifying two scalar fields (175-9). 


Analogously, for the case of a space vector field (w € Oxyz) we get 

a = F (2, y, 2), (175-6) 
or in coordinates 

y, = Fy (x, y, 2), Gy = Fe (2, Ys 2), Ag = Fg (2, y, 2). (479-7) 


And so, vector field (175-6) is equivalent to three scalar fields (175-7). 
This explains the convenience of the vector language: it allows us to 
write several scalar relations in one vector formula. 

The set of all points M for which scalar field (175-1) preserves a 
constant value 


f (M) = const, 


is called the level surface (or level line) of a scalar field (isosurfaces) 
(see Sec. 169). 
Definition 3. Let 


u =f (z, y) (175-8) 
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be a differentiable plane scalar field*. Then the vector 


gradu = { =} (175-9) 
is called the gradient of the field; or 
Ou - Ou 


gradu=iz-+J By? 
where i, j are unit vectors directed along the z- and y-axes (coordinate 
unit vectors). 

Analogously, for a space scalar field 


u =f (zr, y, 2) (175-8') 
its gradient is the vector 


gradu = { ae ae (175-9") 
Hence, a scalar field generates a vector field, i.e. a gradient field 
The derivative of a scalar field (175-8’) in a given direction | is 


understood to be the expression (see Sec. 174) 


Ou Ou Ou 1 Ou 
ar = Ge £98 Ot a COs B+ 3 cos %, (175-10) 


where cos a, cos B, cos y are the direction cosines of the vector l. 
The derivative <* represents the rate of change of the field in the 


given direction. 

Theorem 1. The derivative of a scalar field in a given direction is 
equal to the projection of the field gradient on the given direction (at an 
appropriate point). 

Proof. Let us denote by 1, = {cos a, cos B, cos y} the unit vector 
of the direction 1. Then, taking into consideration formula (175-9’) 
and recalling the definition of a scalar product (Sec. 156), expression 
(175-10) can be written in the following form: 


a = grad u-lo = |grad u| |lo| cos p = |grad u| cos g, (175-11) 
where » = Z(grad u, 1) (Fig. 215). 

Hence 

a= pr, grad u. (175-12) 


Corollary. The gradient of a scalar field at a given point is equal 
(by magnitude and direction) to the maximum rate of change of the 
field at this point. 


* That is, f(z, y) is a differentiable function of two variables. 
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Indeed, from formula (175-11) we obtain that 


u Ou 
max St = ae = |gradu], 
and cos pg = 4. Hence, we find that m = O and, consequently, the 
direction of the vector 1 = 1* must coincide 
with the direction grad wu, i. 1* = 
—k grad u, where k > 0. Besides, for this 
direction we have 


Ou 
ol* 


grad u() 


= |eradu| = 


FIG. 245 (175-13) 


Note. It follows from the corollary that a field gradient is inde- 
pendent of the choice of the coordinate system Oxyz. 


Example. Find the magnitude and direction of the gradient of the 
field 


4 
uU= — + 2 
y 


at the point M, (2, 1, 0). 
We have 


Consequently, 
orad u (M,) =i — Jj. 
Hence 
|gradu(My)| = V5 
and 
cos a= os been, cosy=0. 
V5’ V5 


The point M, at which grad u(M,) = 0 is called singular for 
this scalar field; otherwise it is termed non-singular (or regular). 
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Theorem 2. At any non-singular point of a plane scalar field the 
field gradient is directed along the normal to the level line passing through 
this point to the side of the field growth. The proof of this theorem is 
left to the reader. 


Sec. 176. Partial Derivatives of Higher Orders 


Suppose we have a function z = f (zx, y) of two variables z and y. 
Its partial derivatives 


0 , 0 , 
Ge wie(t y) and 3-=fy (a, y) 


are functions of the variables z and y. In some cases for these func- 
Lions there exist again partial derivatives called partial derivatives 
of the second order (or simply, second partial derivatives): 


OEE ae (=) = fen (2, Y) HOT sedaay (==) = fi, (x, y) 
0x2 oO Ox a a » Y)s Ox OY _ dy Ox = fry > Y)s 
02z 0 02 i 022 6) 02 i 

yas oe (ap alee Ds ars ay (a) aha ». 


Proceeding in this way, we can determine partial derivatives of 
the third order (third partial derivatives), and so on. 

Partial derivatives of higher orders of a function of three and more 
variables are determined and written in a similar manner. 

We can prove the following theorem: if all partial derivatives par- 
ticipating in the process of computation which are considered as the 
functions of their independent variables are continuous, then the result 
of partial differentiation is independent of the order of differentiation. 

In particular, for instance, if the derivatives ot and os 

x Oy Oy Ox 
are continuous, then the following equality holds 
022 8 
Ox dy oOydx 


Without giving the proof in the general form, let us verify the vali- 
dity of the last assertion by considering the following example. 


Example. Let 
z=2% (x>0). 


We have 
Oz y-1 i v-4 
on 9% > Grey 9% Ing 


27—0875 
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and 
Of _ oy 2 ey el-t 
ay In x, ay on TU In x. 
We see that for the given function z the equality 
iat et 
Oz dy -—s«-: Oy Az 


is observed, as it was to be expected. 


Sec. 177. Test for the Total Differential 


If the function u = f (z, y) is differentiable, then its total differ- 
ential has the form (172-5) 


du = P (2, y) dz + Q(x, y) dy, (177-4) 
where 
P(x, y)=5e and Q(z, y=. (177-2) 


There arises a converse problem: under what conditions is the differ- 
ential expression 


P (x, y) dx +- Q (x, y) dy, (177-3) 
where the functions P (xz, y) and Q(z, y) are continuous together 


with their derivatives of the first order, the total differential of some 


function wu? 
A necessary condition for a total differential is given by the follow- 


ing theorem. 

Theorem. For differential expression (177-3) to be in a domain G 
the total differential of some function u = F (x, y) it is necessary that 
the following condition be fulfilled identically in this domain 


=z (WEG) (177-1) 


(the condition for a total differential). 


Proof. Let (177-3) be the total differential of the function u = 
= F (xz, y). We have 


du = 4 dr+ ™ dy, (177-4) 


Hence, by virtue of uniqueness of the differential (Sec. 172, Co- 
rollary from Theorem 1), we get 


7) 0 
P(t, y=ar Oa N=5,. (177-5) 
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Differentiating the first equality with respect to y and the second 
with respect to z, we shall have 

OP s-« @*u 00 —s- 0*u 

“ay ofay ss “on = coyaE Eee) 


Since for continuous mixed derivatives the result of differentiation 
is independent of the order of differentiation, from (177-6) we obtain 


aP ag 
Oy Ox’ 


i.e. the condition (177-a) is fulfilled. 
Corollary. Jf the condition (177-a) is not fulfilled, then the expres- 


sion P (x, y) dx + Q (2, y) dy is not a total differential of some func- 
tion in the domain G 


Note. We can prove that for a finite or infinite rectangular domain 
G={a<cz“z<b Ax<xy<B} 


fulfilment of the condition (177-a) is just sufficient for the existence 
of a function u such that 


P (x, y) dx + Q (a, y) dy = du. 
Example. Are the expressions 
ydx—xdy and ydx+ zx dy 
total differentials of some functions? 
For the first expression we have P = y, Q = —zx. Hence 
oP _4y 0 _ 4 
dy” dr” 


and, consequently, the condition of a total differential is not ful- 
filled, i.e. there is no function whose total differential is equal to 
y dx — x dy. 

For the second expression we get 


= Y, Q <= 
and, hence, 
oP _ a _, 
Oy ox °° 


The condition for a total differential is fulfilled. Since the plane 
may be regarded as an infinite rectangular domain, then y dz +. x dy 
is a total differential of some function. Indeed, 

y dx + x dy = d (zy). 


Ee 
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Sec. 178. The Extremum (Maximum or Minimum] 
of a Function of Several Variables 


Let us recall (see Sec. 46) that a neighbourhood of a point in the 
plane is understood to be the interior of any rectangle surrounding 
this point, excluding the point itself. 

Analogously, a neighbourhood of a point in space is understood 
to be the interior of an arbitrary parallelepiped containing this 
point less the point itself. 

Definition. A (strict) maximum of a function f (x, y) is a value 
f (a1, 1) of this function such that it is the greatest among all the va- 
lues f (x, y) attained by the given function at the points of some neigh- 
bourhood of the point (x,, y,)*. (This neighbourhood may be very 
small by its linear dimensions.) 

Analogously, a (strict) minimum of a function f (x, y) is a value 
f (%o, Ya) of this function such that it is the least among all the values 
f (x, y) attained by the given function at the points of some neighbour- 
hood of the point (25, Yo). 

A maximum or a minimum of a function f(z, y) is called the 
extremum of this function and a point at which an extremum is ob- 
tained is called the point of extremum (i.e. the point of maximum or the 
point of minimum of the function). 

An extremum of a function f (z, y, 2), etc. is determined in a si- 
milar fashion. 

Now we are going to indicate a necessary condition for an extre- 
mum of a function of several variables. 

Theorem. At a point of extremum of a function of several variables 
each of its partial derivatives of the first order is either equal to zero or 
does not exist. 

Proof. For the sake of simplicity, let us consider a function of two 
variables u = f (zx, y), and let f (x9, yo) be its maximum (the reason- 
ing for a minimum is analogous). 

Fixing one of the variables, say y, and putting y = yy, we obtain 
a function of one variable 


uy = f (x, Yo), 


which, obviously, has a maximum at x = z,. Hence, on the basis 
of the theory of a function of one variable (Sec. 91) we obtain that 


( ous ) nme, = fi (Zo. Yo) =O 


or fx (%o, Yo) does not exist. 
We prove just in the same way that f, (7), yo) = O or it does not 
exist. 


* By the meaning of the definition, the function f(z, y) must make sense 
on a certain set of points of this neighbourhood. 
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Corollary. At a point of extremum Mo, (Xo, Yo) of a differentiable 
function f (x, y) the following equalities are fulfilled 


hx (Zo, Yo) oF 0, ty (Xo, Yo) = 0. 


Analogously, if a differentiable function f (7, y, z) has an extre- 
mum at point My (Xo, Yo, Zo), then 


fe (Zor Yo 20) =9, fy (Lor Yor 20) = 9, fe (Los Yo: 20) = 9. 


Note 1. Points at which partial derivatives of the first order of 
some function are either equal to zero or do not exist will be called 
critical for this function. 

Then the theorem is equivalent to the following statement: eztre- 
ma of a function of several variables can exist only at its critical points. 


Note 2. The above derived conditions for an extremum of a func- 
tion are, generally speaking, not sufficient, i.e. if, for instance, at a 
certain point all partial derivatives of the first order of a function 
are equal to zero, then the function not necessarily has an extremum 
at this point. 


Example 1. For the function 


f(z, y) = zy 

we have 
fe (t, Y) = Y, fy (@, y) = 2. 
Hence, 


f, (0, 0) = f, (0, 0) =0. 


But the point O (0, 0) is not a point of extremum of the function, 
since in any neighbourhood of the point O there are points A (eg, &) 
and B (—s, &) (e > 0 is arbitrary) such that 


f(A)= eX’? >O0=f (0) and f(B) = —#’<f (0). 


Example 2. Of all rectangular parallelepipeds having the sum of 
the three dimensions equal to a given positive quantity a find the 
one whose volume is the greatest. 

Let us denote by z, y, and z (x > 0, y > 0, z > 0) the dimensions 
of the rectangular parallelepiped under consideration. Then, its 
volume V will be expressed as follows: 


V = xyz. 
Besides, according to the condition of the problem, we have 


rt+yt+z=—a. 
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Expressing z in terms of x and y from the last equation and substi- 
tuting it into the expression for V, we get 


V=czy(a—2x—y), 


where x and y are independent variables. 
We now take partial derivatives of V with respect to x and y: 
OV 


gp Oa Sage 
ag = ay — 2ry—y’, Ry ae x2— 2ry. 


Equating these partial derivatives to zero, we shall have 

ay —2zy— y*=0, 

ax — x2— Qry = 0. 
Since for the desired parallelepiped the quantities z and y are auto- 
matically not equal to zero, we may reduce our equations by them. 
After simple transformations we obtain the system 

22 a y=4a, 

x+2y=a. 
Solving this system in a usual way, we find 


2= > and y= = : 
Hence, also 
ne iad 
3 
Thus, the sought-for parallelepiped is a cube whose edge is equal 
to z= (we can prove strictly that its volume under the given conditions 


is the greatest). 


Sec. 179. An Absolute Extremum of a Function 


Let us consider a certain set G of points in the plane (or in space). 

A point M is called interior for the set G if it belongs to this set 
together with some neighbourhood (Fig. 216). 

A point NV is termed boundary for the set G if in any of its complete 
neighbourhoods there are points both belonging to G, and not be- 
longing to it (Fig. 216). The point WV itself not necessarily belongs 
to the set G. 

The set of all boundary points of the set G is called its boundary I’. 

Definition 1. A set G will be called the domain if all of its points are 
interior® . 

The set G = GJ [ with the boundary I attached is called a closed 
domain. 


* Such a set is usually termed open. 
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A domain is said to be bounded if it is entirely contained inside a 
circle (or a sphere) of a sufficiently large radius. 


Example 1. The interior K of the circle (Fig. 217) 
Vt+y<t 
is a domain. Its boundary is the circumference of the circle 2? -+- y? = 


a 
xn e Or 
Y, 


FIG. 216 FIG. 217 


= 1. The circle (or rather, the disk) with the boundary attached, 
i.e. the set of points for which z*-+ y* < 1, is a closed domain. 


Definition 2. The least or the greatest value of a function in a given 
domain is called the absolute extremum (absolute minimum or absolute 
maximum, respectively) of the function in 


this domain. Y 

Weierstrass’ theorem states: A function Zz 
continuous in a bounded and closed domain  B(0,2) 
reaches its least and greatest values in this 
domain. 


Theorem. The absolute extremum of a func- 
tion in a given domain is reached either at a 
critical point of the function belonging to this 
domain or at 4 boundary point of the domain. 


Example ,2. Find the absolute extremum 
of the function z = xy in a triangular do- 


main S with the vertices O (0, 0), A (4, Ze Se 
0), and B (0, 2) (Fig. 218). a A(t) 
We have 
az Oz FIG. 218 
Oe 49 oy * 


Hence, we find the critical point O (0, 0) with the coordinates 
x = 0, y = 0 belonging to the domain S. 
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Let us investigate the behaviour of the function z on the boundary 
[ = OABO of the domain S. 

On the segment OA we have y = 0 (0< x< 1). Therefore, z = 0. 

Analogously, on the segment OB: x =0 (0 y< 2) and we 
get z = 0. 

Finally, the segment AB has the equation 7+3=1, ory= 
=2—2r (O<r<1). 

Hence, 


2 ry = 22 — 22". 


We have 
dz 
4 
for t=, whence y=1. 
Since 
d2z 
Ge = A, 


at the point D(=, 1} the function z reaches its maximum 


M = -1=+ on the interval AB. 
And so, the least value of the function z in the domain S ism = 0 
and it is realized at the points of the segments OA and OB constitut- 


ing a part of the boundary IT of the domain S, its greatest value 

M =+ is reached at the point D (+ 1} belonging to the segment 
a 

AB of the boundary I. 


Sec. 180. Constructing Empirical Formulas 
by the Method of Least Squares 


In natural science, in physics and biology in particular, we have 
to use empirical formulas prompted by experience and observations. 
One of the best methods of obtaining such formulas is the method 
of least squares. We are going to set forth the main idea of this meth- 
od, confining ourselves to the case of linear relation of two quanti- 
ties. 

Suppose we want to establish a relationship between two quanti- 
ties z and y (for instance, between temperature and elongation of a 
rectilinear metal rod). To this end, we carry out appropriate measure- 
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ments (Say, ” measurements) and tabulate the results thus obtained: 


We shall consider x and y as rectangular coordinates of some points 
in the plane. Suppose the points with the corresponding coordinates 
taken from the above table lie almost on a straight line; for instance, 
they are arranged in the way shown in Fig. 219. Naturally, in this 
case we regard that between zx and y there exists an approximate 
linear relation, i.e. y is a linear function of x expressed by the for- 
mula 


y =ax-+ Dd, (180-1) 


where a and 0 are certain cons- 
tant coefficients to be determined. 
Formula (180-1) can be represent- 
ed in such a form: 


ax +b—y=0. (180-2) 


Since the points (xz, y) only ap- 
proximately lie on our straight line, FIG. 219 
formulas (180-1) and (480-2) turn 
out to be approximate. Consequently, substituting in (180-2) x 
and y by their values 2, Yi; Ze, Yo} - + -3 Zp, Yn, taken from !the 
above table, we obtain the following equalities: 


AL, + b— Yo= Eo, (180-3) 
aL, +b—Yn=En, 

where 
E14) Eo, eo © 09 En (180-4) 


are certain numbers, generally speaking, not equal to zero which 
will be called errors. 

It is required to choose the coefficients a and b so as to obtain the 
errors as small by their absolute value as possible*. The method of 
the least squares consists in the following: we have to choose the coef- 
ficients a and 0b so that the sum of the squared errors is as small as 


* This problem is a simplest particular case of the general problem on best 
approximation of functions set forth and solved for quite broad conditions by 
the well-known Russian mathematician P. L. Chebyshev. 
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possible, i.e. we require that the sum 
U=est et... + ah (180-5) 


be the least possible. If this minimal sum of the squares turns out to 
be small, then the errors themselves will be small by absolute value. 


Note. We could try to take the sum of the errors instead of the 
sum of their squares and to find the coefficients a and 0 so that this 
sum is as small as possible by absolute value. But this, obviously, 
will not ensure the smallness of the errors, since the latter can have 
different signs. This cannot happen if the problem is solved by the 
method of the least squares. 


Substituting in (480-5) numbers (180-4) by their values from equali- 
ties (480-3), we shall obtain such a quantity: 


U = (ax, + b — y,)? + (zg + O— yy)? +... 
oe. + (az, + b— y,)®. (180-6) 


In formula (180-6) the numbers 2,, y;, Yo, Yo, - ++» Lnr Yn are 
yielded by measurements and, therefore, they are considered as 
given, whereas the coefficients a@ and b are unknown quantities to 
be determined. 

Thus, U may be regarded as a function of two variables a and b. 
Let us choose the coefficients a and 6 so that the function U attains 
the least possible value. According to the preceding section, we must 
observe the following conditions: 


Taking these partial derivatives and supplying them with the coef- 
ficient - (for the convenience of further computations), we shall have 


4 0U 
ZT Gq = (G41 + 4 — 1) £4 + (ax, +b — yo) Lo + eee 


sere + (€Zp +5— yn) Ins 
5 F(a, + b— yy) + (arg +b — ys) +... + (Atn +b—yn)- 


Hence, equating these partial derivatives to zero, we shall obtain a 
linear system of two equations in two unknowns a and DB: 


(ax, +b — yy) 4+ (A2_ + 0 — Yo) Lo+... + (At, +50 —Yn) Xp =), 
(ax,-+b— yy) + (az, +b—Yo) +... + (a2, +b—Yyn) =0. 
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Carrying out ordinary algebraic transformations, we bring this 
system to a simpler form: 


a(ti+ a+... $m)to(at+a,4+ ...4+2%,) = 
= ZyYy + Loe + --- + LnYns 
A(X + tt... +$y)ton=yt+ Yet... + Yn 


or, introducing brief notations, we have 


(180-7) 


n 


nr 
a 2 ti; +bn= > yi. 
i= i= 


This is the final form of the so-called normal system of the method 
of the least squares. From this system we find a and b and then sub- 
stitute them into our empirical formula 


y =azxr-+ b. 


Example. Let the results of measurements of the quantities z and 
y and their processing be tabulated as follows: 


TiYi | cj 


—1.0 | —0.175 
0 0.175 
1.5 0.400 
4 0.025 
12 —(0.125 
16.5 | 0 
Let us put 
y = ax-+ 0b. 


Normal system (180-7) has the form 
25a + 5b = 16.5, | 


oa +ob=8. 
Solving these equations, we get 
a = 0.425, = 1.175. 
Ilence, 


y = 0.425 2+ 1.175. 
The last column of the table gives the corresponding errors. 
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Exercises 
1. Determine the domains of existence of the given functions: 
(a)u=2V1—y; (b)u=VYxrr+yr—1; (c) u=In(z+y). 
2. Construct the level lines of the following functions: 
(ajz=x—y; (bF)2z=+;(e)2=2—y%% (d) z=y—2 
3. Construct the level surfaces of the given functions: 
(ajuj=xex+y+2z, (bu=y+ 2. 


4, Find the first-order partial derivatives and the total differentials 
of the following functions: 


_ 7, _V/ 4. 
(a) u=at—2ay—y (bd) us; (Cl u= VS 
o. Find the derivative i of the function 
_ 22 
Vy 
at the point M,(1, 1) in the direction / making an angle a with 
a qt qt 3m om on TI 
the z-axis if a=Q0, 7 ee I, he eo ge SD 2m 


Evaluate | grad u (M,) |. 
6. The isotherms of temperature uw have the form 


Be eye eC. 


Knowing that for the isotherm passing through the point A (3, 4) 
the value of the function is u = 30°, and for the isotherm passing 
through the point B (5, 1) the value of the function is uw = 30°, 
find approximately | grad u (A) | if the linear distances are given 
in kilometres. 

7. Find the second-order derivatives of the following functions: 


(a) u=zlny+YVsinz; (b) u=—; (c) w= In (z+ y?); 


z 


(d) u=3/ x + arctan y; (e) u= (=) . 
8. Check that 


07u 07u 


Oxdy Oy Ox ’ 
if 


U== x arcsin J ate 
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9. The weight of a body in air is p = 5.2 N + 0.2 N and its weight 
in water is g = 3.1 N + 0.1 N. With what accuracy is it possible 
to determine the specific weight of the body? 

10. Find out which of the given expressions are total differentials: 


d 2x d 
(a) dx+ydy; (b) —=S 
y > 0). 


11. Under what condition will the sum of three positive terms 
x, y, and z be the least if the product of these terms is a constant 
equal to a? 

12. In a hemisphere of radius a inscribe a rectangular parallele- 
piped of the greatest volume. 

13. In a right circular cone the radius of whose base is r and the 
altitude is h inscribe a rectangular parallelepiped of the greatest 
volume. | 

14. The results of measurement of the quantities z and y are 
given by the following table: 


yadx—x dy 
) ery 


(y > 0); (x>0, 


10) | 20 30 40 | 00 | 60 


150 | 100 40 0 | 10) —102 


Assuming that between z and y there exists a linear relation 
y=azr-+ 8, 
determine the coefficients a and b, using the method of the least 
squares. 


15. Substitute approximately the parabola y = x? on the region 
2<2<4 by a straight line Y = kx + b so that the mean square 
h 


error @ = \ (y — Y)? dx is the least. 


2 
16. Find the absolute extremum of the function 
u= 34+ 4y +5 


in the domain 2? + y? < 1. 
: Hint. Use the parametric equations of the boundary of the given 
omain. 


Chapter 21 


Series 


Sec. 181. Examples of Infinite Series 


In this chapter we shall study the properties of infinite series, 
as well as expansion of functions into power series and trigonometric 
series. | 

An example of an infinite series which is considered in elementary 
algebra is an infinitely decreasing geometric progression* 


atag+tag+...tagi+..., (1841-1) 


where | g |< 1. Here each subsequent term is formed from the pre- 
ceding one according to a definite law, namely: each subsequent 
term is obtained from the preceding one by multiplying it by the 
ratio of the progression g. Consequently, the nth term, the so-called 
general term of the progression is expressed by the formula 


.==ag" (a i Db s ghea) 


Another example of an infinite series is a harmonic series 
1 1 1 1 1 
Ly ae he See ee ey (181-2) 


‘ 1 
whose nth term is u,=— 
There also exist series composed of functions, for instance, 


x x? x? an 
cage eta Sarees aed eee : 
4 ' 4-2 a oe eae ee ge ae I aes (181-3) 
where the nth term is 
en gn** 
uy, = > = 


1-2...97 ni 


* Precisely speaking, a series formed from the terms of an infinitely decreas- 
ing geometric progression. Henceforward, for the sake of brevity, we shall call 
series (181-1) simply geometric progression. 

** The brief notation n! (read: “n factorial”) denotes the product of all natural 
numbers not exceeding the number n. 
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The law of formation of the terms of a series is given by its nth 
term which is called the general term of a series. Having the formula 
of the general term of a series, we can find any term of this series. 

There arises a problem: to investigate the properties of an infinite series, 
assuming that its nth term is known. 

We should like to note here that the theory of series is frequently 
applied for practical purposes, since it provides the possibility to 
represent under broad conditions a given function in the form of an 
infinite series of simpler functions, for instance, of a series of poly- 
nomials which enables us to easily find the approximate values of 
a function for a given value of the argument. 


Sec. 182. Convergence of a Series 


We are going to give the general notion of an infinite series. Sup- 
pose we have a certain infinite sequence of numbers or functions 
formed according to a definite law and formally connected to one 
another with the plus sign: 


U,tUgtusgt...tuUnat...= 2 Une (182-1) 


Such an expression is called an infinite series or simply series and 
the summands w,, Us, U3, ..., Un, ... are called the terms of 
this series. If the terms of a series are numbers, then the series is 
said to be numerical; and if its terms are functions, then the series 
is called functional. 

Note that the study of functional series is reduced to studying 
numerical series. Indeed, if 


Un =f, (z) (n= 4, 2,...), 


then for each fixed value of the argument x we obtain the correspond- 
ing numerical series (182-1) whose properties are to be investi- 
gated. 

The term u,, of series (182-1) occupying the nth place as counted 
from the beginning is called the general term of this series. Series 
(182-1) is considered to be specified if its general term expressed as 
the function of the number n is known. This is exemplified by series 
(184-1), (484-2), and (181-3) from the preceding section, where we 
have respectively: 
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Considering that series (182-1) is given, we can form partial sums 
of this series, i.e. 


Sy = U4, 

S, = Uy + Ug, 

S3 = Uy + Ug + Us, 

S, = Uy tug tug t+... + Uni + Un. 

We first assume that (182-1) is a numerical series. T'wo cases are 
possible here. 

I. Let, as the number n increases without bound, the sum of the 
first n terms S, of series (182-1) tend to a finite limit S: 

lim S, = S. 

y(n ne, @) 

Then series (182-1) is said to be convergent and the number S 
is called the sum of this series. 

II. Let, as the number n increases without bound, the sum of 
the first m terms S, of series (182-1) either increase infinitely, orin 
general not tend to any limit. Then we say that series (182-1) 
diverges and has no sum. 

Definition. A numerical series is called convergent if the sequence 
of its partial sums has a finite limit. This limit is termed the sum of 
the convergent series. If a sequence of partial sums has no finite limit, 


then the series is called divergent. 
If (182-1) is a functional series, i.e. 


== f(a) ee yan 


then for each fixed value zy of the argument zx the corresponding 
numerical series 


fr (Zo) + fe (to) +... + hn (Go) +--- (182-1") 


either converges or diverges. Accordingly, x, is called either the 
point of convergence or the point of divergence of the given functional 
series, and the set of all points of convergence of a functional series 
is termed the domain of its convergence. 

If u, = fr (zt) (n = 1, 2, ...) and functional series (482-1) con- 
verges at each point z of a certain set, then it is said to be convergent 
on this set, and the function S = S (zx) determined for each value of 
x under consideration by the formula 

S =lim S, (2) 


N2—> 0O 


is called the swm of this series on the given set. 
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If series (182-1) converges, then the difference between the sum S 
and its partial sum S, 


Ri = 5 5: 


is called the nth remainder of the series. The remainder R,, of the series 
represents the error committed by substituting the partial sum S, 
of the first nm terms of this series for the sum S of the series. 
Since S is the limit of the sequence S,, we, obviously, have 
lim R, = lim (S—S,) =0. 
N—- CO n> 0O 
Therefore, taking a sufficiently large number of terms of a convergent 
series, we can compute the sum of this series to any extent of accuracy. 
{lence, it is clear that the primary task of the theory of series is 
investigation of convergence of a series. The problem of finding 
(lee sum of a convergent series is of minor importance, since, after 
(le convergence of a series is established, its sum can be easily found 
in most practically important cases. 


Let us illustrate the notions of convergence and divergence by 
a couple of examples. 


Example 1. Consider an infinite geometric progression 


atagtag+...+tag'+..., (182-2) 


where a = 0. 


It is known that the sum S,, of the first m terms of a geometric 
progression is expressed by the formula 


Here, we have to consider separately four cases. 


(1) Let |qg |< 1. Then g” tends to zero, as nm — oo, and, conse- 
quently, 


a 


lim S, = : 
N—>0o . 1—g 


In this case series (182-2) converges and its sum is equal to 


a 
S=zt. 


(2) Let | q | > 1. Then, as 7 increases without bound, g” increases 
infinitely by absolute value and, consequently, the sum of the first 
n terms S, also increases unboundedly. Therefore, in this case series 
(182-2) diverges and has no sum. 


(3) Let g = 1. Then series (182-2) has the following form 
OP ahs 6 SEY Ee a (a & 0). 


28—0875 
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It is easy to see that S, = na and, consequently, as n increases 
without bound, the sum S, increases infinitely. Therefore, in this 


case series (182-2) diverges. 
(4) Let g = —1. In this case series (182-2) attains the form 


a—ata—act+...+(—1).1'1a-+... 


The quantity S, will be equal either to zero or to a depending on 
whether n is even or odd. It is clear that S, for a = 0 does not tend 
to any limit as nm increases infinitely. In this case series (182-2) 


diverges. 
Consequently, infinite geometric progression (182-2) converges if 
and only if the absolute value of its ratio is less than unity, i.e. |g |< 1 


— Zz ~~ we have a series 
4 
ar rey oe ws + nF aae oa Tee = ae ern er ee (182-3) 


We are going to show that this series converges. Let us take the 
sum of its first n terms: 


1. 4 { { { { 
Pi ap tT ge tag) ae oe Pee n(n-+1) ° 


As is easily seen, separate terms may be represented as follows 


toe. ete ee 
14-2 2 2:3 2° 3° 3-4 #3 43 
a a 4 4 . 
45° 4 5”? 7 —n(n+1)” nn n+14 
Therefore, 
4 4 14 4 4 4 4 
eto es) laa) la 
4 4 
-+(=- TT) 
Hence, 
4 
are” | 
and, consequently, 
lim 5, ae 


Thus,. series. (189- 3) converges, and its sum is equal to unity. 


The further properties of series belong to numerical series if other- 
wise is not ‘stated explicitly. 
We are going now to indicate some elementary properties of series 
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Theorem 1. The convergence of the series 


will not be violated if all of its terms are multiplied by one and the 
same non-zero number k, and for the sums of these series the following 
equality is fulfilled: 


“\ kun, =k >) up. 
n={ n=1 
The proof of this theorem follows directly from the passage to the 
limit, as N —> oo, in the equality 
N N 


S\ ku, =k >} uy. 
n=1 n=1 


The sum (difference) of two series 


[oe] 
a 
Siu, and ) vy, 
n=1 n=1 


is understood as a series of the form (respectively) 


py (Up, zm Vy). 


Theorem 2. The sum (difference) of two convergent series is acon- 
vergent series, where 


n=1 


Zi (Un Vn) = 2 Unt >) Un- (182-4) 


Indeed, since 


for any finite NV in the limit, as N — oo, we shall obtain equality 
(182-4). 


Sec. 183. A Necessary Condition for Convergence 
of a Series 
Theorem. Jf the series 


Ui a lg AR oe Sa eh: 


converges, then,_as the number n increases without bound, its nth term uj 
tends to zero. 


28* 
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Proof. We have 
Spy = Uy tug +... Un 


and 

S, = Uy tug +... + Un + Uy. 
Hence 

un = Sy, — Spt. 


Since the given series converges, we have 


lim S,=S and lim S,;_,=S. 


N+ 0o TN—> 0O 
Hence 
lim u, = lim (S, —Spn_1) = lim S,— lim S,4~=S—S=—0, 


which was to be proved. 

Corollary. If the nth term of a series, as its number n increases infi- 
nitely, does not tend to zero, then this series diverges. 

The above proved necessary condition for convergence of a series is, 
generally speaking, not sufficient. We can give examples of series 
whose general term wu, tends to zero as n — oo, but the series, never- 
theless, diverges. 


Example. Consider the harmonic series 
{ { 1 1 1 4 1 
14t4+a4+f+et+et ett. tote. | (1834) 


The general term of this series 
4 


Un = a 
tends to zero as 7 increases infinitely. Nevertheless, we shall show 
that series (183-1) diverges. To this effect, let us take the sum of 2” 
first terms of series (183-1) and group these terms in the following 


way: 
4 4 1 1 1 4 
Sm=1ta+(gtae)t(stetate)t+ 
— om cee 
2 terms 2? terms 
1 1 we 1 4 4 | 1 

—- (stptatoatoatiatpeta) +... 
ee ee er 
2* terms 


~<a 


+(gerprtapegyt... +c). 


2™M-1 terms 
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It is easily seen that 
1, ,4.4,4 


- e@ ee ee ee e oe oe oe @ @® ee @® oe $@®  jo# @ @®  e®© @ oe @®  j@® @®  @  @  @  @ @®  @ @  @  @  @  @ @« 


1 1 1 
i i 
‘ 1 1 gma 
> om tom t+.) Toe 5m >: 


2™-1 terms ; 
Thus, the sum of the terms in each parentheses is more than >: 


Since the total number of the parentheses (without counting the first 
two terms) is, obviously, equal to m — 1, we have 


Som >1+->. 


If the number of terms n = 2” in the sum S ym increases infinitely, 
then the exponent m also increases unboundedly. Therefore Som 
tends to infinity and, consequently, harmonic series (183-1) diverges. 

Hence, the above considered necessary condition (or test) for 
convergence, generally speaking, gives no possibility to judge whether 
a given series converges or not. We shall pass over now to establishing 
such tests which will enable us in a number of cases to give an exact 


answer whether a given series converges or diverges. 


Sec. 184. Comparison Tests 
To prove the further theorems, we shall need the following lemma: 
Lemma. If in the series 
Uy Ug t... bp + Upgi1 buppe +... (184-1) 


we reject a finite number of first initial terms, for instance, p terms, 
then we shall get the series 


Unt, + Upte + Upt3 Tees (184-2) 
which converges (diverges) simultaneously with the given series. 
Proof. We denote the sum of the rejected terms by Q: 


QO =U, +uU,g +... + Up. 
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Let S, be the sum of the first nm terms of series (184-1) and S, the 
sum of the first m terms of series (184-2). Then, obviously, we have 
the equality 


Sn+p = Q + Sp. 

ence 

So SO, 

Let us assume that series (184-1) converges, and let 
lim S, =S, 

nN— 0o 


and, consequently, also 


lim Date S. 


N—> co 
In this case 


lim S$,=S—Q, 


n-—- oo 


and, hence, series (184-2) also converges. 
Let us now assume that series (184-2) converges, and let 


lim S,=S'; 
then 
lim S,=lim Sy;4,=8'+Q. 


Therefore, series (184-1) also converges. 

Thus, we have proved that from convergence of one of our series 
there follows convergence of the other, and vice versa. 

The lemma is proved completely. 

Corollary 1. When investigating a series for convergence, a finite 
number of its terms may be ignored. 

Corollary 2. If series (184-1) converges and S is its sum, then the 
nth remainder of this series 


Ra —_ S — Sy 
represents the sum of the series 


; Unti + Unte + Unts F--s, 
1.€. 


Ry = Unti + Unte t+ Unts +... 


Let us now prove the following theorem. 
Comparison Test. If the terms of the series 


Uy tuet...+tu,+... (184-3) 
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are positive (or, which is more precise, non-negative) and do not exceed 
the corresponding terms of the convergent series 


Oty was ee eee na: (184-4) 


then the given series (184-3) also converges. 
Proof. We introduce the following notations 


Sy = Uy tug tus +... +, 
and 


Sp =U, tv, tvs, +... +Y,. 

Since (184-4) converges, we have 

lim S,=S8', 
where S’ is the sum of series (184-4). According to the condition 
of the theorem, the inequalities 


Oly Yy, O < Us S Vg, oe ey OSU SY, --- 


are fulfilled. 
Hence it follows that 


S,SSn< 8. 


Since the terms of series (184-3) are positive, with an increase 
in nm the sum S, increases monotonically but never exceeds S’. 
As is known (Sec. 93), any monotonically increasing bounded sequence 
has a limit. Therefore, as nm increases unboundedly, S, tends to 
a definite limit and, consequently, series (184-3) converges. 

Corollary. If the terms of a certain series are not less than the cor- 
responding terms of a positive series* and this latter series diverges, 
then the given series also diverges. , 

Indeed, if the first series converged, then by virtue of the theorem, 
the second series would also converge which contradicts our con- 
dition. 


Note. By the lemma, the test for comparing series (184-3) and 
(184-4), as well as the corresponding corollary, hold true if the cor- 
responding inequalities relating their terms are fulfilled beginning 
with a certain number (n > JN). 

Let us apply this test to prove convergence of certain series by 
comparing them with the series whose convergence is already known. 


Example 1. Consider the series 


1,414,414 ,4 4 
Geto toartart--.-.+ort.-. (184-5) 


* That is a series with positive (more precisely, non-negative) terms, 
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Rejecting the first term, we compare it with the convergent series 
(181-3): 


4 4 4 4 4 

io oat 34 a5 aay 
Obviously, 

4 4 4 4 4 1 
Botr wSae oo BEDS aaaD 


Hence, by the lemma and comparison test, series (184-5) converges. 
Then, from the comparison with (184-5) it follows that the series 


1,4 1, 4 
i a 
converges if p 2. We can prove that this latter series converges 
for p >1 and diverges for p < 1. 
Example 2. Consider the series 


Ea eer ee ee ee (184-6) 


Since a >= (n=2, 3,...), it follows from the comparison 
n 


with the harmonic series that (184-6) diverges. 


Sec. 185. D’Alembert’s Test for Convergence 


There are many tests for convergence of series that cnable us to 
judge, by the behaviour of its coefficients, whether a given series 
is convergent or divergent. Let us consider one of them. 

D’Alembert Test. Let all terms of the series 


ly +Ugt.-.-> tun t..- 


be positive and let the ratio of the (n + 1)th term to the nth term have 
a limit equal to a certain number l, as n -» oo, i.e. 


lim —2+1 = J, 

N->0o n 
Then, three cases are possible: 

1°. l< 1. The given series converges. 

2°. 1 >1. The given series diverges. 

3°. 1 = 1. The series can either converge or diverge, i.e. the test 
gives no definite answer. 

Proof. Suppose we have a series 


Uy tug +... buy tUngi t...; (185-1) 
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composed of positive numbers, and let 
lim “2t1 =] 
Noo n 
Then for a sufficiently large n, i.e. for nm not less than a certain num- 
ber V, we have 
un 


+1 
7 Li<e, 


where € is a preassigned arbitrary small positive number. Hence, 
pe SEL je ae 
Un 
or 
l-exc—tH <l+e, (185-2) 
n 


only if n> N. 

Let us consider each case separately. 

1°. Let 1< 1. We can take the number e so small that 1+ 6 
will also be less than 1; then, setting / + © = qg, we get 


O<g<l. 
By (185-2), we have 

Unti 

Un <4 
or 

Un+1 < Und, 

and this last inequality will be fulfilled if 

n=N, N+1, N+2,... 
Assigning these values to the number n, we shall obtain a set of 
inequalities: 

Un +1 Ung, 

UnN+e << Uy 419 < Ungq’, 

UN+3 S Un+eg < Ung’, 


Thus, the terms of the series 


Un+i + Un+e Tb UN+s Tee. (185-3) 
are less than the corresponding terms of the geometric progression 
Ung + Ung? + ung? +... (185-4) 


Since the ratio gq of progression (185-4) is less than unity, (185-4) 
converges (see Sec. 182, Example 1). But then, by the comparison 
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test and the corresponding note, both series (185-3) and (185-1) 
converge. 

2°. Let now 1 >1. We can take ¢ > 0 so small that the number 
1 — e will also be more than unity. Then for a sufficiently large n, 
by (185-2), we shall have 


Un+1 1 
mt 1, 


or 

Un+1 => Un 
for 

n=N, N+1, N+2,... 
Hence 

Uy SUnti S Unte--- 


Thus, the terms of series (185-1), beginning with a certain number 
N increase with an increase in their number, all the time being 
positive. Consequently, u, does not tend to zero as n — oo. There- 
fore, by the corollary from the necessary condition (test) for con- 
vergence, (Sec. 183), series (185-1) diverges, and its general term 
does not tend to zero. 

3°. If 1 = 1, D’Alembert’s test is inapplicable: there exist both 
convergent and divergent series for which / is equal to 1. In this 
case we must resort either to the comparison theorem, or to other 
tests. 


Note 1. If (185-1) is a functional series, i.e. 
Un = fh (x) > 0 


and 1 = 1 (z) is the corresponding limit, then our scheme 1°, 2°, 
and 3° holds for each z. 


Note 2. From the proof of D’Alembert’s test for case 2° it follows 
that if for a certain series 

Uy b+ Ug tees fin Tees 
the inequality 

lim —244 > 1, 

TN CO Un 
is fulfilled, then the nth term uy of this series does not tend to zero as 
n —> oo. 


Example 1. Consider the series 


$4454... 54 554 (185-5) 
4 2 3 —— n n+1 


where a is a positive number. 
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We have 


Unoi —sa*h gt iy 


“un nti’ n n+ 
and, consequently, 


On the basis of D’Alembert’s test series (185-5) converges for 
O<a< 1 and diverges for a > 1. 

For a = 1 D’Alembert’s test gives no answer, but in this case 
(185-5) takes the form 


t+etgtgte tote. 


This is a harmonic series which, as it was shown in Sec. 183, 
diverges. 
Example 2. Consider the series 


4000 40002 , 10003 
4! as 2! aut 3! 


with the general term 


oe 1000” 
nr n! e 
We have 
re Ua 
nti (n+ 14)! ° 
Hence 


Un (n+1)!-1000" ~— n-+4 
and, consequently, 
; 1000 + 
lim “241 = lim -~=0 
n>c Un Lae, n-4 


Therefore, the series converges. Note that the terms of the given 
series first keep increasing (up to 1000th term!), and then begin 
to rapidly decrease. Such a series is not suitable for practical com- 
putations. 

Example 3. According to D’Alembert’s test, for the series 


4 1 4 
Gr torte.. tort: 


the corresponding limit 1 = 1. As is known, (Sec. 184, Example 1), 
this series converges. 
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Sec. 186. Absolute Convergence 


The above considered sufficient conditions (tests) for convergence 
referred to positive series (i.e. to series with positive terms). Series 
with negative terms possess similar properties. 

Let us now consider series consisting of positive, negative, and 
zero terms. Such series are called alternating. 

Theorem. I[f for the alternating series 


Us buat oe Un t+... = Un (A) 


the series made up from the absolute values of its terms: 


oo 


Jus] + [ua] +. . b [unl +... = 4 [Mal (B) 


converges, then the given series also converges. 
Proof. Consider the auxiliary series 


(Uy + |Uy|) + (Ug + [Ue|) +... + (Un +[Unl) +... = 


gee (Un + [Un|). (C) 


Since 
OS un + lun |< 2 | uy | 
(n = 1, 2, ...) and the series 
2 lal) (B') 


converges, by virtue of convergence of the series (B), then, on the 
basis of the comparison test (Sec. 184), the series (C) also converges. 
But the series (A) represents the difference of two convergent series 
> Un = 2 (Un + |Un|)— 2 [Un| 
n=1 n=1 n=1 
and, hence, is a convergent series (see Sec. 182). 
The theorem is proved. 


Note. The converse is false. Namely, if a given series converges, 
then the series formed from the absolute values of its terms not necessarily 
converges; this series can also diverge. 

Thus, all convergent series fall into two classes. 

Convergent series for which the absolute values of their terms 
form convergent series belong to the first class. Such series are said 
to be absolutely convergent. 
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Convergent series for which the absolute values of their terms 
form divergent series belong to the second class. Such convergent 
series are said to be not absolutely convergent or conditionally convergent. 

Definition. A series for which the absolute values of its terms form 
a convergent series is called absolutely convergent. 

If a given series is convergent whereas the series composed of the abso- 
lute values of its terms is divergent the given series is said to be condi- 
tionally convergent. 

For instance, the convergent series 

1, 4 
Pg tg ig ag og tees 


is absolutely convergent, since the series composed of the absolute 
values _ terms 


t+5+5+y+qgtart-. 


also converges. (Both enies are geometric progressions with the 
ratios equal to + and —, respectively). 
On the —— the aie 


4 
1 t+p—G+e-Ft..., 


as we shall see below, is convergent (see the next section), but not 
absolutely convergent, since the series composed of its terms 


ttetetptet ete 


diverges (a harmonic series). 
The test for absolute convergence of a series. Let for a certain series 


Uy tug ft... tin ft... (A) 


the condition 


Une 
Un 


=| 


lim 


NM—->0o 


be fulfilled. 

In this case: (4) if 1< 1, then the given series (A) converges abso- 
lutely; (2) if 1 >1, then ‘the. series (A) diverges. 

Indeed, our condition is just D’Alembert’s test applied to the 
series of absolute values 


Ju |+lug|+t...+tl]ur|[r... (B) 


Hence, it follows that if 1 < 1, then both series (A) and (B) con- 
verge and, consequently, the given series (A) is absolutely convergent. 
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And if 1 > 1, then, by the note to D’Alembert’s test, | u, | does 
not tend to zero as n — oo. In this case both series (A) and (B) 
diverge. 


Sec. 187. Alternating Series. Leibniz’ Test 


An alternating series is defined as the series of the form 
Vv, — Vg + v3 —Y, +03; —U¥g +... + (—1)*v, +.. .*, (487-1) 


where v, > 0 for n = 1, 2, 3, ..., i.e. as the series in which any 
of its neighbouring terms have opposite signs. 

Leibniz theorem (Leibniz’ test). If the absolute values of the terms 
of an alternating series (187-1) form a monotone decreasing sequence 
tending to zero 


Vv; = Vo pe V3 = UV, P o ee (187-2) 
and the nth term of the series tends to zero as n — oO, i.e. 

lim v, = 0, (187-3) 

nN > 0 


then the series is convergent (generally speaking, not absolutely). 
Proof. Let us take the sum S,,, of the first 2m terms of series 
(187-1) and write it in the following way: 


Som = (Vp — Vg) + (Vg — %) +--+ + Wam-1 — Vam)- (187-4) 
Since, by condition (187-2), the differences standing in parentheses 
in sum (187-4) are positive or equal to zero, we have 
Som = 9. 


If 2m increases, then S,,, does not decrease, since positive or zero 
terms are added each time. 
On the other hand, this sum can be represented as follows: 


Som = Vy — (Ve — Vs) — (Uy — U3) —- +e — 
ax (Vom—2 — Vam-1) — Vem- (187-5) 
Hence, 

Som <= V4. 

Consequently, S.,,, being monotonically increasing (more pre- 
cisely, not decreasing) and bounded sequence, tends to a certain 
limit S as m —» oo (see Sec. 53), i.e. 

lim Som =— S. 


m—> oo 


* More precisely, series (187-4) must be written in the following manner 


y+ (—09) + 05 + (—my) +e. 
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But it is obvious that 
Sam+1 = Sem + Vam+r 
and, by (187-3), we have 


lim Voms,=0. 


m-—->co 
Taking this into consideration, we get 
lim Som+4 = lim Som -- lim Vom+1 = S — 0 = S. 
m—> oo ™m-> oo 


m-—>oco 
Thus, S,, aS m —> oo, tends to one and the same limit S irrespective 
of whether n is even or odd. Therefore, series (187-1) converges. 


Note. In approximate computation of the sum of a convergent alter- 
nating series satisfying the conditions of Leibniz’ theorem, the error 
does not exceed the absolute value of the first rejected term. 

Indeed, rejecting in a convergent alternating series all the terms 
after the term (—1)""! v, and denoting by op, the error thus obtained, 
we have 


Pn = (—1)" Vnar + (—1)" rae tee = 
— (—1)" (Un +4 oe Un +2) ae (Un +3 ~~ Un+4) a <8 sl; 


hence 

lOn | = (Un+1 — Unte) + (nts — Unis) + - 
or 

| Pn | = Vasi—(Un+e — Un+3) — Untan — Unts) —--- 
Consequently, 


| Pn | <S Un +1° : 
Example. The series 

4 4 4 1 4 
Pe ee oe GY ae 


considered at the end of Sec. 186 is convergent, since for this series 
all conditions of Leibniz’ theorem are fulfilled. 


Sec. 188. Power Series 
A series of the form 
Qo tay +ax*+...+a,2"4+. wey (188-1) 


arranged by increasing integral non-zero powers of the variable 
x and having the coefficients ado, a,, da, .. +, Qn, ..-, independent 
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of x is called a power series. Sometimes they consider the power series 
of a more general form: 


ay + a, (x — a) +a, (x — a)? +... +a, (x — a)” +..., (188-2) 


where a is a certain constant number. Series (188-2) is readily reduced 
to the form (188-1) if we put 


L—~-a=wzn'. 


Therefore, henceforth we shall deal almost exclusively with power 
series of the form (188-1). 

Let us find out the question about convergence of power series 
(188-1). Assigning a fixed value to the variable x, we shall obtain 
a numerical series which either converges or diverges depending 
on x. 

We can prove that for any power series (188-1) there exists a finite 
or an infinite non-zero number R (called the radius of convergence 
of a series) such that if R > 0, then for | z | << A the series converges, 
and for |x| >A it diverges. For |x| =A, i.e. for x = R and 
for x = —R, the series either converges, or diverges. The interval 
(—R, R) is called the interval of convergence of a power series. If 
R == +oo, then the interval of convergence represents the entire 
number line. If R = 0, then power series (188-1) converges only at 
the point x = 0, and, strictly speaking, there is no interval of con- 
vergence. 

In simple cases the radius of convergence of power series (188-1) 
can be determined with the aid of D’Alembert’s test. To this effect, 
let us consider the series composed of the absolute values of the 
terms of series (188-1): 


laol+lal}e]+ lagl|eP+...+tlall2 P+... (188-3) 


As is known from the previous sections, if series (188-3) converges, 
then series (188-1) will be absolutely convergent. To solve the pro- 
blem on convergence of series (188-3), let us take advantage of D’Alem- 
bert’s test for convergence. We denote the (m + 1)th term of series 


(188-3) by v,, i.e. 
v, = | an | [als 
hence, 
Unti = | An4ai | |x |"*. 
Let us form the ratio 
Un+1 ee an+1 |x| 
Un an ; 


Suppose there exists the limit of the ratio | et as N—> oOo, 
n 


We denote this limit by I: 
—7 (188-4) 


TN co 


nN 
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Then 
lim th = l|x|. (188-5) 


Obviously, if |xz|< 4, then |x| <1 and series (188-3) con- 
verges. Consequently, series (188-1) converges, and it converges 
absolutely. 

And if |z | >1, then] |z|=>1. By Note 2 from Sec. 185, both 
series (188-3) and (188-1) diverge. 

Thus, R ee O is the radius of convergence of power series 
(188-1) and on the basis of relation (188-4), we have the formula 


R=lim|— (188-6) 


N-—>0Oo 
The following question remains unanswered: will series (188-1) 
converge for R > 0 at the end-points of the interval of convergence 
(—R, R), i.e. when x = R or x = —R? In each particular case 
this problem is solved separately. 


an+1 


Example. Consider the series 
x x? x3 ri 
Va a a ls ec (188-7) 
Here 
4 
an =— and = n44 cagrerar ae 


According to (188-6), for the radius of convergence A of series (188-7) 
we have 


4 
R=lim 7 = lim aie =lim (1+—)=1 
n-+-4 


Consequently, series (188-7) converges in the interval (—1, 1). 

To solve the problem on convergence of series (188-7) at the end- 
points of the interval, we first set x = 1. We obtain the harmonic 
series 


1 1 1 
is ir hag ie a ema 
which, as we saw, diverges. 
Now we set x = —1. Then series (188-7) will attain the form 
44,4 4 (—1)" 
Sg eg oe ee oe ee 


This series converges conditionally by virtue of Leibniz’ theorem. 
Hence, the domain of convergence of series (188-7) is the interval 
|} —1, 1). 


“i I—0875 


450 A Brief Course of Higher Mathematics 


Sec. 189. Differentiation and Integration 
of Power Series 


The sum of the power series 
f(z) =a, +ax+azv+...+a,a"™+... (189-1) 


represents the function defined in the interval of convergence (—R, R) 
of this series where it is assumed that R > 0. 

We can prove that the function f(z) is differentiable and its 
derivative f’ (x) can be found by termwise differentiation of series 
(189-1), i.e. 


f (x) =a, + Qagz +... + na,z™1+... 


for —R< x<. R. The same is true with respect to derivatives of 
higher orders. 

Analogously, the indefinite integral of the function f (7) for all 
values of z belonging to the interval of convergence can be obtained 
by termwise integration of series (189-1), i.e. 

Q,z* , agx3 Aanxnrtl 


\ f (2) da =C +-ayx+ a 173 yd ety ty ee 


if —R<z<ih. 

Thus, a power series in its interval of convergence behaves with 
respect to the operations of differentiation and integration in the 
same manner as a polynomial with a finite number of terms. 


Sec. 190. Expanding a Given Function 
into a Power Series 


For applications it is important to know how to expand a given 
function f (x) into a power series, i.e. to know how to represent the 
function f (x) in the form of the sum of a power series, since, by the 
same token, we get the possibility to evaluate this function to any 
extent of accuracy. 

Prior to considering this problem in the general form, we are going 
to discuss some particular cases. 

Consider the power series 


{1tate's+... toast... 
This series represents a geometric progression with the ratio z and, 
as we saw, converges for | x | <(:1, its sum being equal to 


4—x° 
Hence, we may write 


At petaty tat... (190-1) 
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This equality may be regarded as the expansion of the function 
1/1— zx into a power series arranged by increasing powers of the 
variable z. From expansion (190-1) it is easy to obtain other 
expansions which are of great interest. 

Expanding the function In (1 + x). Substituting —z for zx in 
expansion (190-1), we shall have 


1 N pn 
og eee ) a re (190-2) 
: 
=<|.21-= let 4; 


then equality (190-2), as it was said in the preceding section, can be 
integrated termwise with respect to z between the limits 0 and z. 
Therefore, multiplying equality (190-2) by dz and integrating term- 
wise between the limits 0 and z, we get 


x x 


\a4r= dz — \ zdz+ z?dz—-..,+(—1)” Oe ec 


llence, . 
Ae zg |x g2 |x ze |x mn gntl jx 
In (1 +2) =F) —S [+a [p—-- +(—1) Sarit 
or 
2 3 n+l 
In(i+2 = 7-3 +4- .+(—1)" ae as 


if|2|< 1. We can show that this expansion holds true for x = f 
as well and, consequently, 


InQ=1—-43-J4 ee 


3 


Expanding the function arctan «x. Let us set in expansion (190-1) 
x= —2?: 
1 


Gee Se cet ee aes 


Multiplying this equality by dz and integrating termwise be- 
tween the limits 0 and x where | zx | <1, we get 


x 


3 =| ar—fstdey [sta pan fanaa 
0 


ty 


0 0 
or 
x x 23 |x zg? x : gentl x 
arctan 2 | =z) ——— —/—... Sh as ale 
0 0 Fi 0 a ) 2n+1 jo . 


ye 
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Since arctan 0 = 0, we finally have 


gant 


arctan z=2——2-4+— 4)" 
rcetan T=—=2 grag aa a) pcg oh ee 


if | z | <1. We can prove that this expansion holds true for x = 14 
and for x = —1 as well. 

In particular, for x = 1 we derive 

qt 1 4 4 1 

arctan 1 =7-=1—=- Be ge ee 

We see that many functions, as, for instance, In (1 + z), arctan z, 
etc., allow to be expanded into a power series with respect to the 
argument zx. It is only natural to discuss the general problem on 
expanding a given function f (z) in a series of increasing integral 
non-negative powers of the variable zx. This problem will be delt 
with in the next section. 


Sec. 191. Maclaurin’s Series 


Suppose a given function f (x) can be expanded into a power series 
f (x) = a) + aye + agu® + agz® + a,x* + asa? + 20., (191-1) 


where dy, a1, Qo, ... are indefinite coefficients and the interval 
of convergence | z|< A of this series is not reduced to a point, 


i.e. R> O. 
As it was indicated above, power series (191-1) can be differentiated 


termwise in its interval of convergence any number of times, under- 
standing by this that all series thus obtained will converge and their 
sums are equal to the corresponding derivatives. 

Differentiating series (191-1) termwise in succession infinite num- 
ber of times, we shall have 


f’ (xz) = a, + 2a,xz + 3agr* + 4a,2° + 5a;,t* +..., 
f" (x) = 2a, + 2-3agr + 3-4a,2? + 4-5a;25 +..., 
f” (x) = 2-3a3 + 2-3-4a,7 + 3-4-da,27 + 2 2 og 
flv (x) = 2-3-4a, + 2-3-4-5a;2 +..., 
‘Putting in these equalities, as also in (194-1), x = 0, we get 
fO)=a, ff O=a, ff (0) = 2a,, 
t” (0) = 2-3as, fIV (0) = 2-3-4a,, ... 
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Hence 
, @) “ 0) 
ayo=f (0), a-LO , =F. 
_ f” (0) _ fh*® 
“a= "F937 TO SZ ote 


Substituting then the values of the coefficients a), a,, d., a3, ... 
into series (191-1), we obtain Maclaurin’s series* 
'O "(0 "(0 7 (0) on 
f (2) = f() +O 24 LO 4 LO 4 4 OO ry... 


(191-2) 
(cf. Sec. 90, formula (90-6)). 


ec. 192. Applying Maclaurin’s Series to Expanding 
Some Functions into Power Series 


(1) Expanding the function e*. Let 
f (x) = e&. 
We have 
f(=e, ff (z=e, f"(xe)=—e, ft (7) =e... 
Setting here z = QO, we obtain 
fO=eP=1, FfM=1, FfFO=1, f/ O=1, 
PY 0) =4,.«%4% 


Substituting these values into Maclaurin’s series (191-2), we shall 
finally have 


x x? x3 x4 zn 
Ca op ar aa ee es (192-1) 


The general term of series (192-1) is 


gh 
nv nl * 
Applying D’Alembert’s test to the series of absolute magnitudes, 
we get 
grt ah 


; 1; |z| _o. 
wor ar | we eer” 


consequently, power series (192-1) converges for any z, i.e. its interval 
of convergence is equal to (—oo, +co). In detailed courses it is 


= lim 


Nt oo 


noo 


* In the general case, Maclaurin’s series formally composed for a function 
/ (x) not necessarily converges to this function. 
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proved that the sum of this series for any value of z is equal to the 
function e*. 

(2) Expanding the function sin «. Let 

f (x) = sin 2; 
hence 

f' (cz) =cosz, f” (x) = —sinz, ff" (x) = —cosz, 

flv (x) = sin z, «ee 

Putting x = 0, we have 

70)=0, #0) =1, ff (O) =9, f” 0) = —1, FY (0) =0,... 


Substituting these functions into (191-2), we get 


sinz=7>—-3 +e - re H(A tees (192~2) 


‘where x is measured in radians. We can easily get convinced that 
this series converges for any x. It is possible to prove that its sum 
is equal to sin z. 

(3) Expanding the function cos «x. If 


f (xz) = cos z, 
then we have 
f' (xc) = —sin xz, f” (x) = —cosxz, ff" (zx) =sinz, fl¥ (2) = 
= COS 2) 6.4: 
Setting z = 0, we obtain 
fO=1, Ff O=9, f/O=—-1, f" (0) =9, 
PY (0) =e ws 


Substituting these values into Maclaurin’s formula (194-2), we 
find 


cos zea 1 —2— | i eee oe 1)" ——~ 


— (192-3) 


Sor re 
where x is measured in radians. This series, the same as (192-2), 
converges for any z. It is proved that the sum of this series is equal 
to cos x. 

Expansion (192-3) could be obtained from expansion (492-2) by 
termwise differentiation. 

(4) Expanding the binomial formula (4 + x)”. Let 


f (x) = (1 + 2)", 
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where m is a number, integral or fractional, positive or negative. 
Then we have 

f' (2) =m(A + 2)™", 

f” (x) = m (m — 1) (1 + x)", 

f" (2) = m (m — 1) (m — 2) (1 + 2)™?, 


Setting x =O in all these formulas, we obtain 

f0)=1, f O)=m, f* 0) =m (m — 1), 

f" (0) = m (m — 1) (m — 2), .. ., 

f{™ (0) = m(m — 1) (m — 2)... (m—n-+1),... 
Substituting the expressions for f (0), f’ (0), f’ (0), f” (0), ... 


..., f™ (0), ... into Maclaurin’s series (191-2), we shall have 
—4 —4) (m—2 
(Lf a)™ 1p py MO go 4 st, 
—1) (m—2) ... (m—n+1) _» 
MD (M2) (MMH) (499-4 


Formally, the binomial formula for a non-integral or negative 
exponent looks the same as for an integral positive exponent. If 
m is an integral positive number, then for n = m+ 1 the factor 
m—n-+ 1 is equal to zero. Consequently, series (192-4) will ter- 
minate, and instead of an infinite expansion a finite sum is obtained 
(cf. Sec. 89). 

Using the formula 


R=lim 


NM OO 


an 


9 
an+1 


we shall find the interval of convergence (—R, R) of series (192-4). 
We have 


m(m—1)(m—2)...(m—n-+1) . 


an = 12-3...7 
i __ im (m— 1) (m—2) ... (m—n-+1) (m—n) 
aes 1-2-3... n(n+1) : 
Hence, 
4n_ |_| ert 
an+1 m—n 
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and consequently, 


R=lim 


nc 


= lim 
n+oo| J 4 
n 


ed me aes . 1 


Thus, the binomial series converges inside the interval 
—1<7=<-+1 


and diverges outside it. Whether this series converges for z = 1 
and x = —1 should be investigated for each case separately. 

It is considerably more difficult to prove that for | z|<1 the 
sum of series (192-4) is equal to (4 + 2)”. 


Sec. 193. Applying Power Series 
to Approximate Calculations 


The obtained expansions make it possible to compute particular 
values of a function, to approximately evaluate some “inexpres- 
sible” definite integrals, etc. Let us consider a number of examples. 

(1) Computing sin 1. Setting z = 1 in the expansion for sin z, 
we have 


4 4 1 
yn | 


sini=1— 


If we reject all the terms, beginning with ue Ath, then the absolute 


{ 
value of the error will be less than 77> _ 


sin 1 is a series satisfying the conditions of Leibniz’ theorem). 
Hence, 


5 (since the series for 


a 


sin 1 ~ sin57°18'’ zw 1— 3] 


+ow 0.8447 


accurate to 0.0002. 
(2) Computing roots. Let it be required to compute 


i/ 9. 
Writing this expression in the form 


cre 
3 


f9=i/841=2(1+ 5) 
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1 


and putting in the binomial formula m = = and 2 = : 


3 we shall 


have 


— (1 +3 —ae t+ aor e) —s 
oy 2 (1-+-0.0417 — 0.0017 + 0.0001) = 2.0802. 
Taken from the table, 
°/ 9 = 2.0801. 


(3) Computing natural logarithms. In Sec. 190 we derived the 
following expansion: 


In(ita)ee-S 45S 4S 2 45. (193-4) 


This series is not suitable for computing natural logarithms of the 
numbers exceeding 2, since it diverges for z > 1. But on its basis 
we can obtain another series suitable for our purpose. To this end, 
let us replace z by —z in formula (193-1). We then obtain 


In(i—z)= —,—4 == (193-2) 


Both series (193-1) and (193-2) have a common interval of conver- 
gence: |z |< 1. As is known (see Sec. 181), converging series can 
be added and subtracted termwise. Therefore, assuming that | x | <1 
and subtracting (193-2) from (193-1), we shall have 


Inte a2 (e+ S4+5454...). (193-3) 
Putting 
gee ttt w>0), 
we find 
_ 4 


—=ON+1° 
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Substituting these values into series (193-3), we get 
In (N + 1) —InN = 
1 1 1 4 4 
ae [ IN-GL ' 3 QNSIp * 5 QN+H t 
4 4 
+ parte |. (193-4) 


Applying D’Alembert’s test, it is easy to see that series (193-4) 
converges for any positive number NV. Consequently, using this series, 
we can determine step by step the natural logarithms of all integral 
positive numbers. 


For large N series (193-4) converges very rapidly. Let us estimate 
for N > 0 the error 0, to be obtained if we reject in (193-4) all the 
terms contained in brackets after the nth term. We have 


1 1 1 1 
on = 2 Seep aren + eps ENE t 


1 1 
+ 5 GN pees 1 ol 
It is obvious that 


2 1 i 1 1 : 
Pn <tr eneaee t+ appr + part | 
or, computing the sum of the infinitely decreasing geometric pro- 
gression standing in the brackets, we get finally 
4 1 4 
Px < Teh ONE WIT) rr) 
Let us put in expansion (193-4) for instance VN = 1 and n = 3 
We have 
4 1 14 1 4 
where, by (193-5), the error 
1 1 
Ps 7-38-10 S F000» 


i.e. we have three correct decimal places. 
Further, setting N = 2 and confining ourselves to two terms 
(n = 2), we obtain 
1 4 1 
In3 @ In2+2 (+ +-3-<,) = 1.0985, 


and the error 


{ { 
P2< 355r.0-3 700° 
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Proceeding in the same way, we can compute the natural logarithm 
of any positive number with a sufficient accuracy. 

(4) Applying series for computing definite integrals. Let, for 
instance, there be required to compute the integral 

1 


Sin x 
f 202 aes, 
x 
0 


‘The corresponding indefinite integral 
\ sin x cP 
4 


cannot be expressed in terms of elementary functions, i.e. repre- 
sents an “inexpressible” integral, and, consequently, the Newton- 
Leibniz formula is inapplicable here. Nevertheless, the initial defi- 
nite integral can be computed approximately with the aid of series. 
Dividing termwise the series for sin x by zx, we shall have 
sin x 
Os 


a2 rf 8 
SS gang ge ah 


Hence, integrating termwise we get 


| 
, sing _ 4 9 4 Loe = 
0 0 0 
l 1 #2 7 ; Ce a ae 
=a, Bi 28 fo. oe Be oe 
1 1 
=1—aatae—... © 0.94611. 


Since the series is alternating and the moduli of its terms decrease 
monotonically, confining ourselves to three terms, we shall be mistak- 


en by less than z¥5 = x o—q < 0.00003. 


Sec. 194. Taylor's Series 


In some cases the function f (x) or its derivatives lose sense at 
zx = 0, as, for instance, the function f (x) = Inz or f (z) = Vz. 
Such functions cannot be expanded into Maclaurin’s series. To expand 
functions of such kind, we may sometimes take advantage of more 
general power series arranged by increasing powers of the difference 
x — a, where a is a properly chosen constant number. 


sin x 


* Here the*integrand f(z) = 


continuity, we set f (0) = 4. 


is defined for x 0. For x= 0, by 
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Suppose the given function f (x) allows the expansion in increasing 
powers of the difference z — a: 
f (x) = Ay + Ai (xe — a) + Ay (2 — a)? + Ag (@ — a)? + 
+A,(x—a)ji+t..., (194-1) 
which holds in a certain interval |z7—a|<R. 


We put z — a = z. Then expansion (194-1) will be rewritten in 
the form 


F(zy=f(ze+a=A,+AvztAo2z+..., (194-2) 
where |z |<. Consequently, according to Sec. 191, expansion 
(194-2) is the Maclaurin series for the function F (z). Since F™ (z) = 
= f™ (zg + a) (n = 1, 2, ...), hence we obtain 


- F’ (0 : F" (0 
A=F()=f@), 4=Ge=4e, 4=-—= 


cig Hye nt, 


nalts” 


Substituting these values of the coefficients into series (194-1), we 
shall have 


f (2) = f (a) +4 (@—a) 4 FO (2a)? + FO (2a +... 
+O (e—ayrt... (194-8) 


This is just Yaylor’s series. 
In particular, putting here a = 0, we shall obtain Maclaurin’s 
series 


f@)=fO+f Or+ SO o247O ost 4 


Confining ourselves in (194-3) only to a finite number of terms, 
instead of Taylor’s series, we get Jaylor’s polynomial 


™O) ny 
LO a ee 


nr 
(R) 
P,, (2) = >) 4 («—a) (194-4) 
h=0 
(cf. Sec. 90, formula (90-1)). If series (194-3) converges in some neigh- 
bourhood U, of the point a and its sum is equal to the function 
f (z), then the polynomial P, (x) gives an approximate representa- 
tion of the function f (z) in the neighbourhood U,. 
Example 1. Expand the polynomial 
f(z) = 2? — 527 + 8c 4+ 3 
in ascending powers of the difference x1 — 2. 
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Differentiating the function f (x), we have 
f' (xc) = 322? — 107 + 8, ff" (x) = 62 —10, ff” (x) = 6, 
f{™ («) =0 for n> 3. 
Substituting x = 2, we get 
f2)=7, f(2)=0, f*2)=2, fF" (2) =6, 
7 (2) =0 for n> 3. 


On the basis of Taylor’s series (194-3), the expansion of the function 
f (x) in ascending powers of the difference z — 2 has the form 


f (2) = 7427? 04 EOF 94 COM Ag 
or, finally, 

f(z) = 7+ (a — 2)? + (a — 2), 

Example 2. Expand the function 


f(z) =Inz 
in ascending powers of the difference z — 1. 
We have 
f 1 " 1 we 1-2 ' 
POR TO=—srs F@Q=] 4 Ie) 
44263 
=>, 


Hence, 
f@jy=4, f/ (A)=—1, fF! (y= 1-2, FIV (1) =—1-2-3, ... 
Consequently, 


ing Sint) 


1-2 
4-2 1-2-3 
geo ee gage nD oie 
or 
—— (@— 1)? | (@—1))  (@— 4) 
Ing=(2—1)-“4 54 4¥5> So +... 


This expansion is true if0 <2 < 2. 
Note that this series could be obtained directly from the series 
for In (4 + =z) (see Sec. 190), setting In a = In (4 + 2), wherez = 


a 
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Sec. 195. Series in a Complex Domain 

In a number of cases we have to consider the series whose terms: 
are complex numbers, i.e. the series of the form 

(uy, + iv,) + (uu, +i.) +...4+ (tu, + iv) +..., (195-1) 


where u, and v, (n = 1, 2, ...) are real numbers and i? = —1. 

Series (195-1) is called convergent if there converge separately 
both the series composed of the real parts of the terms of the given 
series: 


U;tut...tuz,t+..., (195-2) 
and the series formed of the imaginary parts of these terms: 
Uv, +vuet...+tut... (195-3) 


If we denote the sum of the first n terms of (195-2) by S,, and 
the sum of the first n terms of (195-3) by T,, then in the case of the 
convergence of these series there exist 

limS,=S and limT7,=T. 


TN» OO N > OO 


In such a case the complex number S§ + iT is called the swum of 
series (195-1). 

There exists the following theorem. 

Theorem. Jf the series of the absolute values of the terms of series 
(195-1) converges, then series (195-1) also converges. 

Proof. Indeed, if the series 


Vwsav+Vwitut+...4Vu+un4+..., 
converges, then by virtue of the obvious inequalities 

| Un |<V Ua +h 
and 

[Pn |<V uA + oF 
(n = 1, 2, ...), by the comparison test (Sec. 184) and the theorem 
from Sec. 186, both series (495-2) and (195-3) will converge absolute- 
ly. Then, by definition, series (195-1) also converges. The theorem 
is proved. 


Considered in the complex domain are also the power series 
Co bez tegwt?t... tegz™+..., 


where 
Ch = a, + ibn, ~2=2a2-+ iy (0 Ay 2 eS) 


By the preceding theorem, such a series will converge automat- 
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ically, if there converges the series of the moduli 

leo} tlalizl+tlel{zP+..-+tlall[zh+..., 
where 

len|=Vai+b, and |z|=V22+y 


(n = 0, 1, 2, ...). To investigate the convergence of the last series, 
we may apply all known tests, for instance, D’Alembert’s test. 


Sec. 196. Euler’s Formulas 


Let us apply the obtained expansions e”, sin z, cos x for deriv- 
ing very important formulas relating these functions. 

If x is a real number, then, as is known (see Sec. 192), there takes 
place the following expansion 


2 3 
®= 14+ +a tates 


and this series converges for any value of z. 


If z = x -+ iy, where x and y are real numbers and i? = —f, 
then, by definition, we set 
2 Zz 22 23 > 4\ 
Applying D’Alembert’s test to the series of the moduli 
14 L 4 (2) a a 2 she 
a +” Bl ee 


we iti that this series converges for any value of | z | and, con- 
sequently, (196-1) converges as well. Hence, the exponential func- 
tion e* is defined for all complex values of z. ° 
In eer for z = iz, where x is a real number, we have 
“ ; Cot ed! ey er +o ey ey oe 
= 1 Tap ry a ee i ee =r Poem 


Since 
i? — —i, i3 = —t, i* = 1, i® = i, etc., 
substituting these values in the expansion for e**, we get 


x3 x4 . 2 x6 


eixX — | x? . x Ae Be 
t-te tata ae iatat 
or, separating real and imaginary parts, we shall have 


ine. z? z* go a ae 
Ma ({—p+f-atay— ee) + 


464 A Brief Course of Higher Mathematics 


According to (192-2) and (192-3), the expression in the first parenthe- 
ses is equal to cos x, and the expression in the second parentheses 
to sin x. Therefore, we arrive to the following remarkable formula: 


e’* = cosx+isinz. (196-2) 

Replacing here x by —z and taking into account that cos (—z) = 
= cos x and sin (—z) = —sin z, we find 

e-** = cos x — isin z. (196-3) 


Thus, we have obtained the well-known Euler formulas. 
Resolving (196-2) and (196-3) with respect to cos z and sin z, 
we shall have 
eiX 1. e- ix eiX__ e~ix 


Of OO) i —— Beye inz= : 
2 oS 2i 


In the general case, if z = x + iy, we can show that 
ertty — eX. eid, 
Hence, 
etty = e* (cosy + isin y). (196-4) 
Example. 


it 
i+ >71 AL pes, 1 
oF Rica a oe 
e =e (cos 5 +isin>) =ei. 
If z = r(cos m + isin g), i.e. a complex number in the trigono- 
metric form (see Sec. 134), then, by (196-4), we get the exponential 
form of a complex number 


2 = rei9, (196-5) 


‘where r= |z2]| and o = Argz. 


Sec. 197. Fourier Trigonometric Series 


Let us recall (Sec. 63) that a function f (x) is called piecewise con- 
tinuous on a given interval (a, 6b), if this interval can be divided 
into a finite number of subintervals (a,, b,) (§ =1, 2, ..., N) 
on each of which: (4) the function f (7) is bounded and continuous 
at interior points; (2) at the end-points there exist finite one-sided 
limits 


f(a,+-O)= lim f(z), f(b,—0)= lim f(z) 
Xs7>ast0 xs+>bg—0 
(Sb beside 
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The following number is understood as the integral of the function 


b N bs 
\ f(z) dx= >} \ f(x) dz 
a s=1 as 


We can prove that for a function f (x) which is piecewise contin- 
uous on (a, b) there exists a generalized antiderivative (see Sec. 124) 


F(a) = | f(a) de 
(x € la, bj, Lo E la, b)) 


and, consequently, 
b 
\ f (x) du = F (b)— F (a). 


Let @ (xz) and » (x) be two real piecewise continuous functions 
on a given finite interval (a, b). By analogy with the corresponding 
operation of the vector algebra (see Sec. 157), the scalar product 
of the functions g (x) and » (z) is understood to be the integral 

b 


(, ¥) = | (2) ¥(@) de. (197-4) 


a 


Note. It is not difficult to figure out that the product of two piece- 
wise continuous on (a, 0) functions is again a piecewise continuous 
function on (a, b) and, consequently, in our case integral (197-1) 
exists. 


The number 


b 5 


loil=V@,9) ae g? (2) dx | (197-2) 


is called the norm of the function @ (2). 
The functions g (x) and wp (z) are called orthogonal on a given 
interval (a, b) if 
b 


(9, ) = | # (2) tp (x) d= 0. (197-3) 


Consider the principal system of the trigonometric functions 


{cos am, sin mh (n=0,1,2,...) (197-4) 


40—0875 
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having a common period 7 = 2/ (l semi-period). Physicists call 
the functions 


JU 
Un == An COS — (= 045 Qin) 


and 
(== 14 Dac) 


NUzZ 
l 
the principal harmonics, their graphs being sinusoids with the ampli- 
tudes a, and b,, respectively (the harmonic v, is not considered 
since Vy) = 0 
Lemma. Principal trigonometric functions (197-4) are pairwise or- 
thogonal on any interval whose length is equal to the common period 
T = 21 of these functions, i.e. for a standard interval (—l, l) we 
have the following orthogonality conditions: 


ILI. (cos =, 


l 
I. (cos “™, cos | = or 5 = cos dz =0 for men. 
II. (sin — , sin = |sin™* sin 7 ar=0 for msn. 
-1 
l 
mir nee = |cos™™ oes AME pee 6) 
ay 


(m and n any integers). 
Orthogonality conditions I, II, III are verified directly by com- 


puting the corresponding integrals. The following trigonometric for- 
mulas are used here: 


(1) cosacos a [cos (a — B) + cos (a+ B)]; 
(2) sina sinB = S [cos (a — B)— cos (a + B)}; 
(3) sinacos p=> : [sin (a—B)-+ sin (a+ )}. 


For instance, for m=+4n we have 


MIU NItZ MUX NU 
I. (cos , COs = dxz= 
l l l l 

— 


l 
— 1 x \[co g Aen) Az 2 ur 4+ cos ee et | de= me 
—! 


1 . (m—n) mx =o 


=> ioayg sin PEt eS sin 


since sin kn = OQ for any integral k. 
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Relations II and III are left for the reader to get convinced in 


their validity independently. 


Note. Let us compute the norms of the basic trigonometric func- 
tions. 

(14) For n = 0 we have the Oth harmonic cos Ox = 1. According 
to (197-2), we get 


l 
V4 je= Bites 


1.€. 
I} 4 |= V 22. (197-5) 
(2) For n>1 we have 


| cos —_ eS | cos? a dx = 
-+) (1 +008" ) dr = (2+ 57 Sin anne i sod 
i.e. 
| cos me YT = (n=14,2,3,...) (197-6) 


7 —Vig "(n=1,2,3,...). (197-7) 

Let f (xz) be a piecewise continuous periodic function with the 
period J = 21. It is natural to try to represent this function in the 
form of a sum of a finite or infinite number of harmonics 


NMX 
l 


+ 6, sin 


NIWL 
Un == Ay COS — 


40* 
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(n = 0, 1, 2, ...) (see Sec. 39, Chapter 6) of the same period 2/ 
(harmonic analysis of a function). Thus we come to the Fourier series 


f (2) =2+ py ( a, cos = +b, sin ) (197-8) 


(here, for the convenience of further calculations, the coefficient 


of the Oth harmonic is taken with the factor >): Historically, this 


problem first arose during mathematical treatment of the results of 
observations of the height of tidal waves at a given place which 
is periodically repeated with time. The harmonic analysis of the 
height of the tidal wave made it possible to give long-term forecasts 
of its magnitude which is of high importance for navigation. 

Let us assume that series (197-8) converges on the interval ‘ —l, l) 
and allows term-by-term integration. 

Integrating (197-8) termwise, we shall have 


l 


| f(2)da= 


-l 


= far | an cos — dx +b, (sin — dz |. (197-9) 


r= - = 


Since 
l 1 
NUZ ° HICL 
{ cos ; di = | sin ; 
1 1 
form = 1, 2, ... (this also follows from the orthogonality condi- 
tions), we get 
l 


\ f (x) dx = .91 = agl, 


dz =0 


ay =| \ f(x) dx. (197-10) 
1 
Note that the free term of series (197-8) 


l 
=a | fede 
=] 


represents the mean value of a periodic function f (z). 
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Multiplying now both sides of equality (197-8) by 


cos — 4 Dek) 


UX 
U 


and integrating termwise, we shall have 


l l 
\ #@) cos ant dx = =) { cos = dx + 
a —l 
fore) l l 
+> Es \ cos = ‘cos da + bn \ sin = ‘cos — dz |. 
n=1 —l —l 


(197-11) 


Hence, by orthogonality conditions I, II] and formula (197-6), 
we a 


Fie ) cos — 
—l 


and, consequently, 
1 


Om => \ £@) cos" de = (m=1,2,3,...). (197-43) 
—1 


l 
= dx = Am \ cos? da = aml (197-42) 
l 


Analogously, multiplying both sides of equality (197-8) by 


sin __ (she 2s ee!) 


and integrating termwise, we find 


nix .. mix 
cos ——-sin > "dt + 


l 
+b, \ sin“ sin dz], (497-14) 
—l 


Hence, by orthogonality conditions II and III and formula (197-7), 
we have 


1 
\ f@) sin mnt dz = b m \ sin dz = byl 
1 


—l 
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and, hence, 
l 
_— \ f(@) sin "de (m=1,2,3,...). (197-15) 
I 
Replacing the letter m by the letter n (which is permissible by 


the sense of the formulas!), from (197-13) and (497-15) we shall 
obtain the following values for the coefficients of expansion (197-8): 


Si —+ f(a) 2 dex (197-16) 


(n = 0, 1, 2, ...). Note that the coefficient a, is obtained, on the 
basis of (197-10), from (197-16) for nm = 0. This explains why the 


constant term of series (197-8) is taken in the form _ ay). The numbers 


2 
an, 0, (n = 0, 1, 2, ...) are called the Fourier coefficients of the 
function f (2). 

Definition. A trigonometric series (197-8) whose coefficients are the 
Fourier coefficients (497-16) of a given periodic function f (x) iscalled 
its Fourier series (more precisely, Fourier trigonometric series) irrespec- 
tive of whether the sum of this series is equal to the function f (x) or not. 

In this understanding we say that the function f (x) generates 
a Fourier series and write 


f(x) ~ + > (a, cos = +b, sin — ; (197-17) 
n=1 


where the symbol ~ means “corresponds”. 

We are going now to indicate (without proof) the sufficient condi- 
tions for a periodic function to be expanded into a Fourier series. 

Let us call a function f (x) piecewise smooth on an interval (a, b) 
if it is piecewise continuous on (a, b) and has a piecewise contin- 
uous derivative f’ (x) on this interval. 

Convergence theorem. Let a periodic function f (x) defined on 
(—oco, +00), except, perhaps, for the points of its discontinuity 
and having the period T = 21> 0, be piecewise smooth in its principal 
domain* 

Then: (1) its Fourier series (197-17) converges for any value x € 
€(—oo, +00), i. e. there exists the sum of the Fourier series 


N 
ee ee a nx . NZ : : 
S (2) = Pen | 5 2 (a, cos +b, sin ; ) | ; (197-18) 


* That is on any interval whose length is equal to the period of this func- 
tion. 
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(2) the sum S (x) of the Fourier series is equal to the function f (x) 
at points x of its continuity: S (x) = f (x) and is equal to the arithme- 
tic mean of the left-hand and right-hand limits of the function f (zx) 
at points x, of discontinuity of the function*, i.e. 


S (xo) => [f (to —0) +f (to +0)I. (197-49) 


Since for a point of discontinuity x of the function f (x) we have 
f(x) =f (« —0) =f (x + 9), 
in the general case we may write 
1 
S(2)=F If (@—0) +f (@ +O). (197-20) 


Henceforward, we shall assume that for a function f (x) all condi- 
tions of the convergence theorem are fulfilled, and, instead of the 
sign of correspondence ~ we shall 
write the sign of equality = (thus 
ignoring the points of discon- 
tinuity of the function!). 

Thus, for the Fourier series 
of the function f (x) we have 


oh sin ), (197-21) 


where the coefficients a, and 0, 
are determined by formula FIG. 220 
(197-16). 


Note. Formulas (197-21) and (197-16) are simplified if the period 
of the function f (z) is equal to 2m. In this case 1 = x and we have 


4 


foe) 


f (x) = 3+ >) (an cosnz +b, sin nz), (197-21’) 
n=1 
where 
met a 4 ; one 197-16" 
b, care has eens 4 ne) 


(n = 0, 1, 2, ...). 


* There is only a finite number of such points in the principal domain of 
a periodic function f (z). 
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Example. Write the Fourier series of the periodic function f (z) 
of the period T = 21 (Fig. 220) if 


ey 0, —l<zrz<0, 
X)= 

ts O<mr<l. 
From (197-16) we obtain 


*. 
2 
l 
a, => \ f (x) cos = da = 


0 l 
= \ 0-cos — dx+ | 1-cos a ar} 


—l 0 


l 
b= \ f (2) sin = dr= 


=+{ Jo-sin i a MEd [1s _ 1 


4 l l 1 n 
= (aa 879) [p= aw (cosa 1) — Se (A, 
1.€. 
Q, if n is even, 
= 197-22 
se -— if #48 0dd. ( 


Hence, since the function f (x) is piecewise smooth in the interval 
(—l, by, - gg expansion holds true 


f(r) = +2(sin + 4sin oT te si n+...) 


(—l<r<il). (197-23) 

Figure 220 represents the graphs of the partial sums of Fourier’s 

series of the function f(z): So (x)=>, S,(e)=>+4++ sin, 
and so on. 
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Sec. 198. The Fourier Series of Even 
and Odd Functions 


Consider the symmetric integral 

l 0 l 

J f(x)de= J} f(x) de4. | f(a) ae, (198-4) 
z re 


where f (x) is a function continuous or piecewise continuous on the 
interval [—1J, 

Substituting z = —t, dz = —dt and taking into consideration 
the independence of the definite integral of the notation of the variable 
of integration, we get 

0 


[i @ar= ~§ (-natt [ pear 
4 ) 


l l l 
= ¢(—a)dx+ | f(x)de= | [f(—2) +f (a) dz. (198-2) 
0 0 0 


(1) Let f (x) be an even function, i.e. f (—x) = f (x). Then from 
(198-2) we have 


1 l 
7 (x) dx=2 tf (x) dz. (198-3) 


—l ( 


— 


Thus, the symmetric integral of an even function is equal to the doubled 
integral of this function taken over half the interval of integration. 

(2) Let f (xz) be an odd function, i.e. f (—z) = —f (z). In this. 
case from (198-2) we get 


l 

\ f (x) dx = 0. (198-4) 

1 

And so, the symmetric integral of an odd function is equal to zero. 

Note that assertions (1) and (2) are obvious from geometrical rea- 
soning (Fig. 221, a and 5b). 

Theorem. (1) The Fourier series of an even periodic function contains 
only cosines of multiple arcs, i.e. it comprises only even harmonics, 
including the constant term. 

(2) The Fourier series of an odd periodic function contains only sines 
of multiple arcs, i.e. it comprises only odd harmonics. 

Proof. (14) Let f (x) be an even periodic function with the period 
Zl and ay, b, its Fourier coefficients. On the basis of (198-4) and 


laking into account that the harmonics sin <= i Ag 2k ee) 
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are odd functions, we have 


l 


pee \ f (x) sin mt dx =0 
=| 


L l 


a oe ee 
Therefore, 


_ 4 ~~ NnUzr 
f(x) =s+ dD) a, 008s =, 


n=1 


where from formula (198-3) we obtain 


a, == — | f (x) cos a dxr= 


l 


CO Ns 2 ce 
Therefore, 


f(x)= > 6, sin — : 


n=1 


(198-5) 


(198-6) 


FIG. 221 


. .) are odd functions, we have 


(198-8) 
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where, by (198-3), we have 


l 
4 
nar | f (x) sin 


1 ae re 
The theorem is proved. 


Sec. 199. The Fourier Series 
of Nonperiodic Functions 


A piecewise smooth nonperiodic function f (x) specified on an 
infinite axis —oo <2 < +00 cannot be represented by a Fourier 
series, since its sum, being the sum of harmonics with a common 
period 7, is a periodic function with the same period 7 and, con- 
sequently, cannot be equal to the function f (xz) for all z’s. But 


g 


FIG. 222 


it is possible to construct the representation of this function in the 
form of the corresponding Fourier series on any finite interval. 
Let this interval be (—l, l), i.e. let it be symmetric about the 
origin (this can always be achieved by translating the x-axis). 
Let us construct the function @ (x) with the period 2l such that 
(Fig. 222) 4 


p (v7) =f (rz) for —l<ex<l. (199-1) 


Assuming that the function @ (xz) satisfies the conditions of the 
convergence theorem (Sec. 197), we have 


g (2) = + 3 (a, cos = +b, sin | (199-2) 
(— oo heel cbil 
where 
1 cos nNnwUzLr 
an 1 l 
, =T \ © (x) ee dx (199-3) 
n =) In i 


(= 054 2 eae 


476 A Brief Course of Higher Mathematics 


Hence, by identity (199-1), we get 


f(z) = 3+ 5! (a, cos +}, sin a) 
n=1 

(—l<r<)l), (199-2) 
where 

a ‘ cos 

i. =7 | fe ! cadiid dx (199-3’) 

l 

(n= 0, 152; 


Let us compute ‘the sum S§ (x) of series (199-2’), or the correspond- 
ing series (199-2) at the end-points z = +/. According to the general 
formula (Sec. 197), we have 


S (1) = ote eerrs) (199-4) 


But on the basis of identity (199-1) and 2I/-periodicity of the func- 
tion @ (x), geometrically it is obvious (Fig. 222) that 


g (i — 0) =f (Z— 0), p (1+ 0) = p(—1 + 0) = f (—1 + 0). 


Therefore, from (199-4) we get 
S (1) =i rit’ (199-5) 


From the 2I-periodicity of the sum S (z) it follows that 
S(—l) = S (l). (199-6) 
Example 1. The function /(z) = e* is expanded into a Fourier 


series on the interval (—1, 1). Evaluate S (1), where S (x) is the 


sum of the Fourier series. 
By (199-5), we have 


Si Se oso, 


Suppose it is required now to represent a non-periodic function 
f (xz) by a Fourier series with the period 2/ on the “semi-period” 
O<2z<l. 

Setting 


f(z), 0O<r<l, 
p (x) = 


Has alesed. ee) 
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where f, (x) is an arbitrary piecewise smooth function, from (199-2) 
and (199-3) we obtain an infinite number of Fourier series 


oo 


f (a) =P + >) (a, cos 4+0,sin ==) (O<e<l), (199-8) 


n=! 


representing the function f (xz) on the interval (0, J). 
In particular, putting f, (cz) = f (—x) (—l <2 <0) in formula 
(199-7) (an “even continuation”), we shall have 


f(z)=+ >, a,ces= (0<2<)), (199-9) 
n=l 
where 
1 
an = \ f(z) cos “da (n =0, 1,2, ...). (199-10) 
0 
Analogously, setting f,; (7) = —f (—x) (—l <x <0) in formula 
(199-7) (an “odd continuation”), we shall obtain 
f(z) = Son,sin—== = (0<z<h), (199-11) 
n=1 
where 
l 
bn => | f (2) sin ae (199-12) 
0 
0 AD i a) 


Thus, a piecewise smooth function specified on a semi-period can be 
expanded into a corresponding Fourier series by an infinite number of 
methods. In particular, we can represent this function on the given 
semi-period: (1) in the form of the sum of even harmonics, or (2) in the 
form of the sum of odd harmonics. 


Example 2. Expand the function f (rz) = z in cosines of multiple 
arcs in the interval (0, x). 

Note that here the function f (x) is odd and it is required to obtain 
its Fourier series containing only even harmonics. This can be done 
by reducing the interval of expansion. 

Setting 1 = n, from (199-9) we shall have 


f(z) => + > a, COS Nx. (199-13) 


n=1 
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Using (199-10), we find 


wt A A 
2 2 2 2 | 
Ay = — \ f (x) dx =— \ x dx = — z\|=2 
0 
and 
Vv 
Ut mu ———s 
—— \ x cos nade == \ zd ( =— )= 
0 0 
zw 
a0 sinnz(™ _ \ sin ne \ 
Jt 0 n 
0 
2 cosnz |r 2 2 
nn? lo © mer (cosnm— 1) = a (—1)"— 1] 
(n= 1, 2, 3, ...). Hence 
( 0, if n is even, 
as —{., if n is odd. 
Thus, for O<2<.n we have 
IU 4 (cosz , cos3z , cosoz 
pm (et...) (199-14) 


Figure 223 depicts the graph of the function y = x and the graph 
of the sum y = S (x) of Fourier series (199-14). For OS a<n 


yh 8 


FIG. 223 


they coincide, differing outside the interval [0, x]. 
Putting z = 0 in formula (199-14), we get a remarkable numerical 
series known as Kuler’s series 


1 1 1 m2 
eee (199-15) 
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Exercises 


In Problems 1 to 6, applying the necessary condition and com- 
parison test, investigate the convergence of the given series: 


f4.14—1+4+1-1+4... 


2. 0.001 + V 0.001 + /0.001+.... 


(S444 (LH (beg) +. 


i 
“Tat pet pat 


1 1 1 
9 Ityate ryt... 
Hint. Compare with the harmonic series multiplied by + 


1 
6. 1+-—= ivi arias 


In Problems 7 to 12, using D’Alembert’s test find out the conver- 
gence of the given series: 


4 3 5) (1!)2 (2)? (3!)3 

7. st+artart... 10. S++ et... 
1,141,141 1 4-3, 1-3-5 

8. Tra tate. 11. 3x +58 + 55g te: 
1 22 23 4! 

3. Too + 3000 3000 T° 12. gett ot.:. 


In Problems 13 to 16 investigate the convergence of the given 
alternating series: 


1 1 4 4 { 1 
2,3 4 

15. 1—S 45-7 t 

ig £9 _ 25 49 | Bt | 124 


oop “oe 8 Tet 39 tr 


In Problems 17 to 20 determine the intervals of convergence of 
(he given power series and investigate their behaviour at boundary 
points: 


17, 2-2 4S —S 4... 19. tet Qhar+3la+... 


(z—1)* | (e—1)? 
Te be ge 


— 


18. 14+ —+-——+—. 4... 20. —~ 


480) A Brief Course of Higher Mathematics 


In Problems 21 and 22 expand the given functions into Maclaurin’s 
series: 


21. f (x) = a® (a > 0). 

22. f (x) = sin? z. 

23. Expand the function f (z) = Y z in integral increasing powers 
of the difference x — 1. 


In Problems 24 to 27, using standard expansions, represent the 
given functions in the form of power series: 


24. f (x) = e-*", 25. f (x) = cos? z. 
Hint. cos? x = > (1 + cos 22). 
1 


x)? © 


27. f (a) = a. 


28. Taking advantage of expansions into series, approximate: 


(a) Ve; (b) sin 18°; (c) 5 a 


29. Evaluate approximately the integral 
1 

2 

\ e~* dx. 

0 


30. Derive an approximate formula for the function 


x 


f(z)= cos V xdz, 


0 


if |z|is a small quantity. 
31. Expand the given functions into Fourier trigonometric series 
in the interval (—ax, x): 


(a) f(z)=+2; (bd) f(z) =a. 


Chapter 22 


Differential Equations 


Sec. 200. Basic Concepts 


In many problems of geometry, physics, mechanics, engineering, 
etc. a significant role is played by differential equations. This term 
is assigned to the equations relating the independent variable z, 
the desired function y and its derivatives of various orders with 
respect to x. The order of the higher derivative entering a given 
differential equation is called the order of this equation. 

Thus, the general form of a differential equation of the nth order 
is as follows: 


F(z, y, y's yy oe ey Y™) =O. (200-1) 


In particular cases this equation may occur without z, y, and indi- 
vidual derivatives of the order lower than nm. For instance, the 
equations 


y+y=sing, y+4y'+13y=0, y"+yy'=0 


are of the first, second, and third order, respectively. 

Differential equation (200-1) is said to be linear if its left-hand 
side is a polynomial of the first degree with respect to the unknown 
function y and its derivatives y’, y”,..., y™ (and does not contain 
their products), i.e. if this equation has the form 


ay (x) yy + ay (xe) YOM +... +a, (xt) y =f (2). (200-2) 


Here, the functions dp (x), a, (x), ..., @, (x) usually defined 
and continuous in a certain common interval are called the coefficients 
of a linear equation, and the function f (x) is termed its right-hand 
member or its constant term. If the right-hand member f (z) of a 
linear equation (200-2) is identically equal to zero, then the equation 
is called homogeneous (or without the right-hand member); otherwise 
this equation is said to be nonhomogeneous (or with the right-hand 
member). Linear differential equations are widely used in applica- 
tions. 

31-0875 


482 A Brief Course of Higher Mathematics 


Any function 
y = g (2), 


which when substituted into equation (200-1) turns it into an identity 
is called the solution of this equation. Yo solve, or to integrate a given 
differential equation means to find all its solutions in the specified 
domain. The graph of the solution is called the integral curve. 

Note that the fundamental task of integral calculus, i.e. finding 
the function y whose derivative is equal to a given continuous func- 
tion f (x), is reduced to the simplest differential equation 


y’ =f (2). 


The general solution of this equation is 
y= \ f(x) dx+C, (200-3) 


where C is an arbitrary constant and the integral is understood to 
be one of the antiderivatives of the function f (z)*. 

Choosing the constant C in a proper way, we can obtain any 
solution of this simplest differential equation, provided the function 
{ (x) is continuous. 

When integrating differential equations of higher orders, there 
appear several arbitrary constants. 


Example 1. Consider the second-order equation 
y’ = 0. 
Since 
y= (y')' = 9, 
hence it follows 
yo = Cj. 
Integrating the last equality, we shall have 


y= { Cydz+C,=Cyx4-C,. (200-4) 


* More precisely formula (200-3) should be written in the form 


ve { ences (200-3’) 


where zg is a certain initial point of the given domain. In this form it is con- 
venient for application, since it separates explicitly the arbitrary constant C. 
This footnote should not be forgotten. 
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Thus, solution (200-4) contains two arbitrary constants C, and Cg, 
i.e. the number of the arbitrary constants in formula (200-4) is 
exactly equal to the order of the equation. Such a solution is called 
the general solution of an equation. In the given case it represents the 
entire infinite set of solutions of the differential equation. 


Definition 1. The general solution of differential equation (200-1) 
is one of its solutions 


| (Pp (x, C1, Cs, o.m ag C,)*, 


such that the number of the arbitrary constants contained in it 
(Cy, Ce, ..., C,) is equal to the order of this equation. 

Arbitrary constants are called independent if the total number of 
the constants contained in the function @ cannot be reduced by 
introducing other arbitrary constants continuously dependent on 
the given constants. 

If the general solution is given in the implicit form 


@ (x, Y; Ci, Ca, aes atc | Cn) oe Q, 
then it is usually called the general integral. 

Definition 2. Any solution of a differential equation obtained from 
the general solution by assigning some admissible concrete numerical 


values to the arbitrary constants contained in it is called a particular 
solution of this differential equation. 


Example 2. Consider the second-order equation 
y” at y= 0. 


It is easy to figure out that the functions sin x and cos z are the 
solutions of this equation, since 


(sin z)” = —sinz and (cos z)” = —cosz. | 
As it is not difficult to check directly, the function 
y = C,sinz+C,cosz, 
where C, and C, are independent arbitrary constants, is also a 


solution of our equation and, consequently, represents its general 
solution. If, for instance, we put 


C,=2 and CC, = —9, 
(hen we shall obtain the function 
y, = 2sin xz — 0 cos z, 
which is a particular solution of the given differential equation. 


* The function @ is supposed to be continuously differentiable with respect 
(o all its arguments a sufficient number of times. 


41 * 
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If, as the result of solving a differential equation a certain function 
is found, then, substituting this function into the given equation, 
we can check the correctness of the solution. 


Example 3. Show that the function 
y = (Cy + Cox) & 
is the solution of the equation 
y" — 2y’ +y = 0. 
Indeed, here 
y’ = (C, + Caz) ee + Cyoe* = (C, + C, + Cox) &* 
and 
y” = (Cy + Cg + Cox) &* + Cye* = (Cy + 2Cq + Cox) e. 
Hence, 
yo — 2y° + y = (Cy + 2Cq + Cor) e* — 2 (Cy + Cy + Cox) &* + 
+ (C, + Cox) & =O, 


which proves our statement. 


Sec. 201. Differential Equations of the First Order 


The general form of a first-order differential equation is as follows 
F(z, y, y’) = 0. 


In simplest cases this equation can be resolved with respect to the 


derivative y’: 


y’ =f (x, y). (201-1) 
The general solution of equation (201-1) has the form 


where C is an arbitrary constant. Geometrically, the general solution 
(201-2) represents a family of integral curves, i.e. a set of lines cor- 
responding to different values of the constant C (Fig. 224). The 
integral curves possess the following property: at each point M (z, y) 
of the curve the slope of the tangent satisfies the condition 


tana =f (zx, y).; 


If a point Mp, (xp, Yo) is given through which an integral curve 
must pass, then this means that from an infinite family of integral 
curves, in the simplest case, a definite integral curve is singled out 
which corresponds to a particular solution of our differential equation. 
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Analytically, this requirement is reduced to the so-called initial 
condition: y = yy for x = zp. If the general solution (201-2) is known, 
then we have 


Yo = ® (Xo, C). 


From this condition, generally speaking, we can determine the 
arbitrary constant C and, consequently, find the corresponding par- 
ticular solution. The problem of determining the particular solution 
specified by a given initial condition is referred to as Cauchy’s prob- 
lem. 

Cauchy's problem. Find the solution y = @ (x) of differential 
equation (201-1) satisfying the given initial condition: yy = @ (Zo), 
i.e. attaining the given value y = 
=Y, lor r = Xp. y 

Geometrically, Cauchy’s  prob- 
lem is formulated as follows: find 
the integral curve of differential 
equation (201-1) passing through a 
given point My (xo, Yo). 

We should like to note the fol- 
lowing: differential equations are 
a mathematical means with the aid 
of which we can study the pro- 
cesses occurring in nature. If the FIG. 224 
initial conditions of a problem 
specify the process completely, then it must proceed wniquely, i.e. 
the solution of the differential equation establishing the law of 
development of the process must be unique. The general solution of 
a differential equation contains arbitrary constants and, consequent- 
ly, gives no definite answer to the put question. Therefore, for 
solving concrete problems, besides a differential equation some 
additional conditions are needed. In the simplest case, these are 
initial conditions, and here we come to Cauchy’s problem. 

In some cases it seems to be advantageous to write first-order 
differential equation (201-1) in the form 


se = H(t Ws aie) 


3; = 
or in the form 
P (x, y) dx + Q (x, y) dy = 0, (201-3) 


where P (x, y) and Q (a, y) are known functions. Form (201-3) is 
convenient due to the fact that the variables x and y are equivalent 
here, i.e. either of them may be considered as a function of the other. 
The solutions of equation (201-3) are understood in the general 
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case to be the functions z = q (¢), y = » (¢) represented parametri- 
cally (¢ parameter) and satisfying equation (201-3). 

There is no general method for integrating a first-order differential 
equation. It is common practice to consider only some individual 
types of such equations supplying each of them with a particular 
method for their solution. 


Sec. 202. First-Order Equations 
with Variables Separable 


Definition. A first-order differential equation is said to be an equation 
with variables separable if it has the form 


X (x) Y (y) dx + X, (x) Y, (y) dy = 0, (202-4) 


where X (x), X, (x) are functions only of the variable x and Y (y), 
Y, (y) are functions of the variable y only. 

To solve equation (202-1), we divide both its members by the 
product Y (y) X, (x), assuming that it is not equal to zero. Then, 
aiter obvious reductions, we get 


X (z) 


Yi(y) 9 
X, @) dxz+—)~ dy =0. (202-2) 


Y (y) 

In equation (202-2) dz is preceded by a function only of x and dy 
by a function only of y. In this case we say that the variables are 
separated in the sense that each variable only enters into the term 
of the equation containing its differential. Integrating the left- 
hand and right-hand members of equation (202-2), we shall have 


X (2) Yi(¥) 7 
\ Tay et \ Pe dy =C. (202-3) 
These integrals are understood to be some corresponding anti- 
derivatives. 

Relation (202-3) just represents a total integral of equation (202-1) 
expressed in an implicit form. 

In the general case, dividing the equation by the product X, (x) X 
x Y (y), we run risks to lose the solutions of equation (202-1) which 
reduce this product to zero. 

By a direct substitution it is easy to get convinced that the func- 
tion 

x= a, (202-4) 


where a is the root of the equation X, (x) = 0, i.e. X, (a2) = 0, is 
a solution of equation (202-1). The function 


y = 3, (202-5) 
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where b is the root of the equation Y (y) = 0, i.e. Y (b) = 0, is 
also a solution of equation (202-1). 

Geometrically, solutions (202-4) and (202-5), if any, represent 
straight lines parallel to the y- and z-axes, respectively. 


Example 1. Suppose we are given the equation 

dy sy 

Sat, (202-6) 
ITence, we have 

x dy = y dz. 


Let us assume that y #0. If we divide both members of this 
equation by zy, then the variables will become separated, and we 
shall obtain 


dy _— dx 
ye 

Integrating, we shall have 
even \ 2 


re oe 
or 


Iny =Inze+IinC*, (202-7) 


The arbitrary constant is taken here in the logarithmic form which 
is, of course, valid, since any positive or negative number C, can 
be represented as the logarithm of another number: 

Ci — In C, 
where , 

C= é€1, 

Resorting to involution, we finally get 
y = Cz (x ~0, C #0). (202-8) 


Setting now zy = 0 and taking into account that z+ 0, we get 
the solution of equation (202-6) y = 0. Formally, this solution is 
obtained from (202-8) for C = 0. 

Geometrically, the general solution (202-8) represents a family 
of rays (0< |C |< +00) emanating from the origin (Fig. 225). 


* Strictly speaking we must write 
Injy|=n|z|]+nC, 


where C > 0. But the “liberty” taken by us will not affect the final result if 
after involution the arbitrary constant C is regarded to be a real number. It 
should be taken into further consideration. 
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Example 2. Find the curve passing through the point Q (—1, 4) 
and possessing the following property: its subnormal at any point 
has one and the same value equal to 4 

Let y = f (x) be the required curve, MT the tangent to this curve 
at point M (z, y), MN the normal (the perpendicular to the tangent 


FIG. 225 FIG. 226 


at the point of tangency) (Fig. 226). The subnormal (PN) is the name 
given to the projection of the segment of the normal MN on the 
x-axis. 

Since 


PM=y 
and 
ZNMP =2ZMTxz = a4, 
we have 
PN = y tana. 
But, according to the geometrical meaning of the derivative 
tana=y’; 
therefore we finally have the following expression for the subnormal: 
PN = yy’. 
By the initial condition of the problem 
yy =4, or y ad. 


Separating the variables, we get 
y dy = 4 dz. 
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Taking integrals of the right- and left-hand members, we shall 
have 


| yay=4 { dz+C 


or 
yr 
=H 4e+C. 


Hence, 
= 6r+C,. (202-9) 


We have obtained a family of parabolas whose vertices lie on the 
x-axis. 

We now determine the arbitrary constant C, from the condition 
that our parabola passes through the given 
point Q (—1, 4). Substituting the coordinates 
of the point Q instead of current coordinates 
into equation (202-8), we find 


hence 
Ci = 24, 


Consequently, the equation of the desired 
parabola has the form 


y*? = 8x + 24, 


or 
pres iedy, FIG. 227 


The vertex of the parabola is found at the point A (—3, 0), the 
z-axis serving as its axis (Fig. 227). 

Example 3. The rate of cooling of a body in air is proportional 
to the difference between the temperature of the body and air tem- 
perature. The air temperature is equal to 20°C. It is known that 
during 20 minutes the body is cooled from 100°C to 60°C. Determine 
the law of change of the body temperature with time. 

If we denote the time by ¢ and body temperature by U, then the 
rate of cooling of the body, or in other words, the rate of change of 


its temperature, will be equal to the derivative = . According to the 


initial condition, we have 


< =k(U—20), 
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where & is the proportionality factor. Separating the variables, we 
get 
dU 


Tay = Fe at. 


Taking integrals of the left- and right-hand members, we shall 
have 


\ gan J attines, 


‘OF 
In (U — 20) = At+ mC. 
Hence 
U — 20 = Ce* 
and, consequently, 
U = 20 + Ce", (202-10) 


To determine the constants C and k, let us take advantage of the 
conditions of the problem 


U = 100° for t¢+=0 
and 
U =60° for ¢t = 20. 
Substituting these values into equation (202-10), we shall have 
100 = 20+-C, | 
60 =20+ Ce20, 
Hence 


C = 80, 20k = 


and, consequently, 
1 
4 \20 
eh= (>). 
Introducing these values into (202-10), we finally get 


4 
6 


U=20+80-(+)”. 


* Since we shall resort to involution, it is suitable here to write In C 
dnstead of C. 
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Such is the law of change of temperature U with time ¢ under the 
given conditions. 

In Examples 2 and 3, in forming differential equations we dealt 
directly with the derivative of the desired function. We are now 
going to consider an example where it is more convenient to reason 
using the differentials of the required quantities. 


Example 4. In a reservoir containing 10 kilograms of salt per 
100 litres of mixture each minute 30 litres of water flows in and 
20 litres of mixture runs out (Fig. 228, a). Determine the amount of 
salt which will remain in the reservoir in ¢ minutes assuming that 
the mixture is stirred up instantaneously. 

Let x be the amount of salt in the reservoir at the moment of time 
t and x + dz the amount of salt at the moment ¢ + dt. Since the 


FIG. 228 (a) min (6) 


mixture flows out, the amount of salt z reduces with time and, con- 
sequently, dx < 0 for dt >0. The volume of the mixture in the 
reservoir at the moment of time ¢ is, obviously, equal to 


v = 100 + 30¢ — 20t = 100 + 102, 


therefore, the concentration of salt (i.e. the amount of salt per unit 
of the mixture volume) at the moment ¢ will be equal to 
x 

100+ 10¢ ° (202-11) 
The change in the amount of salt, dz, during an infinitely small 
interval of time, [t, ¢ + dt] is found by multiplying the volume of 
the mixture flown out during this interval, 20dt, by the concentra- 
tion of salt (202-11). Hence we have a differential equation 


x 
— da = Foy Ag * 20d 


or 


dz = ae 


~ 4041 


Besides, from the conditions of the problem there follows the initial 
condition 


x \,-9 = 10. (202-13) 


dt. (202-12) 
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Separating the variables in (202-12) and integrating, we get in 
succession 


dx 2 


ame (ES 
and 
dx dt 
\=- —2 \ 10+t? 
1.e. 


Ing = —2in (40+ %)+1nC 


and, consequently, 


_ C¢ 
HOF HR 
Setting ¢ = O, from the initial condition (202-13), we find 
C 
10= 75, 


i.e. C = 1000. Therefore, the law of change in the amount of salt z 
in kilograms depending on the time ¢ in minutes elapsed (Fig. 228, b) 
is given by the formula | 


1090 


Note that by this formula, knowing the amount of salt which 
remained in the reservoir (this is easy to determine by measuring 
the volume of the reservoir and the concentration of salt in it), 
we can find out how much time has elapsed from the beginning of 
the process. This idea underlies the computation of the age of seas 
and oceans. 


Sec. 203. Homogeneous Differential Equations 
of the First Order 


The notion of a homogeneous differential equation of the first 
order is linked with homogeneous functions. 
The polynomial 
P (2, y) = = ai3x'y’ 
i,J 
is called homogeneous of degree n if all its terms have one and the 
same order nv, i.e. for each such term a;,;z+y’ we have 


i-+j=un. 
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For instance, 
P (x, y) = 227 — 32y — dy? (203-1) 


is a homogeneous polynomial of degree 2. Note that if the arguments 
z and y of a homogeneous polynomial of degree n are replaced by 
the proportional quantities kx and ky, then, as the result, this 
polynomial will be multiplied by the nth power of the proportionality 
factor k. Thus, for instance, for polynomial (203-1) we have 

P (kx, ky) = 2 (kx)? — 3 (kx) (ky) — 5 (ky)? = 

= k? (22? — 3xy — Sy”) = KP (a, y). 

This property underlies the general definition of a homogeneous 
function. 

Definition 1. The function P (x, y) is called homogeneous of degree n 
if for any number k the identity 

P (kx, ky) = k"P (a, y) 
holds true. 

Let us now consider the differential equation 

P (x, y) dx + Q (x, y) dy = 0. (203-2) 


Definition 2. A first-order differential equation (203-2) is called 
homogeneous if the coefficients P (x, y) and Q (x, y) of the differentials 
of the variables x and y are homogeneous functions of one and the same 
degree. 

It is possible to prove that with the aid of the substitution 


pe (or v=), (203-3) 


1 8 


where uw is a new unknown function, the homogeneous differential 
equation (203-2) is reduced to an equation with variables separable. 


Example. Solve the differential equation 

(c+ y)dx+ady =0. (203-4) 
Here 

P=2xe+y and Q=z 


are homogeneous functions of the first degree, therefore equation 
(203-4) is homogeneous. According to the hint, we put 


= =u (203-5) 
and 
Y = Wu, 


where wu is an unknown function. 
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Hence 
dy = xdu-+udz. 
Substituting this expression into (203-4), we shall have 
(cx + au) dxr+2(x4du+udzr) =0 
or 
xz du + (2u + 1) dx = 0. 
Separating the variables, we get 


du _ de 
2u+1 xg ° 


For the sake of convenience, we multiply both members of the 
last equality by 2. Then, integrating termwise, we shall have 


2du dx . 

\ mar 2 \ 3 
hence we find 

In (Qu +1) = —2Inz+InC 
and 

uti=-S, 
By (203-5), we have 

2y Cc 

ie ge 


and, consequently, 


C 
joes, (203-6) 


where C=C is an arbitrary constant. 

In the process of solving we had to divide by the functions z and 
2u +1. Equating them to zero, we get possible solutions: 

(1) =O and (2) 2u+1=0; hence y=—- 5. 


Both functions (4) and (2), as it is easy to get convinced by a check, 
satisfy the given equation (203-4); the latter is obtained from the 
general solution (203-6) for C, = 0. 


Let now a differential equation have the form 
y" = f (x, y)s (203-7) 
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or 
dy 
“dx =f (2, y). 

Writing the last equation in differentials, we get 


dy = f (x, y) dz. 


We see that dy has a coefficient equal to 41, i.e. it is a homogeneous 
function of degree 0; consequently, f (x, y) must also be a homo- 
geneous function of degree 0. 

Thus, a differential equation (203-7) is homogeneous if and only if 
its right-hand member f (x, y) is a homogeneous function of degree 
zero*, 


Sec. 204. Linear Differential Equations 
of the First Order 


A first-order differential equation has the form (see Sec. 200) 
a(x)y’ + b(x)y + (z) = 9, (204-1) 


where a(x), b (x), ¢ (x) are given functions. If a (x) #0, then 
equation (204-1) can be written in the reduced form: 


y + p(x)y =f (2), (204-2) 


where p (x) = D(z)/a(z) and f (x) = —c (x)/a (x) (f (xz) is the 
constant term or the right-hand member of the equation). We shall 
assume that the coefficient p(x) and the constant term f(z) of equa- 
tion (204-2) are continuous on a certain interval (a, b 

For solving equation (204-2) we represent the required function y 
in the form of the product of two, factors: 


y = wv, (204-8) 


where wu is a certain non-zero solution of the corresponding homo- 
geneous equation 


u’ + p(z)u=0, (204-4) 
and v is a new unknown function. Since 
yo = vw’ + ww’, (204-5) 


substituting expressions (204-3) and (204-5) into differential equation 
(204-2), we get 


v [u’ + p (x) ul + wo’ = f (2) (204-6) 
* That isthe right-hand member of this equation remains unchanged 


. hen x is replaced by kz and y by ky, where k is an arbitrary proportionality 
actor. 
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or, by (204-4), we have 
uy == f (x): (204-7) 


We should like to note here that actually the function u is chosen 
so that the coefficient of v in equation (204-6) is equal to zero. 

The functions uw and v are found in succession from equations 
(204-4) and (204-7). We take for uw a concrete non-zero solution. 
Substituting the expressions obtained for the functions wu and v 
into formula (204-3), we find the desired function y. 


Note. Practically, there is no necessity to reduce linear equation 
(204-1) to the form (204-2); we may. apply substitution (204-3) at 
once. 


Example 1. Solve the equation 


ay’ + 2y = 2°, (204-8) 
This equation is obviously linear. We put 
=wW, yy =vu + wi’. (204-9) 


Substituting these expressions into equation (204-8), we get 
v (cu’ + Qu) + xuv’ = 2’. 


We choose the function u so that 


zu’ + Qu = 0; (204-10) 
then 

C10 Sy (204-11) 

From (204-10) we get in succession 


integrating, we find 
{ Lae ie ian 


u oe 
i.e. 
Inu = —2lnz+InC,, 
and, consequently, choosing C, = 1, we get 


ee (204-12) 


22 
Hence, from (204-11) we have 
1 dv 9 dv 3 


——e  / 


_—— ——_ — FF —_—_—_—~ 
x2 dz ‘ dx 
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and thus, 
4 
y= \ x3da=5-+C, (204-13) 


where C is an arbitrary constant. 
Thus, by (204-12) and (204-13), we finally find 


1 7 : 3 C 
y=w=—(++C), 1.€. y=—+-—5. 
Example 2. Find the solution of the equation 
@+yy =41, (204-14) 


satisfying the initial condition: y = O for x = —41. 
By the form, (204-14) is not a linear equation. But if x is con- 
sidered as a function of y, then, taking into account that y’ = < ; 


we shall obtain a linear equation 


x=x+y. (204-15) 
As usual, we put 

, dz du dv 
x=uw, %£ a ae dy ° 


Substituting these expressions into equation (204-15), we shall have 


du dv 
aa +u ao uv + y. (204-16) 
Hence, taking into account that, according to the choice of u, 
F 
qa (204-17) 

we obtain 

d 
u an =Yy. (204-18) 
From (204-17) we find the partial solution 
u = e, (204-19) 
Therefore, from (204-18) we get 

d 
ev Ys dv = ye-Ydy 


and, hence, 


v= \ ye-¥ dy = —ye-¥—e-4¥+C (204-20) 


3$2—0875 
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(here we took advantage of integration by parts!). From (204-19) 
and (204-20) we find the general solution 


x=uv = —y —1+ Ce. (204-21) 

Setting here y = O for x = —1, we get —1 = -—140C, ioe. 
C = 0. Thus, 

x=—y—i, ie. = — (x + 1) 


is the required particular solution. 


Example 3. Current intensity in an electric circuit with a resistor 
R and self-induction LZ satisfies the differential equation 


di : 
L=-+Ri=E, (204-22) 


where F is the electromotive force (Fig. 229, a). Find the current 


R 
Va2+a7 
L £ a 
ie 
(Z) (4) FIG. 229 


intensity i in ¢ seconds after the moment of switching on if EF changes 
according to the sinusoidal law: 


E = E, cos wt (204-23) 


and i=0O for ¢=0. 
From (204-22) we have 


di : E 

= +oai= > COS Wt, (204-24) 
where, for brevity, we set a = R/L. 

Putting 

tL = wv, 


we get in a usual way 


du _ dv Eo x 

ar + au=0, Uu—- = = cos Wte (204-25) 
Hence 

du 


—= —adt, Inu=—atl 
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(we omit the integration constant here!) and 


yas eat: (204-26) 
From (204-25) we have 
eat & = =o cos wt, 


dv = =o e*! cos wi dt 


and 


v= (+0), (204-27) 
where 
I= | e%cos ut dt (204-28) 


(one of the antiderivatives). 
Integrating by parts twice, we find 


sin wt sin wt sin owt 
I= \ ert (== jae SS \ ———. wet dt = 
th) rth) w 


sin wt of {cos =) 
— pat oes ated = 
é — a \ é \ 


w 
— pat Sin wt ae [ ex COS wi \ cos OF pat dt | - 
w w ") w 
2 
== et sin wt + = e% cos wt —S I; 
hence, we get 
1 oat (o sin wt-+a cos wt) 
w? e“! (w sin wt-+ a cos wt) 
Fes a ee (204-29) 
a2 w2+ a2 
Mer aa: 
Substituting this expression into (204-27), we find 
E @sinwt+acosat , oe 
v= (te +e), (204-30) 


where C is an arbitrary constant. 
Multiplying the function u by the function v ((204-26) by (204-30)), 
we get the law of change of current intensity 


jae (See + Cent) (204-31) 


For t = O we find from the initial condition 


0= 5° (State), 


age 
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i.e. 
a 
C — ‘o2+az ° 
Consequently, 


i= ora (w sin wt-+ a cos wt— ae-%), (204-32) 


If, ¢ is sufficiently large then e~*! is a small quantity (a > 0) 
and we may ignore it in formula (204-32). Then we shall have 


Eo 
iz Dotbay (w Sin wt + acos wt). (204-33) 


Setting (Fig. 229, b) 
o=Vw+a2cosg, a= V w2+ a? sin Q, 
from (204-33) we finally obtain 


Eo _ Eo 
Tae sin (we + @) = Vaan aR? sin (we -|- Q), 


where p = arctan — is the initial phase of the current. 


Lf 


Sec. 205. Euler’s Method 


In the previous sections we considered the simplest types of 
first-order differential equations which permit solutions in quadra- 
tures* (or, as we sometimes say, integrable in the finite form!). But 
there is no general method for finding the exact solution of an arbit- 
rary differential equation of the first order. Therefore, approximate 
methods of solving differential equations are of great importance. 
This section is dedicated to one of them which is called Fuler’s 
method. 

Suppose on a given segment 7<z< X it is required to find 
the solution of the first-order differential equation 


y =f (x, y) (205-1) 


with a continuous right-hand member f (z, y) satisfying the initial 
condition 


Yy (Xo) = Yo: (205-2) 


Geometrically, this means that for differential equation (205-1) 
‘we have to construct an integral curve y = y (zx) passing through 


* That is whose solutions are expressed with the aid of indefinite integrals, 
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(he point Mo (xo, yo) (Fig. 230, a). From the geometrical meaning 
of the derivative it follows that at each point M (z, y) of the integral 
curve its inclination (i.e. slope) satisfies the condition 


k = tana =f (a, y). (205-3) 


Since, by the assumption, the right-hand member of differential 
equation (205-1) is continuous, we may consider that on a small 


FTG. 230 


part of the integral curve its inclination is constant, i.e. this curve 
may be approximately replaced by a polygonal line. 

In practice this is done in the following way: we divide the inter- 
val [x), X] into sufficiently small parts: [xo, x,], [z,, 7,],.. ., [%p_1, X1, 
whose number is equal to 7, and let 


hy; = 241. —2; (C= 0. AS og ee 1) 
be the lengths of the corresponding small intervals. For the sake 


of simplicity, we shall consider them to be equal (though, not neces- 
sarily!). Then 


h; == —h =const. (205-4) 


The quantity 2 is called the pitch of a process. 
Let us replace the curve M,M,M,...M,, with vertices M; (2;, y;) 


by the polygonal line NoNiN, ... N, with vertices N; (z;, 
yi) (é=0,1, 2,..., m—1, yo = Yo), where Ny = Mg, and successive 
slopes 

lan Bi = f (i, Yi) = Vi (205-5) 


n~ 


(= 0.4, 2) aay md, Yo = Vo =f (Lor Yo)) 
(/Vuler’s polygon) (Fig. 230, a). From Fig. 230, b we have the follow- 
ing computational formulas: 


ry=Xy+ih, 

Ay; =h tanB;=hf (xj, yi), (205-6) 
ior =Yit Ay; 
(i =0, 1,2, ...,2—~—1, yo=y)- 
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Note that from the mechanical point of view we replace the con- 
tinuous process described by differential equation (205-1) by a 
pulsing process taking place at a constant rate on the elementary 
intervals [z;, 2;4,] (i = 0, 1, 2, ..., m — 1) whose rate changes by 
jumps when passing over to the next interval. 

These are the drawbacks of this method: (1) low accuracy at a 
considerable pitch h, a large amount of work at a small pitch, (2) sys- 
tematic accumulation of errors. 

Euler’s method serves as a conceptual base for other, more perfect 
methods for approximate solution of differential equations. 


Example. Using Euler’s method on the interval [0, 0.5] find the 
solution of the differential equation 
y =xr+y, y(0)=1. (205-7) 


Let us take the pitch h = 0.1. The results of computation (with 
an accuracy to 10-%) are tabulated below: | 


Thus, y (0.5) = 1.721. It is not difficult to find the exact solution 
((205-7) is a linear equation!): y = 2e* — (x + 1), hence, y (0.5) = 
= 2Ve—1.5 ~ 2-1.645 — 1.500 = 1.790. 


Sec. 206. Differential Equations 
of the Second Order 


The general form of a second-order differential equation resolved 
with respect to the higher derivative is as follows: 


y =f (zt, y, y’)- (206-1) 
The general solution 
Y 7 st (Z, Ci, C's) (206-2) 


of this equation contains two independent arbitrary constants C, 
and C,. Geometrically, general solution (206-2) represents an infinite 
set of integral curves which depends on two independent parameters 
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(', and C,. Generally speaking, through each point My (9, Yo) of the 
xry-plane there passes a pencil of integral curves (Fig. 231). Therefore, 
Lo single out one definite integral curve I from our family of integral 
curves, it is not sufficient to indicate the point M, (2, yo) through 
which this curve must pass. One should indicate the direction in 
which the curve I’ passes through the point Mo, i.e. give the tangent 
of the angle a, formed by the tangent line 
to this curve at the point M, with the pos- 
itive direction of the z-axis. Analytical- 
ly, if we denote 


tan % = Yo 


we come i. the following initial condi- 
tions: y= y =y, for =2Z. By 
(206-2), we vee 


Yo= P(X, Ci, Co), 
Yo = Px (Xo, Ci, C>). 


From system (206-3) we can, generally speaking, determine the 
constants C, and C, and, thus, find the particular solution 


y = (2), 
satisfying our equation (206-1) and the given initial conditions 


Y ln=ary = Yo and y’ | xemxeg = Yo (206-4) 


(206-3) FIG. 234 


(Cauchy's problem). Note that in solving concrete physical problems, 
as a rule, along with a differential equation there appear certain 
initial conditions (206-4), since the solution of such a problem must be 
unique. 

Again, with the aid of a second-order differential equation we 
write the basic dynamical equation. 

Let a material point of mass m move along the z-axis under the 
action of a variable force F. If we denote by j the acceleration of this 
point, then, according to Newton’s law, we have 


mj = F. (206-5) 


In the most general case the force F depends on the time #, the coor- 
dinate x (characterizing the position of the material point on the 


z-axis), and the velocity = of this point. Consequently, 
dz 
| ie (t, x. =). 


On the other hand, as is known (Sec. 83), for a rectilinear motion the 
acceleration j is equal to the second derivative of the distance covered 
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with respect to the time elapsed, i.e. 

. az 

1a 

Substituting these quantities in (206-5), we get the differential 
equation of motion of a mass point 


d2z ax 
mag =F (t % Gr). 


In order to completely describe the motion of a point, we have to 
specify additionally the initial position of the point 


L |t=ty = Lo 
and the initial velocity of the point 


dz ay 
dt |t=t, 0 


(the initial conditions). 


Sec. 207. Integrable Types 
of Second-Order Differential Equations 


In the general case a differential equation of the second order 
cannot be solved in a finite form. We shall consider here some simple 
cases when a second-order equation is solved with the aid of quadra- 
tures, i.e. applying the operations of indefinite integration. 

Type I. Let 


y =f (2). (207-1) 


Integrating, we shall have 

y= \ f(a)dx+Cy. 

Integrating once again, we finally get 
y= \ dx \ f(z) dz+ Cyr +Cy, 


where C, and C, are arbitrary constants, and the indefinite integrals 
are treated as certain antiderivatives of the corresponding functions. 
Type II. Let 


y” = f (y). (207-2) 
We put 
y’ =p. 


Ch. 22. Differential Equations 005 


Hence, regarding p as a function of y, we shall have 


nay’ dp dy __ dp 


Hence, equation (207-2) will attain the form 


d 
pap=t (y). 
Separating the variables, we obtain 
p dp = f (y) dy. 


Integrating the last equation, we find 


F=l\fuayt+ 3 


or 
p=tV 2) fu)ay+Cr. 
Since 
dy 
P= "Ge ' 


the preceding equation may be written as follows: 


pea+ V 2 \ f(y) dy+Ci. 


Hence, separating the variables once again and nteeraline: we shall 
finally have 


————— = tt C e 
Pacers ails 


The reader should not memorize this complicated formula of the 
general solution of type-II equation but should understand the 
method of integration. 

Type III. Let 


y =f (y’). (207-3) 
We put 
y’ = 
Then 
n__ ap 
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Equation (207-3) will take the form 


=f (p). 


4 0 


Separating the variables and integrating, we shall have in succession 


\ Barts. 


On determining the quantity p = a , we shall be able to find y 
as well, using the method of secondary integration. 


Example 1. Determine the motion of a material point of mass m 
thrown vertically upwards with the initial velocity vp. 

Let us take the vertical straight line which is the path of the 
moving point for the z-axis, the upward direction of the x-axis being 
established as its positive direction. The initial position of our 
material point is taken for the origin. 

If air resistance is ignored, then the only force acting on our point 
is the gravity force numerically equal to mg and directed vertically 
downwards. According to Newton’s law, we have the following 
differential equation of motion: 


d*z 


ae 8 

or 

d2 

== — £. (207-4) 

Besides, we must observe the initial conditions: 

dz 

x lexo =0 and ai eh = Up. (207-5) 
Substituting 

dx d2z dv 

Ge and Gra 
from (207-4) we obtain 

dv 

ao 8 
or 
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Integrating, we shall have 
v= Ca aoe gt. 


Setting here t = 0 and using the second condition (207-5), we 
find 


C71 = Vo- 
Hence, 

V = Vo — gt (207-6) 
or 

d 

— et Vo st gt. 


Integrating once again, we shall have 


| gt? 
t=C,--Ugt—--. 
To determine the constant C,, let us note that, by virtue of first 
condition (207-5), x = 0 for t = 0. Substituting these values in our 
last equation, we get 


C, = 0. 


Consequently, 
t2 


r=vt— = (207-7) 


Such is the law of motion of a point thrown vertically upwards 
with the initial velocity vg (with air resistance ignored). 

In particular, for the highest point reached by, our mass point 
there must be 


v = 0. 
Hence, from (207-6) we determine the time of climb 
—_ 
g 9 
and from (207-7) the corresponding altitude of climb 
_ %% 
oa 


Example 2. Solve the equation 
y" = ys. 

We put here 

y =p, 
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Substituting into the differential equation, we shall obtain 


p 2s =y? 
Separating the variables and integrating, we shall have in succession 
p dp = y~ dy 
and 
Ecole te ae e| 
2° —2 5° 2 
Hence, 


p=tVCi—y? = (C,>0) 
and, consequently 
SOUS ete Yet t 


dix 

This is a first-order equation. Separating the variables, we have 
y dy 

Ss = Ht az. 

V Cyy? and 

Multiplying both members by C\, we get 

Cyy dy 

a = A Cdr. 

V Cry? ad 


On integrating we shall have 


, Cyy dy = 
| V Cy?—1 = + (Cyx+Cy). 


Let us compute the integral constituting the left-hand member of 
this equation. Noting that 


1. 
Cy dy =-7 d (Cyy’— 1), 


we shall have 
\ Cyydy _ 1 \ d (Cyy?—1) 


V Cyy?—-1 ~ 2 
1 1 
> (Cry? 1)? 


ie 
= | Cy—1) 24 (Cyt—1)~ 2 7 = Vora. 
2 
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Thus, we find 
V CF>ye—1= + (Ciz+ ©), 
or finally 
Cy? — 1 = (C,z + C,)?. 
Example 3. Find the solution of the equation 
2y’y" = 1, 


that satisfies the initial conditions: y = 0, y’ = 1 for x = 1. 
Setting 


y=p and y"=—-, 
we have 
op oP. — 
dz 
Separating the variables, we then obtain 
2p dp = dz, 
or after integration 
pP=#+C\. 


For determining the constant C, we take advantage of the initial 
condition p= y’ =1 for «=1. We have 


1=1+4+ 0; 
hence C, = 0 and, consequently, 
p? = 2. 
Taking the root, we get 
ad — 
p= = = Vz, 


the plus sign being taken before the radical, since for x = 1 we must 
have p = 1. 
Separating the variables and integrating, we find 


= 9 3 
y= \ Viz dx=z x? +Cp. 
To determine the constant C,, we put x = 1 and y = 0; then 
2 ; 2 
O=>+Co, 1.e. C ea 
Thus, the required solution is 
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Sec. 208. Reducing the Order 
of a Differential Equation 


We are going to indicate two cases when a second-order differential 
equation 


y" = i (x, Y, y’) (208-1) 


is reduced to a differential equation of the first order. 
Case 1. Let the left-hand member of differential equation (208-1) 
not explicitly contain z, i.e. the equation has the form 


y' =f ty y’). (208-2) 


Setting here 


dp dp dy _ dp 


y =p and Y Ge dy de dy ? 


we get a first-order differential equation 
d 
Dp ao f (y, P)s 
where the role of an independent variable is played by y. 


Case 2. Let the left-hand member of differential equation (208-1) 
not explicitly contain y, i.e. the equation has the form 


y" =f (x, y’). (208-3) 
Putting 

yd 
y’=p and y=, 


we obtain a first-order equation 
dp _ 
a f(x, p) 


with an unknown function p. 
Note that types I and III considered in the preceding section are 
particular cases of equations (208-2) and (208-3), respectively. 


Example 1. Solve the equation 


y’ = +. (208-4) 


According to Case 1, we put 


a ” d 
y’=p and y"=p-z.. 
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Then equation (208-4) will take the form 


dU ie 
Pa 
: dp P ‘ dp 
H , =(0, i.e. y=C; —_— = cs: == 
ence: (1) p=0, i.e. y=C; or (2) dy 7? ee. = 


Inp = Iny+ In Cj. 
Resorting to involution, we shall have 


d 
oe = = Cy 
and, consequently, 
mae — C;, dx. 
y 


On integrating, we get 
Iny=C,\x+imnC, 

and, hence, 
y = Ce", 

where C, and C, are arbitrary constants. 


Example 2. Find the solution of the equation 


zy” — or ne y’, 


otf 


(208-5) 


satisfying the initial conditions: y= and y’=1 for +=1. 


In equation (208-5) we put 


, W d 
y’'=p and y’=—, 


Then 


The obtained equation is homogeneous*, therefore 


a — u, 
oO 
consequently, 
dp du 
p=azu and ae eo 


* Equation (208-6) may also be regarded as linear. 


(208-6) 


we _ set 
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Substituting into equation (208-6), we shall have 


t+ uU=2—U,; 
hence 
du 2—2u 
dz .—s 
and 
due 2dxz 
u—1-” . #£4« 


Integrating, we get 
In (u — 1) = —2Inz+ Inc, 


and, consequently, 


Pui{4 and p=at, 


W 


To find the constant C,, we use the initial conditions: 


for x = 1. We obtain 


{=1+C,, 

i.e. C, =O and, thus, 
a ea 

Hence, we have 
dy = x dz 

and 


y= \ xde=++¢,. 


(208-7) 


The constant C, is determined from the initial conditions. Setting 


x=1 and y =~ in (208-4), we get 


1 1 
2a ate 


i.e. C, = 0. Consequently, the desired particular solution is 
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Sec. 209. Integrating Differential Equations 
with the Aid of Power Series 


For the sake of simplicity, we shall explain this method by con- 
sidering the following first-order differential equation 
y =f (x,y), Y (Lo) = Yo (209-1) 


where f (x, y) is an infinitely differentiable function, i.e. it has deriva- 
tives of all orders. 


We shall look for the solution of problem (209-1) in the form of 
Taylor’s series (see Sec. 194) 


Y=YotYy(@— xy) +yr (@—a)?+ ... (209-2) 
where, for the sake of brevity we set 
yr) = y™ (xo) ae ree 


The constant term y, is determined from the initial condition 
(209-1). The coefficient yj is found from differential equation (209-1) 


Yo s i (Xo, Yo). 


To find the coefficient yj, let us differentiate equation (209-1) 
with respect to z, assuming that y is a function of z. We have 


. d 
Yo = a lt (x, y)I], 
hence, 


= {ge Ue WI}, 


and so on. We leave the complicated problem about the convergence 
of series (209-2) without consideration. 


This method, with obvious alterations, is also applicable to the 
second-order equation 


y" =f(zy, y'), y(t) =Yo YY (Lo) = %- (209-3) 


Example. With the aid of power series, find the solution of the 
differential equation 


y =azy+y, y(0) = 1. (209-4) 
We put 
Y=Yot yor t ar artZxtt .., (209-5) 


From conditions (209-4) we have 
y=t, yy=O14 2 =1. 


33—0875 
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Differentiating the right-hand member of the equation (209-4) 
as a composite function, we get 


y” = (y + zy’) + 2yy's (209-6) 
hence 

ys = (4+ 0) + 2-1-1 = 3. 

Differentiating then equation (209-6), we shall have 

y" = (2y° + zy") + 2 (y? + yy") 
and, consequently, 

ye” = (2 + 0) + 2-(4 + 1-3) = 10 


and so on. 
Thus, from (209-5) we have 


yottepeap tary .., (209-7) 


The results of computations are usually tabulated: 


0.2 


1 | 1.117 1.273 | 1.480 : a 


Sec. 210. Common Properties of the Solutions 
of Second-Order Linear 
Homogeneous Differential Equations 


Consider the second-order linear homogeneous differential equa- 
tion 

y"+pi(zy +a(z)y =9, (240-1) 
whose coefficients p (x) and q(x) are continuous. 

Let 

Yy = Y, (x) and Yo = Ye (2) 


be particular solutions of equation (210-1)*. 

Definition. Z’wo solutions y, and y, are called linearly dependent 
if it is possible to choose constant numbers a, and a, not equal both to 
zero such that a linear combination of these functions is identically 


* The word “particular” is understood here in the sense that these solutions 
do not contain arbitrary constants. 
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equal to zero, i.e. 
ayy + Osyy = 0. (240-2) 


Otherwise (if it is impossible to choose such numbers), the solutions 
y, and y, are termed linearly independent. In other words, if the 
functions y, and y, are linearly independent and the above identity 
holds true, then a, = a, = 0. 

Obviously, the solutions y, and y, will be linearly dependent if 
and only if they are proportional to each other, i.e. if 


Yo = ay, (210-3) 


(or vice versa), where a is a constant proportionality factor. 
Indeed, if this condition is fulfilled, then we may write 


Ayy, + ayy, = 0. 


where a, = a and a, = —1 0, and, consequently, these solutions 
are linearly dependent. 

Conversely, if the solutions y, and y, are linearly dependent, then 
we have the identity 


AyY, + Ay, = 0, 


where at least one constant, a, or dy, is non-zero. Setting, for instance, 
a, 0 and a = —a,/a,, we obtain y, = ayy. 

The concept of linear dependence is applicable to any pair of 
functions. Linear dependerice or linear independence of. several 
functions is determined in a similar way. 


Example. The function e*1* and e®2* for k, 4k, are linearly 
independent. 
Indeed, let us assume that there takes place the relation 


d,es% + ae = (), 


in which at least one of the coefficients, a, or a,, for instance a,, 
is non-zero. Then we shall get the identity 


e(Re—ky)x ae 


which is impossible, since the left-hand member of this equality 
varies with x, and the right-hand member is constant. 


Knowing two particular linearly independent solutions y, and y, 
of equation (210-1), we can obtain easily the general solution of 
(his equation. And namely, there exists the following theorem. 

Theorem. Jf y,; and y, are linearly independent particular solutions 
of a second-order linear homogeneous equation (210-1), then the general 
solution of the equation is a linear combination of these particular 
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solutions, i.e. the general solution of equation (210-1) has the form 
y = Cy, + CoYe, (210-4) 


where C, and C, are arbitrary constants (—o <C, < +o, 


—oo <(C, < +00). 
Proof. Indeed, since y, and y, are the solutions of equation (210-1), 


we have 


y, + plz) y, + 9 (*t) 1 = 0 (210-5) 
and 
y, + p (x) yy + 4 (2) Yo = 0. (210-6) 


Substituting (210-4) into the left-hand side of equation (210-1), 
by virtue of (210-5) and (210-6), we get 


(Cyr + Coo)” + p (2) (Cavs + Cayo)’ + ¢ (2) (Cin, + Coys) = 

= Cy, + Coy, + p (x) Cry, + P(t) Cova + 9 (2) Cry + 9 (2) Cryo 

= Cy [yy + P (2) yy + 9 (@) wil + Ce [yy + P (2) yg + 9 (2) Yel = 
C,-0+ C,-0 = 0. 


Hence, it follows that the function 


y = Cy, + Coe (210-7) 
will be the solution of equation (210-1) at any choice of the constants 
C, and C,. 


If the solutions y, and y, are linearly independent, then the ob- 
tained solution (210-7) will be the general solution of differential 
equation (210-1), since it contains two arbitrary constants C, and C, 
which in this case cannot be reduced to one, i.e. they are indepen- 


dent. 
We can prove that formula (210-7) yields all solutions of the corres- 


ponding linear differential equation (210-1). 


Note. But if the particular solutions y, and y, are linearly depen- 
dent, then (210-4) will not be the general solution. Indeed, let y, 
and y, be linearly dependent, i.e. let there exist the relation 

Yo oo ay, 


where a is a certain constant. Substituting y, into expression (210-4), 
we shall have 


y = Cy, + C,ay, 


or 
y = Cy, (210-8) 
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where 
C=C,+ acy. 


This solution contains only one arbitrary constant C and therefore 


it will not be general. 
Thus, to find the general solution of equation (210-1), it is suffi- 
cient to know two of its particular, linearly independent solutions, 


y, and Yp. 


Sec. 211. Second-Order Linear Homogeneous 
Differential Equations 
with Constant Coefficients 


Let the linear homogeneous differential equation 
y" + py’ + qy = 0 (211-1) 


have constant coefficients p and gq. 
We shall look for the particular solution of equation (211-1) 
in the form 


jeecge (244-2) 


where k is a constant number to be determined. From (211-2) we 
have 


y’ = ke** and y” = ke", 
Substituting y, y’ and y” into (211-1), we get 
ke®* + pke’* + ge’ = 0 


or, reducing by the factor e**, which is not equal to zero, we find 
ph gO, (241-3) 


Quadratic equation (211-3) from which the number & is determined 
is called the characteristic equation of the given linear equation of 
the second order with constant coefficients (211-1). Note that to 
write characteristic equation (241-3), it is sufficient to replace in 
(ifferential equation (211-1) the derivatives y”, y’, and the function 
y by the corresponding powers of the quantity k, considering the 
function y as the derivative of order zero. 

Solving characteristic equation (211-3), we get 


ky o= —S+ YT is (211-4) 


Three cases are possible here. 
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Case 1. If 
F_q>0, (241-5) 


then, according to formula (211-4), characteristic equation (211-3) 
has two real and different roots k, and k,. Consequently, linear 
equation (211-1) allows two different particular solutions 


y, = ei” and y, = e%*, 
Since k, = k,, these solutions, as we saw in the preceding section 


(Example 1) are linearly independent. Hence, the general solution 
for Case 1 has the form 


y= Coe + Ce 214-6) 
Example 1. Let 
y” — 2y’ — 8y = 0. (211-7) 


Solving the characteristic equation 
k? — 2k — 8 = Q, 
we find its roots 
ki =4, k, = —2. 
The general solution of equation (2141-7) has the form 
y = Cye* + Cre. 


Case 2. If 

F_¢=0, (211-8) 
then, by (211-4), characteristic equation (211-3) has the only root 

C= = —+. 


Such root is called multiple. Therefore, one particular solution of 
equation (241-1) will be 


x 


wl'S 


Yi =e - 

Any other particular solution y,, linearly independent of y 
must necessarily have the form 

Yo = Yr°2 (2); (211-9) 
where z = z (z) is a certain function of z which is not identically 
constant. Hence, 


_P, 
Yo=e * 2. 
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Differentiating, we find 


p p 
; -5%, —-sx — 5% 
Ya=e *% ste ? (—4) z= 2 (2-4-2) 


and 


Substituting y., y;, and y, into equation (211-1), on reducing by 
a common factor Pas we get 
n  , BP rp 
Z— pS + -7-2+ pz —-5-2-+q2=0, 
or 
z” + (g—) z=0. 
Finally by (241-8) we shall have 
Z == 0; 
Hence 
z=a and z—azr+ Jb, 


where a and b are arbitrary constants. 
Consequently, 


Dx 


Yo=(axtbye 2, | (211-40) 


Since we are interested only in a particular solution, we may set 
a=1 and b=0. Then 


Thus, in Case 2 the general solution of equation (211-1) will be 


Pp 
y=e 2° (C,+Cy2). nr 


Note that, generally speaking, formula (211-10) already yielded 
this general solution, since any solution of equation (211-1) can be 
represented in the form (211-10). 


Example 2. Let 
y” — 6y’ + 9y = 0. 


520 A Brief Course of Higher Mathematics 


Solving the characteristic equation 
kh? — 6k +9 = 0, 
we find the multiple root 
kyo =34+V9—9=3. 
Hence, the general solution will be written in the form 
y = e (Cy + Coz). 


Case 3. If 
p? 
7a, 


then, by (211-4), characteristic equation (211-3) has two conjugate 
complex roots 


kj, =a-+ Bi and k, =a — Bi, 


a Pp _ p? 
where Co and B= q—=. 


Then the particular solutions y, and y, of equation (211-1) will] be: 

= e(@+Bilx and Yo= e(&— Bia (211-12) 
Hence, the general solution of equation (211-1) can be formally 
written in the following way: 

y == Cet Bide +. Cye(a- Bide 
or 

y == ew (C eB +. Cye- ibe), (241-13) 
where C, and C, are certain complex constants chosen so that expres- 
sion (211-13) is real. 


In (241-13) we can get rid of imaginary quantities. According to 
Euler’s formulas (see Sec. 196), we have 


eB — cos Bx + isin Bx and e-'B* = cos px — isin Be. 


* The derivative of the complex function 
fi(z)+ ife (x) 
of a real variable x, where f, (x) and f, (x) are real functions of x and i is an imag- 
inary unit, is understood, by definition, to be the expression 
(fy (x) + if, (z))’ = fy (x) + ify (2). 
Using formula (4196-4) from Chapter 21, it is easy to check that ifk = a + ip, 


then (ek%)’ = kekx, Consequently, the functions y, and yz, as also any of their 
linear combinations, satisfy our differential equation. 
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Hence 
y = e* [(C, + C,) cos Bx + i (C, — C,) sin Bz). 
Setting 
C,+¢C,=C, and i(C,—C,) =C,, 
we finally get 
y = e& (C, cos Bx + C, sin Bz), (211-14) 


where C, and C, are arbitrary (in view of arbitrariness of the constants 


C, and C,) constant real numbers. This is just the general solution 
in the real form of equation (211-1) for Case 3. 

In particular, if in characteristic equation (211-3) we have p = 0 
and g = £7, then the roots k,,. = +fi will be pure imaginary 
a = 0) and for the corresponding differential equation 


y + py = 0 
we shall obtain its general solution in the form: 
y = C, cos Bx + C, sin Bz. (241-15) 


Note. In applications, another form of formula (211-14) is some- 
times used. And namely, setting 


C,=Asing and C, = A cos @q, (211-16) 
where A and @ are new arbitrary (A > OQ) constants, we shall have 
y = Ae sin (Bx + Q). (211-17). 


From (211-16) we get 
Fe 78 C 
A= VC+ C, tang=G. 


If x is interpreted as time, then, from the physical point of view, 
function (214-17) describes an oscillating process which is damped for 
a <Q and increases without bound for a > 0. 

Example 3. We have the equation 

y” — 6y’ + 13y = 0. 

Solving the characteristic equation 

k? — 6k + 13 = 0, 
we obtain the complex roots k,, = 3 + 2i. Herea = 3 and fp = 2. 


Hence, on the basis of (211-14), the general solution will be written 
in the form 


y = e®* (C, cos 2x + C, sin 22). 
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Example 4. A material point of mass m is attracted to a fixed 
centre O with a force proportional to the distance z of the point from 


Se pe ees ae Dae 


the attracting centre (elastic force) (Fig. 232). Find the law of motion 
of this point (ignoring the resistance of the medium). 
According to Newton’s law, we have 
dz 
er —kzx, 


where & is the proportionality factor, the minus sign meaning that 
the direction of the acting force is opposite to the sign of the dis- 
placement x. Hence, 


d*x ; 
wre +077 = 0, 


where 


VE. 
We have obtained a second-order linear equation with constant 
coefficients. The roots of the corresponding characteristic equation 
kh? + @? = 
are pure imaginary: 
kyo = toi. 
Therefore, by (211-14) (a = 0, B = w), we have 
z= Cj, cos wi + C, sin at. 
We may put 
C,=Asing, C, =A cos q, 
where A and @ are certain other arbitrary constants. Hence 
x =A sin (wt + @Q), 


i.e. under the given conditions the material point performs periodic 
harmonic oscillations about the attracting centre with amplitude A 
and initial phase 9. 
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Sec. 212. Second-Order Linear Nonhomogeneous 
Differential Equations 
with Constant Coefficients 


Consider the second-order linear nonhomogeneous equation 
y" + py’ + gy = f (2), (212-1) 


where p and q are given constant numbers and f (z) (the right-hand 
member) is a known function of x. The following theorem holds true. 

Theorem. The general solution of nonhomogeneous equation (212-1) 
is equal to the sum of the general solution of the corresponding homo- 
geneous equation 


y" + py’ + gy = 0 (212-2) 


and a particular solution of the given nonhomogeneous equation. 
Proof. Let 


y = Cy, + Cos (212-3) 


be the general solution of the equation without the right-hand 
member (212-2) and z a certain particular solution of the correspond- 
ing equation with a right-hand member (212-1). Obviously, we 
have | 


y’ + py +qy=O0 and 2” + pz’ + qz =f (2). 


Adding these equations termwise and taking into consideration that 
the derivative of a sum is equal to the sum of derivatives, we get 


(y+z)"+pyt+z2)’+qyt+2) =f. 
Hence, it is‘clear that the function). 
y=yt+2 (242-4) 


is the general solution of equation (212-1), since it contains, by 
(212-3), two arbitrary independent constants C, and C,. 


Since we already know how to find the general solution y, we 
shall concentrate on the method for finding the particular solution z 
of the corresponding nonhomogeneous equation (212-1), where p 
and g are constants. 

In considering this problem we shall confine ourselves to simplest 
right-hand members f (xz). In these cases, for finding the particular 
solution of equation (212-1) the so-called method of undetermined 
coefficients is usually used. 

Case 1. The right-hand member of equation (212-1) is an exponen- 
tial function 


f (x) = ae"™ (a 0). 
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We look for the particular solution z also in the form of an expo- 
nential function 


z= Ae™, (212-5) 
where A is an undetermined coefficient. Hence, 

z’ = Ame™ and 2° = Am*e™, 
Substituting f (x) and the expressions for z and its derivatives into 
equation (212-1), on reducing by e”™*“, we shall have 

A (mM? + pm + q) =a. (212-6) 

Two cases are possible: (1) m is not a root of the characteristic 
equation, 1.e. 

m? + pm + q #0. 
Then 


= a 
ome pm-+q 
and, consequently, 
aemx 
m?+- pm-+q ° 
(2) The number m is the root of the characteristic equation i.e. 
m? + pm +q= 0. (212-7) 


Then equation (212-6) is contradictory and, hence, differential 
equation (242-1) has no particular solution in the form (212-5). 

In this case: (a) if m is a simple root of the characteristic equation 
(i.e. the other root of this equation is different from m), then the 
particular solution of equation (212-1) should be taken in the form 


/—— 


z= Axe™, 


and (b) if m is a multiple root of the characteristic equation, then the 
particular solution of equation (212-1) should be taken in the form 


Z= Ane”. 
This recommendation can be checked directly. 
Example 1. Let 
y” — oy’ + by = e. 
Let us first solve the equation without the right-hand member: 
y” — dy’ + by = 0. 
The characteristic equation here has the form 
k?— 5k +6=0. 
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Hence, its roots will be 

keoe3,. doce Zz, 
Consequently, the general solution of the equation without the 
right-hand member is: 

y = Cye* + Ce. 

Since m = 1 is not the root of the characteristic equation, we look 


for the particular solution of the equation with the right-hand member 
in the following form: 


z= Ae, 
where A is an undetermined coefficient. Differentiating, we shall 
have 

2 SAS. 2 = Ae”, 
Substituting these expressions in our nonhomogeneous equation 
we get 

Ae* — dAe* + 6Ae* = e* or 2A = 1. 
Hence, 


1 
A= Di 


Thus, the particular solution of the equation with the right-hand 
member is 


And the general solution of this equation, by the proved theorem 
has the form 


y = Cye** + Cye** + + e*. 

Case 2. The right-hand member of nonhomogeneous equation 
(212-1) is the trigonometric polynomial 

f (x) = M cos wx +:N sin wz. (212-8) 


We look now for the particular solution z of this equation also 
in the form of the trigonometric polynomial 


z= Acosoxr +B sin wz, 


where A and B are undetermined coefficients. 
Differentiating, we get 


z’ = —Aw sin wx + Bo cos wz and 2” = —Aw? cos or — 
— Bw’ sin wz. 
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Hence, substituting these expressions into equation (212-1) and 
collecting the terms containing cos wx and sin wz, we shall have 
(—Aw? + Bpw + Aq) cos wx + (—Bao*? — Apw + Bq) sin ox = 
= Mcosoxr-+ N sin wx. 


Since the last equality is an identity, the coefficients of cos wx 
and sin wz in the left- and right-hand members of this equality 
must be equal to each other, respectively, and we shall obtain 


A (q— wo?) + Bpo = M, —Apot+B(q—ow) =N. (212-9) 


From this system, generally speaking, we shall be able to determine 
the coefficients A and B. The only case when system (212-9) is incom- 
patible is 


p= 0,. ¢g=-0? 


(i.e. when --iw are the roots of the characteristic equation). Then 
the particular solution z should be taken in the form: 


z= «(A cos ox + B sin wz). 
Example 2. Let 
y" — 4y’ + 4y = cos z. (212-10) 
The corresponding homogeneous equation will be 
y” —4y’ + 4y = 0. (212-11) 
Solving the characteristic equation 
k?— 4k +-4=0, 
we find the multiple root 
kyo =24+V4—4=2. 
Hence, the general solution of homogeneous equation (212-11) is 
y = e* (C, + C,2). 


We are going to look for the particular solution of equation (212-10) 
in such a form 


z= Acosxr+ Bsing, 
where A and B are undetermined coefficients. 
Differentiating, we get 


” 


z =—Asinz+ RBooszxz, 2” =—Acosx—B8sinz. 
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Substituting z, 2’, and z” into equation (212-10), we shall have 
—Acosz— Bsinzx+ 4A sinz — 4B cosx + 
+ 4A coszx+ 4B sin z = cos z. 
Equating the coefficients of cos x and sin x on the right and on the 
left, we get the system 
384 —4B=1, 444+ 3B =0. 


Solving these equations simultaneously, we find 


3 4 
A= > and B= ae 


and, consequently 


4 
95 COS t—>e Sin x. 


Hence, the general solution of equation (212-10) will have the 
form 


y = e** (C,+ C2) a COs 2— sin x: 


Example 3. Study the oscillations of a material point of mass m 
being acted by an elastic force whose magnitude is proportional 


Z= 


L 
0. nv 
I 
FIG. 233 Ago F Z 


to the deviation x of the point from the equilibrium position in the 
presence of a periodic disturbing force numerically equal to 
F = Fy) sin pt 
(Fy, p constants). The resistance of medium is to be ignored. 
According to Newton’s law, the differential equation of motion 
of a point has the form (Fig. 233) 
d2x 
ar TEs 
(k proportionality factor) or 
re 2x =asin pt, (212-12) 
where 


= —kxr-+ Fo sin pt 


F 


he 
ey ae and a=— 
m m 
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et 


The general solution of the homogeneous equation 
2 = 

si + 0% =0, 
as is known (see Sec. 209, Example 5), has the form (free oscillations 
of a point) 

x = C, cos wt + C, sin ot, (242-13) 
where C, and C, are arbitrary constants. 

In finding the particular solution z of nonhomogeneous equation 
(212-12) the following two cases should be distinguished. 

Case 1. Let p ~ o, i.e. the frequency of the external force does 


not coincide with the frequency of free oscillations (242-13). 
We put 


z = A cos pt + B sin pt, (212-14) 
where A and B are undetermined coefficients. 

Substituting (212-14) into (212-12), we shall have 

—Ap* cos pt — Bp* sin pt + w? (A cos pt + B sin pt) = 


= asin pt 
or 


A (w? — p”) cos pt + B (wm? — p?) sin pt = asin pt. 
Hence 
A (w* — p’?)=0, Bw? — p*)=a 


and, consequently, 


a 
A=0, B=—yoyr: 
Thus, 
__ a ; 
i “o?— p?_ Sin pt. 


The general solution of non-homogeneous equation (212-12) (forced 
oscillations of a point) is given by the formula 


x=C,cos wt + C, sin Oe er Rare pt (212-195) 


and represents the superposition of two oscillations with frequencies 
wm and p, the oscillations being bounded. 

Case 2. Let p = a, i.e. the frequency of the external force coin- 
cides with the frequency of free oscillations (212-13). 

In this case formula (212-15), obviously, loses its sense. We put 


z= t(Acos wt + B sin wt); 
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hence 
z’ = (A cos wt + B sin wt) + t (—Ao sin wt + Bo cos ot) 
and 
Zz" = 2 (—Aw sin wt + Bo cos wt) + 
+ ¢(—Aw? cos wt — Bo? sin wt). 
Substituting these expressions into equation (212-12), we shall have 
2 (—Aw sin wt + Bo cos wt) — wt (A cos wt + B sin wt) + 


+ wt (A cos wt + B sin ot) = asin ot 
or 


2 (—Aw sin wt + Bo cos wt) = asin owt. 


Hence, for determining the coefficients A and B we have the system 
—2Aw =a, 2Bo = 0. 


Consequently, 
a 
A 6 ~  o ; B — 0 


and, hence, 


at 


Z= —-5, 00s wt 
(Fig. 234). The forced oscillations of the point here will be 
x=C,cos wt+C, sin wt — — cos wt. (212-16) 


Formula (212-16) shows that the amplitude of oscillations z 
increases infinitely with time ¢. Thus, in Case 2 even insignificantly 
small external force causes unbounded oscillations of the system. 


FIG. 234 


This phenomenon is called resonance. The physical effect of resonance 
is disturbance of operation and even destruction of an elastic system. 
For instance, we know accidents when rhythmic knocks of a train 
moving through a railway bridge caused the destruction of the bridge. 


34—0875 
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Case 3. The right-hand member of linear equation (212-1) repre- 
sents a polynomial, for instance, of second degree 


f(z) =az?+ bxr+ec (a & 0). (212-17) 
We look for the particular solution z of this equation also in the 
form of the second-degree polynomial 
z=Az?+ Be+C, 
where A, B, and C are undetermined coefficients. 
Differentiating, we shall have 
zo =2Ar+B and 2” = 2A. 
Hence, substituting 2’, z’, and 2” into equation (212-1), we get 
2A + p (2Ax+ B) + q (Az? + Br+C) =az’? + br+e 


or 
Aqz? + (2Ap + Bq) x+ (2A + Bp + Cq) = az? + br +e. 
Since two polynomials are identically equal to each other if and 
only if the coefficients of equal powers of the variable z are respec- 


tively equal, we have for determining the coefficients A, B, and C 
the following system 


Aq=a, 2A4p+Bqa=b, 2A+Bp+Cq=c. (212-18) 


If g+0, this system yields definite numerical values for the 
coefficients A, B, and C. Thus, the particular solution z will be quite 
determined. 

But if g = O (the characteristic equation has a simple zero root), 
then system (212-18) is incompatible. In this case, assuming that 
p #0, the particular solution should be looked for in the form 


z= 2(Az* + Ber+C). 


If f (z) is a polynomial of some other degree, we proceed in a simi- 
lar way. 


Example 4. Let 
y” — 4y’ + 138y = 27 + 1. 
Here the equation without the right-hand member will be 
y” —4y’ + 13y =0. 
The characteristic equation has the form 
k? — 4k + 13 = 0. 
Hence we determine its roots 
kyo = 2+ 3i. 
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The general solution of the homogeneous equation will be written 
as follows: 


y = e® (C, cos 32 + C, sin 3z). 

We look for a particular solution of the nonhomogeneous equa- 
tion in such a form: 

z=Azx-+bB. 
Hence 

z= A and 2” = 0. 
Substituting these expressions into the nonhomogeneous equation, 
we get 

—4A + 13 (Ax + B) = 27 + 1. 
Equating the coefficients of equal powers of z in the left- and right- 
hand members of this identity, we shall have 

183A = 2; —444 138B = 1. 
Solving this system of simultaneous equations, we obtain 


2 24 
A= 73° P= 165: 


Consequently, the particular solution of the nonhomogeneous equa- 
tion 1s 
2 24 

2= 43 71 Te9° 

Therefore its general solution has the form 

y= e** (C, cos32z-+C, sin 3z) +4 rte. 

The arbitrary constants entering into the general solution can be 
determined from the initial conditions. 


Example 5. Find the solution y = y (z) of the equation 


y"=a+y (212-19) 
such that 

y (0) = —2, y’ (0) = 1. (212-20) 

Let us write equation (212-19) in the standard form 

yo —y = 2. (212-21) 


Here is the homogeneous equation: 
y” —y= 0. 


ie 
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The characteristic equation 
2? —1=0 


has the roots kj = 1 and k, = —1. Consequently, the general 
solution of the homogeneous equation is 


y= Cie + Coe, 


where C, and C, are constants. 
To find the particular solution z of nonhomogeneous equation 


(212-21), we set 
2=Axr+ Bet C. 
Substituting this function into equation (212-21), we shall have 
2A — (Az? + Ba + C) = 2’. 


consequently, 
A=—i1, B=0, C=-—2 and 2= —z* — 2. 


The general solution of nonhomogeneous equation (212-19) has 
the form 


y=y+4, 
or 

y = Cye* + Cye~ — (4? + 2). (212-22) 
Differentiating, we find 

y’ = Cye* — Cye* — 2z. (212-23) 


Setting x = 0 in (212-22) and (242-23) and using the initial con- 
ditions (212-20), we get the following system for determining the 
constants C, and C, 


—2=¢€,+C,—2, 


(CC, 
or 
CC 0 
Eek | 
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Hence, 


{ 1 
C1=75) (,=—5. 


Substituting these values in (212-22), we get the required solution 
y=+ (—e*)—(22 42), ie. y=sinha—(2?+2). 


Sec. 213. Differential Equations Containing 
Partial Derivatives 


Let the function wu describe a certain physical process. Any process 
takes place in space, whose points can be characterized by rectan- 
gular Cartesian coordinates (z, y, z) and in time ¢. Therefore, in 
the general case the function wu is a function of four variables: u = 
=u (a, y, 2, t)*. Differentiating the function wu, we obtain partial 
— : QU Qu 
derivatives —, —, 
Ox’ OU 
nected by known relations, and thus we come to differential equa- 
tions containing partial derivatives**. 

Of special interest for physical applications are differential equa- 
tions containing derivatives of the second order (so-called differential 
equations of the second order). They comprise the equations of gas 
dynamics, hydrodynamical equations, mathematical equations of 
electromagnetism (the Maxwell equations) and many others. There- 
fore, differential equations with partial derivatives of the second 
order are called the equations of mathematical physics. 

Let us set forth the most important types of such equations for 
the case of two independent variables. 

I. One-dimensional wave equation : 

Ou sg O7u 

oe Gat 
This equation is applied when studying a number of oscillation 
(vibration) processes (transverse oscillation of an elastic string, 
longitudinal vibration of a rod, vibration of gas in a tube, and so on). 

II. Heat conduction equation (the Fourier equation) 

du > Ou 


etc. In a given process these derivatives are con- 


= as Ox? ? 
describing transient heat conditions of a rod. 


* In certain cases we may confine ourselves to considering a plane or a 
straight line; the number of the independent variables of the function wu is 
then reduced accordingly. be 

** Soviet mathematicians have made a valuable contribution to the theory 
of differential equations with partial derivatives. The works by Academicians 
M. V. Keldysh, M. A. Lavrentiev, I. G. Petrovsky, S. L. Sobolev, A. N. Ti- 
khonov and others are of special importance. 
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The problem on propagation of electric oscillations in the mains 
is also linked with this equation. 

IIIf. Laplace’s equation 

Oe af Oy 

Ox2 | Gy? 
yielding a stationary distribution of temperature in a homogeneous 
plate, etc. 

For solving these equations under various conditions special 
methods were developed (the so-called “methods of mathematical 
physics”). 

For the sake of simplicity, let us confine ourselves to the case of 
two independent variables x and y: 

u=u(z, y) 

: ; ‘ Ou Ou 07u 
and introduce brief notation: =-=u,, oy Yu Qeay = Mey 
so on. Then the general form of a second-order differential equation 
for the unknown function w is as follows: 


Uyy and 


F (2, Y, U, Uy, Uy, Une, Uxy, Uyy) = O, (213-1) 


where F is a known function. 

Any function u = @ (z, y) which turns equation (213-1) into 
an identity is called its solution, the graph of the solution is termed 
an integral surface. 


Example 1. Find wu = u (a, y) if 


07u 
ae 0. (213-2) 
This equation can be written in the following form: 
0 Ou ' " 
in (=) = (213-3) 


Hence, it follows that - is independent of y, i.e. it is a function 
only of the variable zx. Thus, from (213-3) it follows that 


OU 22, (2), (213-4) 


where C, (x) is an arbitrary function. 
Integrating equation (213-4) with respect to the variable y, we get 


u= \ C, (2) dy*, (213-5) 
or 
=C, (x) y + Cy (a), (213-6) 


* In integral (213-5) the variable z is assumed to be constant, each fixed z 
being assigned its own arbitrary constant C,. Therefore, C, = Cy (z). 
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where C, (x) and C, (x) are arbitrary functions. With the aid of 
differentiation it is easy to get convinced that the general-form 
solution (213-6) containing the arbitrary functions C, (x) and C, (2) 
yields here the set of all solutions of differential equation (213-2). 
Thus, the solution of differential equation (213-2) is an arbitrary 
function, linear with respect to the variable y. 

Note that general solutions of ordinary differential equations 
contain arbitrary constants; for differential equations with partial 
derivatives their general-form solutions contain arbitrary functions. 

Rendering the functions C, (z) and C, (x) concrete in formula 
(213-6), we obtain particular solutions of equation (213-2). For 
instance, setting C, (xz) = sinz, C, (x) = cos z, we shall have 
a particular solution u = y sin x + cos z, and so on. 

Differential equations with partial derivatives, as a rule, have 
an infinite number of solutions (see, for instance, Example 1). But 
the solution of a physical problem described by a differential equa- 
tion must be unique by its meaning, otherwise it provides no possi- 
bility to predict the corresponding physical phenomenon and, 
consequently, is of low value for practical purposes. Therefore, in 
solving physical problems, besides a differential equation we have 
to use additional conditions which enable us to single out of an 
infinite set of solutions its unique solution yielding the law governing 
the physical process under consideration. In the simplest case we 
are given the so-called initial and boundary conditions. Roughly 
speaking, the former characterize the given process at the initial 
(starting) moment of time, and the latter describe the behaviour of 
the process on the boundary of the domain (region) in question. 

If in equation (213-1) the variable y is interpreted as time, then 
the simplest initial conditions for an unknown function wu have the 
form 


u (x, Yo) = f (x), Uy (x, Yo) ae hi (x), (213-7) 


where f (x) and f, (x) are given functions. Finding the function u 
satisfying differential equation (213-1) and initial conditions (213-7) 
is called Cauchy’s problem. 


Example 2. Find the solution u = u (z, y) of the equation u,, = 
= 0 satisfying the initial conditions 


u(z, 1)=2*, wu, (vz, 1) =2. 

By (213-6), we shall have 

u=C,(z)y+C,(z), wy = C, (2). (213-8) 
Putting y = 1 in (213-8), we get 

x? = C, (x) +C, (x), «= C, (2); (213-9) 
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hence 
Ci (x) =0, C,(@)=2—-2 


and, consequently, 
u = xy + (2? — 2). (213-10) 


The solution u is unique. 

A physical problem described by a differential equation with 
partial derivatives and boundary conditions is said to be correctly 
formulated if: (1) this problem has a solution; (2) the solution is 
unique; (3) the solution of the problem depends continuously on 
the boundary conditions. 

Indeed, prior to solving a problem we have to get convinced whether 
it is solvable at all. Science history knows numerous examples 
when scientists spent much effort and time trying to find the solu- 
tion of a problem having no solution. For instance, during about 
two thousand years many mathematicians tried to solve the problem 
on squar‘ng the circle, i.e. with the aid of compasses and a rule to 
construcl a square equivalent to a given circle. Only at the close 
of the n ieteenth century it was proved that this is impossible. 
Analogously, in chemistry “philosophers’ stone” which allegedly 
converts base metals into precious ones has been never found, all 
efforts in search of it turned out to be in vain. The solvability of 
a problem under consideration is guaranteed by the “existence theo- 
rem”. 

As far as the second requirement is concerned, as it was stated 
above, ambiguous solutions of a problem are of little use for prac- 
tical purposes. The uniqueness of a solution is ensured by the 
“uniqueness theorem”. 

Finally, the violation of the third condition leads to undesirable 
consequences. From the point of view of practice, it is no good if 
negligible changes of the initial or boundary conditions (in reality 
they are known only approximately) cause a considerable alteration 
in the solution of a problem in a given region! Therefore, the “solu- 
tion smoothness theorem” is needed here. 

Recently, many mathematicians have shown interest for incor- 
rectly formulated problems. In this field basic results were obtained 
by A. N. Tikhonov. 


Sec. 214. Linear Differential Equations 
with Partial Derivatives 


Definition. A differential equation is called linear (more precisely, 
completely linear) if it is an integral polynomial of the first degree with 
respect to an unknown function and its derivatives and, in particular, 
does not contain their products. 
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Thus, the general form of a second-order differential equation 
is as follows: 
A (2, Y) Ue + B (x, y) Uxy + C (2, Y) Uyy + 
+ a (x, y) Uy + 5 (x, y) uy ter, yhu =f (a, y), (2141) 
where A (z, y), B(x, y), C (x, y), a (a, y), b (a, y), ¢ (x, y) are 
known coefficients and f (z, y) is a given constant term. If f (z, y) = 
== 0, then linear equation (214-1) is called homogeneous (without the 
constant term); otherwise equation (214-1) is said to be nonhomo- 


geneous. 
On introducing brief notation 


L [uw] = A (x, y) Uxx -+- B (x, y) Uxy = C (x, y) Uyy a 
+ a(t, y) Uy +b (a, y) uy +c (a, y) 


(here LZ is the so-called linear differential operator) equation (214-1) 
can be written in a compact form 


L [ul = f (2, y). (214-1") 
The linear homogeneous differential equation 
LE {u] = 0 (214-2) 


possesses the following important property: any linear combination 
with constant coefficients of the solutions of a linear homogeneous 
differential equation is also a solution of this equation (cf. Sec. 210). 
In particular, the sum of any number of solutions of a linear homo- 
geneous differential equation is also a solution of this equation (the 
principle of superposition of solutions). 

Without presenting the proof in the general form, we shall confine 
ourselves to an example explaining its idea. Let there be given the 
homogeneous equation 


L [u] = uy, — ruy, = 0 (214-3) 
with u, and wu, as its solutions, i.e. 

L{u,)=0, L fu] = 0. 

Consider, for instance, the function 

u = Qu, — 3uo. (214-4) 
From (214-3) we have 


A a2 02 
Ve [uw] ree a2 (2u,— du) —L ay? (2u,;— 3Ug) = 
0? ae 0° 0? 
=e (Sat aye )-3 ( mat Tee ae Preah seen ali= are 


Thus, i is the solution of equation (214-3). 
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Sec. 215. Deriving the Heat Conduction Equation 


Consider a homogeneous rod* of a constant cross-sectional area S$ 
and length / which is heat insulated from its sides. We take its 
axis for the z-axis (Fig. 235). Let us denote by u = u (z, t) (O< 
<2z<1,0 < t <-+0oo) the temperature of the rod in the section 
with the abscissa x at the moment of time t**. 

Let © = const be density of the rod, c = const its specific heat, 
& = const the thermal conductivity coefficient, @ (x, t) intensity 

of the heat source found in the 


~ £ ——____p», section x at the moment of time 

! AY t referred to a mass unit and unit 
oF  timet** (for instance, the appa- 
7 ——-»}, be ratus operating in a spaceship 
az may be regarded asa heat source). 

FIG. 235 According to Fourier’s law, 


the amount of heat flowing in 
the direction of the z-axis during an ,infinitely small interval of 
time dt through the section S with the abscissa z is equal to 


dQ,=—k<"8 dt, (215-1) 


where k is the thermal conductivity coefficient ( represents here 
the magnitude of temperature (uw) gradient J. The right-hand member 
of (215-1) is preceded by the minus sign, since for = > 0, i.e. with 


an increase of temperature wu together with z, the heat flow is directed 
in the opposite side, and vice versa. 

Let us set up heat balance for an element of the rod AV contained 
between two infinitely close sections I and II with the abscissas z 
and x + dz, respectively. Let us assume for definiteness that the 
rod temperature wu increases in the direction of the z-axis. Then 
heat flows out through section I (—) and comes in through section II 
(+). Let dQ be the amount of heat accumulated by the element AV 
during the time interval dt. 

Then, taking into consideration that the amount of heat generated 
by the heat sources concentrated in the element AV during the time 
dt is equal to 


@ (x, t):pS dx-dt (215-2) 


* Generally, the rod in mechanics is understood to be a body with one 
prevailing linear dimension. For instance, a rocket may be regarded as a rod 
with a variable section. 

** Tt is assumed that the rod has one and the same temperature at all 
points of any cross section. 

*** That is the amount of heat generated by this heat source per mass unit 
during unit time. 
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and applying formula (215-1), we shall have 
Ou du 
dQ = —k ae 2} dt+k = aa dt -+ eS @ (a, t) dx dt. (215-3) 


Applying the formula (see Sec. 99, Chapter 12) 
f(x + dz) xf (x) + f' (x) dz (215-4) 


with an accuracy to infinitesimals of the highest order of smallness, 
we get 


du du 07u 
Ox xtdx OL Bor Oa? oe keto) 
Therefore, formula (215-3) takes the form 
dQ =k <% S$ dx dt+ pS@ (2, t) dxdt. (215-6) 


On the other hand, “ is the rate of change in temperature of the 


element AV and, therefore Au = - dt represents the change of its 


temperature. Since the mass of the element AV is equal to oS dz, 
the amount of heat accumulated is 


dQ = cpS dx at (215-7) 


Equating expressions (215-7) and (215-6) to each other, on reduc- 
ing by the common factor S dx dt, we shall obtain 


0 02 
cos =k > + p(z, t) (215-8) 
or, introducing the conventional notation 
ko a 
oe a2, (215-9) 


we shall finally have 

SO a He Oe. G) (215-10) 

ot ar? | ¢ Both 

Differential equation (215-10) describing the distribution of tem- 
perature uw in a rod is called the heat conduction equation (or the 
Fourier equation). 

If there are no heat sources, then (215-10) takes the form 

Ou 07u 

<= @ ae (215-11) 
£.A Similar equation is also true for body temperature. 

The heat conduction equation finds its application in physics, 
chemistry, astronomy, building practice, and other fields of science 
and engineering. 
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Sec. 216. The Problem on Temperature Distribution 
in a Limited Rod 


According to the preceding section, the temperature u = wu (z, ty 
of a homogeneous rod (Fig. 236) in the section x at the moment of 
time ¢ in the absence of heat sources satisfies the heat conduction 
equation 

du > Ou 


‘ot”~« KP 


O<x<l). (216-1) 


We shall assume that we are given the initial condition 
u (x, O) = f (z) O<2z< J). (216-2) 


Let us also assume that the end-points of the rod z = Oandz = Il 
have a constant temperature equal to the ambient temperature 
acer eee a ae 
Y Z WA FIG. 236 
which we shall conventionally consider to be equal to zero. Thus, 
we have the simplest boundary conditions 


u(0, t)=0, u(l, t)=0 (216-3) 


for any ¢ > 0. 

Under the given conditions it is required to find the distribution 
of the temperature u = wu (x, t) in the rod for the subsequent mo- 
ments of time t¢t > 0. 

For equation (216-1) we first shall look for the non-zero solutions 
of the special form: 

u = X (zx) T (t), (216-4) 
where X (x) is a function of the variable z only, and 7 (t) is a func- 
tion of only the variable ¢. Since 

02u 


Ou r) ae n 
ape . See we, lay Ga 


substituting these expressions into (216-1), we get 
XT' =a?’x'T. 
Hence, separating the variables, we shall have 


xX" = T' 

xX =anr- (216-5) 
The left-hand member of (216-5) depends only on z, and the right- 
hand member only on ¢. Since x and ¢ are independent variables, 
this is possible only when both members of identity (216-5) are 
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equal to a certain constant quantity. Denoting this constant by 
— (for the convenience of further computation*), we get 

x T’ 

5 A a — h?., (216-6) 


Hence we shall have two equations 
X*°+VX=0, 1 + a@0VT = 0. (216-7) 


The first of equations (216-7) is a linear homogeneous equation 
with constant coefficients; the roots of its characteristic equation 
k? + 4? = 0 are 


kyo = “Ai. 

According to the known formulas (see Sec. 214), its general solu- 
tion has the form 

X (x) = A sin Az + B cos Ag, (216-8) 
where A and B are arbitrary constants. 


The second equation of (216-3) is easily solved by the method of 
separation of the variables; and namely, we find 


T (t) =Ce-ot, (216-9) 


where C is an arbitrary constant. 
Multiplying (216-8) by (216-9) we shall have 


u= et (A sindc+ Bcos az), (216-10) 


and we put here C = 1 which is equivalent to the replacement of AC 
by A and BC by B. 

Function (216-10) satisfies the heat conduction equation at any 
choice of the constants A, B and id. Let us require that it also satisfy 
boundary conditions (216-3). Setting x = 0, we get 

O=e-VMtB, 


hence, B = 0 and, consequently, 


u = Ae-’t sin Ax. (216-10') 
Putting now xz = 1, by condition (216-3), we shall have 
O = Ae~**t sin Al. (216011) 


But A + 0, since, otherwise, we would have a zero solution u = 0. 
Therefore 


sin Al = 0 (216-12) 


* We can get directly convinced that this constant taken with the plus 
sign will not yield necessary solutions. 
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and 

L=nn (n=O, +1, +2,...). (216-13) 
Hence 

n= = (n=0, +1, £2,...). (216-14) 


The numbers A, are called the characteristic numbers of the problem 
and their set the spectrum of the problem. To each of the characteristic 
numbers 4, there corresponds a particular solution of the heat con- 
duction equation: 


PUITL 
up, = A,e~ "nt sin —— 


(216-15) 


where, for the sake of brevity, we put 


am 
ae 


Note that it is sufficient to take only positive integers for n (n = 


ie .), since for n = O we have u = 0 which is contradictory, 
and for n ec 0 we obtain solutions of the same nature as for the cor- 
responding n’ = —n> 0. 


Thus, formula (216-15) yields a complete set of linearly indepen- 
dent particular solutions of the form (216-4) of the heat conduction 
equation (216-1) which satisfy boundary conditions (216-3). Phys- 
ically, the functions u, represent temperature waves whose graphs 
are sinusoids damping as t > oo (Fig. 237, a, b). 

Lastly, we have to ensure initial condition (216- 2). Since equation 
(216-1) is linear and homogeneous, we may apply the principle of 
superposition of solutions (see Sec. 214). Hence, we shall have 


u(x, t)= > A,e7Oo'r’t sin = (216-16) 
n=1 

and if series (216-16) converges, then under certain conditions func- 

tion (216-16) is the solution of equation (246-1). Setting ¢ = 0 in 

(216-16), by virtue of the initial condition (216-2), we shall have 


= SA, 
n=1 


This series represents an expansion of the function f (xz) on the closed 
interval [0, Z] into Fourier’s series in sines of multiple arcs. For 
the expansion coefficients the following formulas hold true (see 


(216-17) 
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Sec. 199) 
l 
2 
A, are (216-18) 
(n = 1, 2, 3, 


Thus, the ‘solution of the problem under consideration is given 
by series (2416-16) whose coefficients are determined by formula 
(216-18). For common engineering practice it is sufficient to take 
several terms of this series. 

It should be noted that the obtained solution is of formal char- 
acter, since the series was not investigated for convergence. But 
we can show that if the function f (z) is sufficiently smooth on the 


2 (ZL, 0) 


FIG. 237 (2) : ) 


interval [0, J], then series (216-16) converges and its sum u (z, t) 
satisfies both differential equation (216-1) and initial condition 
(216-2), as also boundary conditions (216-3), i.e. u (z, ¢t) is the 
solution of our problem in the usual sense. 

The method applied for solving this problem is usually called 
the Fourier method (or the method of separating the variables). 


Exercises 
1. Show that the function 
y = Ce -x" 
where C isian arbitrary constant, is the solution of the equation 
y’ + 2zy = 0. 
2. Show that the function 
y = e* (C, cosx + C, sin 2), 


where C, and C, are arbitrary constants, is the solution of the equa- 
tion 


y” — 2y’ + 2y = 0. 
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3. Find the integral curve of the equation 

xy’ = 2y, 
passing through the point M, (2, 3). 

4. Integrate the given equations with variables separable: 

(a) xdx + ydy = 0; 

(b) y dx + x dy = 0; 

(c) dx — x dy = 0; 

(d)y =2+y; 

(e) yo = e*t¥— 

9. Solve the following differential equations: 

(a) (@* + y’) dx — zy dy = 0; 

(b) y =4in=, 

6. Find the integral curve of the equation 

ay’ =y+V arty’, 
passing through the point (1, 0). 

7. Solve the linear differential equations: 

(a) ay’ = 2+ Y; 

(b) t@+y’*)y =1. 

8. Find the solution of the equation 

y cosx-+ysinz = 1 
satisfying the initial condition y = 0 for x = 0. 

9. Find the curve at each point of which the tangent is perpen- 
dicular to the polar radius of the point of tangency. 

10. Find the curve passing through the point A (2, 1) and having 
a constant subtangent (i.e. the projection on the z-axis of the seg- 
ment of the tangent from the point of tangency to the point of inter- 
section with the z-axis) equal to 4 

11. The rate of decay of radium at each moment of time is pro- 
portional to its amount available. Find the law of decay of radium 
if the initial amount of radium is equal to Q, and it is known that 
in 1600 years (half-life) only half of this amount will remain. 

12. A chemical reaction turning substance A into substance B 
runs its course so that at each moment of time the rate of reduction 


of the amount of substance A is proportional to the product of the 
available amounts of substances A and B. 
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At the initial moment the retort contained 800 grams of sub- 
stance A and 200 grams of substance B; in two hours there remained 
400 grams of substance A. How much substance A will be in the 
retort in four hours? 

13. Using Euler’s method, find y (2) if y’ = zx—vy andy (1) = 
= 0.370 (h = 0.2). 

In Problems 14 to 16 integrate the given second-order equations: 

14. ae = sin x. 

15. = —y 

16. ee 1i-+y 

17. Find the Se curve of the equation 

y = 2, 
passing through the point M/, (O, 1) and touching at it the straight 
line 


18. With the aid of power series, integrate the equations: 
2 
(a) y=yt+>, yO)=1; 


(b) y" = ay, y (0) =0, y’ 0) = 1. 

In Problems 19 to 27 integrate the given linear equations with 
constant coefficients: 

19. y° + y" —2’y=0. 20. y” + 2y' + 24y = 0. 

2. y’°+y +y=0. 22. y” = y' — 0.25y. 


23. yy. +y=0, if y=2 and y’ =—1 for x=0. 
24. yy’ —y =e. 25. y” + 4y = sin az. 26. y” — dy’ + by = 
27. y” — 2y’ + 2y = 2x, if y=O0 and y’ = 0 for x= 0. 


28. A point of mass m is acted upon by an attracting elastic 
force proportional to the distance of this point from the equilibrium 
position and by the force of resistance of medium proportional to 
the velocity of the point. Find the law of motion of the point, 
assuming that the resistance of medium is small as compared with 
the elastic force. 


35-0875 


Chapter 23 


Line Integrals 


Sec. 217. The Line Integral of the First Kind 


Let K be a certain smooth (or piecewise smooth*) plane curve 


z=az(t) y=yt), (t€la, Bl), 
where ¢ is a parameter and 


ds =V dx? + dy? = V x’2 (t) + y'2 (a) | dt | | 
its arc differential. Here, if a < 8, then dt=>0O and ds= 
=+/27%+y"% dt; and if a>, then dt <0 and ds= 
= —/2'2+ yy’? dt. If f (x, y) is a function continuous on the curve 
K, then its line integral of the first kind taken over the curve K is 
understood to be the integral 


B 
\ f(a, yds= J) Fe), yO) VE™@O+y7O | at}. (217-1) 
K a 


If the curve K is specified by the equation 
y=y(e) (xz B), 
then, regarding xz as a parameter, we shall obtain 
b 


| fa, y)ds= | F(x, y (2) VIF y?@) ae, 
K a 
Suppose K is a material curve, i.e. it has some mass. Let As be 
a certain arc of the curve K containing a point M, and Am the mass 
of this arc. Then the ratio Am/As is called the mean density of the 
arc As, and 
; Am 
M)= lim —, 
ee eae 


* That is the derivatives of its coordinates, perhaps, allow a finite number 
of points of discontinuity of the first kind. 
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i.e. the limit of the mean density of the arc, provided the arc As 
contracts into the point //, is termed the line density of the arc at 
the point M. 

If uw = f (a, y) is considered as the line density of the arc at its 
current point M (x, y), then 

dm = uwds 
is the mass of an infinitely small arc ds (elementary mass) and the 
integral 


m= | wads (247-2) 
kK Pv 


represents the mass of the line (physical meaning of the line integral 
of the first kind). 

The line integral of the first kind possesses the following obvious 
properties. 

(1) With a change in the direction of integration the line integral 
of the first type does not change its value (Fig. 238), i.e. 


|=). 


K+ ke 


where At is the curve K integrated in a given direction (for instance, 


Kp 


FIG. 238 FIG. 239 


in the direction of increase in parameter t), and K~ is the curve K 
integrated in the opposite direction (in which ¢ decreases). 

(2) If the curve of integration K is divided into two parts by 
a certain point: K = K, UK, (Fig. 238), then 

~{+) 

K,UK, K, Kk, 

Example. Find the mass of the semicircle 2? + y? = 1, y > 0 (L) 
(Fig. 239) if its line density at a current point M (zx, y) is propor- 
tional to the ordinate y. 

Taking the polar angle (Fig. 239) as the parameter ¢, we get the 
parametric equations of the semicircle 

x= cost, = sin t Ox<t<n). (217-3) 
35% 
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The elementary mass 

dm=wds =ky V 22+ y’? dt, (217-4) 
where & is the proportionality factor 

Since 

zx’ =—sint, y' =cost 
and 

ds=YV 22+ y'? dt =dt, 
from (217-4) we have 

dm = k sin ¢t dt. 


Hence the mass of the line [ will be equal to 


at 
m=k \ sintdz =k (—cost) |j = 2k. 
0 


The line integral of the first kind of the function f (a, y, z) taken 
over a piecewise smooth space curve K is determined in a similar 
manner: 


tz=cz(t) y=y(), z=2(t) (&€la, Bl): 


B 
| flys 2)ds= J F(e@, yO, 20) V22@+y?O +270 | dl, 


K 
where 


ds =YV dx? + dy? +dz? = x’? (t) + y'2 (t) + 2'2 (2) | dt | 
is the differential of the space curve K. 


Sec. 218. The Line Integral of the Second Kind 
Let 
=az(t) y=y(t) (t€[a, Bl) 


be a smooth (or piecewise smooth) curve K with a chosen direction 
(for the sake of brevity, this line will be called the path) and X (z, y), 
Y (z, y) a pair of functions continuous on the curve K. Taking 
into account that the differentials of the current coordinates x 
and y of the curve K have the form 


dz = x' (t) dt, dy =y' (t) dt (218-1) 
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the line integral of the second kind of the pair of functions X and Y 
taken over the curve K is understood to be the integral 


\ X (zt, y)dx+Y (a, y)dy= 
K 
B 


=| (X@@, ye O+Y (2), y@)y Olde (218-2) 
a 
(traditionally, for the expression on the left the brackets are not 


written and it is assumed that the integral sign \ refers to the entire 
K 


sum). 
If the path K is specified by the equation 
y=y(z) (x€ la, d)), 

then formula (218-2) takes the form 
\ X (x, y)dx+ Y (zx, y) dy = 


it 
b 


=| [X (x, y(x)) + ¥ (z, y (z)) y’ (z)] dx. (218-8) 


Analogously, if A is given by the equation 
= x (y) (y €[A, B)), 


then 
\ X (x, y)d“z+ Y (a, y)dy= 
k 
B 
= | [X (x(y), y) 2’ (y) +Y (x(y), y)} dy. (218-4) 
A 


The line integral of the second kind possesses the following 
properties. 

(1) When the path of integration is traversed in the opposite 
direction, the line integral of the second kind reverses its sign, 1.e. 


\ —— | (218-5) 

K- K+ 

Indeed, a change of the direction in which the path of integration 
is traversed is equivalent to a permutation of the limits of inte- 


eration @ and f in definite integral (218-2); and this causes a reversal 
of sign of the definite integral (see Sec. 117, Chapter 14). 
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(2) If the path.of integration K consists of two parts K = K, |) K,, 
then 


| ={+/]. (218-6) 


t 
K,UK, K, Kk, 


Example 1. Find the values of the integral 


as ydx— xdy 


over the indicated paths: (1) OA (a straight line); (2) OmA (a parab- 
ola with the vertex O and axis Oy); (3) OBA (a polygonal line), 
and (4) OCA (a polygonal line) (Fig. 240). 
Solution. (1) The equation of the straight 
line OA is 
y=2r1(0< 2< 1). 
Hence, dy = 2dx and, consequently, 
1 
f= \ (2x dx —x-+2 dx) =0. 
0 


(2) The equation of the parabola OmA has 
the form 


FIG. 240 ; 
y = ko’. 
Since the parabola passes through the point A (1, 2), we have 
2 = k-1", and, hence, k = 2, i.e. y = 22’. 

Hence dy = 4x dz and 


1 
= \ (227 dx —x-4x dx) = — \ 222 dz = —$2 = _+. 
0 0 
(3) By property 2, we have 
p= (y dx —x dy) + \ (de —2dy). (218-7) 
OB BA 


Since the equation of OB is 
y=0 (O72 1), 


we have dy = 0. 
Then, the equation of BA is written as follows 


t=1 Oxy 2); 
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therefore dr = 0. From (218-7) we get 
1 


I,= | (0—2-0)dx+ 


0 


(y-O—1)dy= —2. 


Deena 1D 


(4) Analogously 
I= \ (yde—ady)+\ (ydx—ady) = 


y) 
OC CA 


2 1 
=| (y-0—0)dy+ \ (2—2-0)dr=2. 
0 0 


Note that here, with the end-points of the path of integration K 
fixed, the integral J is path-dependent. 


Example 2. Find 
j= \ y dx+-xdy 
K 


over the lines K indicated in Example 1. 
Solution. Taking advantage of the above written equations of 
the line K, we have in succession 
1 1 
\ (y dx -+ xdy) = \ (Qa dx+-x-2dzx)=4 \ x dx == 2x? 
0 0 


1 

2 
0 b 
OA 


st 1 


I,= \ (ydx+axdy)= | (22? da +2-4eda)=6 | a%dx =228| =2. 


OmA 0 0 
I,=\ (ydet+edy)+) (yde+ady)= 
OB BA 
1 2 
= | (042-0) de+- | (y-0+1) dy=2, 
0 0 
=f (y dx +x dy)+- | (y dx +x dy) = 
Oc CA 
2 1 
=| (y-0+0)dy+ | (2+2-0)de=2. 
0 0 


Thus, here the integral J has one and the same value for different 
paths, joining the points O and A. The fundamental difference be- 
tween Examples 1 and 2 will be explained in Sec. 220. 
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If 
tz=x(t), y=y(t), z=2(t) (t€ Ia, Bl) 


is a piecewise smooth space curve K and X (z, y, 2), Y (az, y, 2), 
Z (x, y, 2) are the three functions continuous on the curve K, then 
the corresponding line integral of the second type is understood to 
be the integral 


\ X (x,y, 2)dx+Y (x, y,2)dy+Z(z,y,2)dz= 
K 
B 


=| [X (x(t), y (t), 2 (é)) x (t) + Y (x (4), y (4), 2(4)) y(t) + 


+ Z (x(t), y (t), 2 (t)) 2 (¢)) de. 


Sec. 219. The Physical Meaning of the Line Integral 
of the Second Kind 


Let F = {X (a, y), Y (x, y)} be a continuously changing vari- 
able force and 


z=z(t), y=y(t) (t€ le, B)) 


the path K traversed by the point of its application (Fig. 241). 


—- 
Let us denote by ds = MM’ the infinitely small vector of displace- 
ment from the current point M (z, y) of the curve K to an infinitely 


f F K 
sgh!" (a+ dz, y+dy) 
M(Z,y) 
0 Zz 
FIG. 244 FIG. 242 


close point M’ {x + dx, y + dy} (the infinitesimals of higher 
order than ds are neglected here). We have ds = {dz, dy}. Since 
on the infinitesimal path ds a continuous force F may be regarded 
as constant, the elementary work performed by this force (see 
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Secs. 156 and 157) is equal to 
dA = Fds = Xdaxz+/Y dy. (219-1) 


Integrating expression (219-1) over the curve K, we shall obtain 
the work performed by the force 


A= \ X dxr+Y dy. (219-2) 
K 


Expression (219-2) is, obviously, the corresponding line integral 
of the second kind. 

Thus, the line integral of the second kind represents the work per- 
formed by a variable force over the path of integration whose projections 
on the coordinate axes are the corresponding coefficients of the differen- 
tials of the variables. 


Example. Find the work A performed by a variable force F = 
= {y, —zx}, the point of application of which describes the pa- 
rabola OB (Fig. 242): 


=e Ox<2< 2). (219-3) 
By (219-2), we have 


A= { X de+Ydy= | y dx —x dy. 
OB OB 


From equation (219-3) we get 


dy = 2x dz, 
therefore 
2 2 
> 3 
A= \ vdz—x-2x2dzr= — \ x2 dx= —_~> oes 2 + nits. 
y ) 0 aes: 


Analogously, the work performed by the space force 
F = {X (x, y, 2), Y (a, y, 2), Z (2, ys 2)} 

along the path K: 
x= 2 (tb), =y(t), 2=2(b) 


is expressed by the line integral of the second kind 


Aes \ Xdx+Ydy4+Zdz 
K 
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Sec. 220. Condition Under Which the Line Integral 
of the Second Kind Is Independent of Path 


Let X = X (x, y) and Y = Y (a, y) be continuous functions in 
a domain G (Fig. 243). Consider two arbitrary points M, (x,, y;) 
and M, (z., y.) of the domain and all possible paths M,aM,, 
M,BM,., MyyM,, ..., connecting these points (M, the beginning 
of the path, WM, the end of the path) and lying wholly in G. It may 
happen that 


| Xdxe+¥dy= | Xdz+Ydy= 


M\aMe MipM» 


= \ Xdxr+Ydy=... (220-1) 


MiyMe2 


Then, the line integral of the second kind 
I= \ X dx+Y dy (220-2) 


MyM» 
is said to be independent of the choice of the path of integration 
inJa given domain G. 

If conditions (220-1) are fulfilled, then there is no need to indicate 
the path of integration for integral (220-2). In this case it is suffi- 
cient to mark its initial point M, (z,, y,) and its terminal point 
M, (te, Y2) of the path. Therefore, the 
following notation is used here 

(X92, Y2) 
i | X dz +¥ dy. (220-3) 
(x1, 44) 

The following theorem holds true: 

Theorem. Jf in a domain G the inte- 
grand X dx + Ydy is the total differen- 
tial* of a certain function U = U (a, 
y), 1.€. 

FIG. 243 dU=Xdzx+Ydy for (2, y)€G, 
(220-4) 


then line integral (220-2) does not depend on the path of integration 
in the domain G. 
Proof. et 


c=@t), y=pt) (ETK, él) (220-9) 


* For the condition (test) of the total differential see Sec. 177 (Chapter 20). 
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be an arbitrary path K in the domain G connecting the points 
M, (%, yi) and M, (x2, Ye), and 


P(t), p= 

220-6 
(ty) = 2X2, ek (220-6) 
From (220-4) we have 
X dx + Y dy = dU [q (2), » (Z)I. (220-7) 


Hence we get 
te 


= | Wie, vOl=T le), POI]? = 


ty 
=U [9 (te), p (t2)]—U [@ (£4), (ey)]- (220-8) 
Further, using (220-6), we shall have 
[ = U (£2, y2) — U (x, y,) = U (M,) — U (M)). (220-9) 


Thus, the value of the integral J is one and the same for any choice 
of the functions @ (¢),  (t) and, consequently, the integral J does 
not depend on the path connecting the points M, (z,, y,) and 


M, (Xo, Yo). 
Corollary 1. If relation (220-4) is fulfilled, then, by (220-9), we 


have 
(x2, Yo) 
X dz+-Y dy =U (22, y2) —U (24, y1) (220-10) 
(x1, ¥1) 
(the Newton-Leibniz generalized formula). 


Corollary 2. Jf the integrand X dx + Y dy is a total differential 
and the path of integration K is closed, then 


) X dx+Y¥ dy =0 
K 


(the small circle on the integral sign means integration over a closed 
path). 


Example. Find 
(3, 4) 


i= \ ydx+xdy. 
(1, 2) 


Since 
y dx + x dy = d (zy), 
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then, independently of the path joining the points M, (1, 2) and 
M, (3, 4), we have 
(3, 4) 


(3, +4) 
f= | aenmm py oa 12 = 10. 


Sec. 221. The Work Performed by a Potential Force 


The theorem proved in the preceding section has a physical mean- 
ing. Let in a domain G there be defined a force field 


r= {X (z, y), Y (2, y)}. 


The force field can be exemplified by a gravitational field at 
Earth’s surface where any material point of mass m is acted upon 
by the gravity force numerically equal to mg (where g is acceleration 
due to gravity). A more general example of force field is a gravi- 
tational field generated by mass M. Here, according to Newton’s 
law, a material point of mass m situated at a distance r from the 
attracting centre is acted upon by a force numerically equal to 


k mm (k gravity constant) and directed towards the attracting centre. 
Another example of a force field is the Coulomb electric field. 
If there exists a function U = U (z, y) such that 
au oU 
A= jp T= aye 
then the field is said to be potential (in other words, F' is a potential 


force), and the function U is called the field potential. 
In this case, obviously, 


X da +Y¥ dy =~ da-+ + dy =dv. 


Hence, for the work A performed by the potential force F' along 
the path connecting the points VM, (z,, y,) and M, (ze, ye), we have 


(x2, Ya) (%21 Y2) 
A= \ Xdx+¥dy= | dU =U (xs, ys)—U (x,y), 
(x1, U1) (x1, Y1) 


i.e. the work performed by a potential force does not depend on the path 
and is equal to the difference between the force potentials for the terminal 
and initial points of the path. 

In particular, if the path is closed, then the work A = 0. 


Example. Find the work A done by the gravity force when dis- 
placing in the vertical plane Oxy (near Earth’s surface) a point of 
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mass m from the position M, (z,, y,) to the position M, (22, Ys) 
(Fig. 244). 

If the z-axis is horizontal and the y-axis is vertical, then the 
projections of the gravity force acting upon the material point of 
mass m are equal to 


x=0, Y = —meg. J Mz (Zo 4p) 
We have 
X dx + Y dy = —mg dy = d (—mgy). 
Therefore, we may take M(z,¥) 
U = —mgy, 
mg 


for the potential of the gravity field. 
Hence, the work performed by the grav- 


ity force, independently on the path M.M 9 
will be equal to 


M4, (X45) 


a 


eaegay FIG. 244 


= —mgy |?) = —mg (ye—y1)- 


Note. Analogous results are valid for the line integral taken over 
a space curve. In particular, if 


X dz + Y dy + Zdz = dU (a, y, 2), 
then 


(Xo, Y2, Ze) 
Xdxr+Ydy+ Zdz=U (ro, yo, Zo) —U (24, Y4, 2). 


(x1, Y1> z1) 


Exercises 
{. Evaluate the given line integrals of the first kind: 


(a) \ @+y) ds, where K is a line segment 
K 


y=2z—1 (—1<7<2); 


(b) | zas, where K is a parabola arc 
K 


12 
=z (x<zrxt); 
(c) | 22y2 ds, where K is a circle 
K 


z=Rcost, y=Rsint (OSt<2n); 
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arctan = ds, where K is an arc of the cardioid 


(d) 


xe, 


r=a(i-+cos@) (0<o<+). 


2. Find the area of the “fence” constructed along the perimeter K 
of a square O< r<1,0<y <1, the height of which at point 
(x, y) € K is equal to z = x? + y?. 

3. Determine the mass of the circle 


w+ y= RK, 
2 
if its density at point (z, y) is equal to p=. 


4. Determine the coordinates of the centre of gravity C (Zo, Yo) 
of the homogeneous semicircle K: 


ep+y=R, y>od. 
Hint. lt is proved in mechanics that the coordinates of the centre 


of gravity of a homogeneous curve K are expressed by the formulas 


1 1 
zm z | ads, y= \ yds, 
K K 


where ZL is the arc length of the curve. 
>. Find the moment of inertia J, of the arc of the parabola 


9 
y= x? (0<z<+) 


relative to the y-axis. 
Hint. 
Lez | x ds. 
k 
6. Find the moment of inertia J, of the arc of the cycloid K: 
x=a(t—sint), y=a(1— cost) Ox<t< 2n) 
relative to the z-axis. 
Hint. 
I,= | y? ds. 
K 
7. Evaluate the indicated line integrals of the second kind: 
(a) y? dx — x2 dy, where the curve K is the arc of the parabola 


K 
y=1—2z? from the point M(—1, 0) to the point N (1, 0); 


Ch. 28. Line Integrals DOD 


(b) \o=. where K is a segment of the straight line 
xy 
K 


zety=1 (0<2x01); 


xdy—ydx 


(c) oS, where K is the circle 
K 


x=acost, y=asint (OO <= t< 2n). 


8. Evaluate 


D y (y dx — x dy), 
K 


where K is the contour of a triangle with the vertices O (0, 0), 
A (2, 1), and B&B (1, 2) traversed anticlockwise. 
9. Compute the following path-independent line integrals of the 
second kind: 
(-3, 4) (2, 1) i : 
(a) xdxz—ydy; (c) \ <a = (y>9); 
(1, 2) (4, 2) 
(1, 6) (1, 4) 
(b) \ ydz-+2xdy; (d) \ e+! (da + dy). 
(2, 3) (0, 0) 
10. Find the work performed by the force with the projections 
Ay, Lz 
along the ellipse 
x=acost, y=bdsint Ox t< 2n). 


41. Find the work performed by the force F = {—kzx, —ky} 
when displacing the point of its application from M, (a, 0) to 
M, (0, bd). 

12. Find the work performed by the force with the projections 


X =sin(z#-+- y), Y =O 


over the contour of a triangle with the vertices 


0(0,0), M(+,0), N(0, +) 
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when it is traversed anticlockwise. 
13. Find the work performed by the force with the projections 


x y 
eee ee Ga 
where r = ) x? + y?, when displacing a point from the position 
M (a, 0) to the position M (0, b) (a>0, b> 0). 
Hint. Use the formula z dx + y dy =rar. 
14. Evaluate the integral 


(4, 3, 6) 
xdx+zdy+ydz. 
(1, 2, 3) 


Chapter 24 


Double and Triple 
Integrals 


Sec. 222. Double Integrals 


When studying the definite integral, we introduced the notion 
of the integral sum to determine the area of a curvilinear trapezoid. 
The definite integral was defined as the limit of the integral sum 
(see Sec. 121, Chapter 14). In solving the problem of determining 
the volume of a solid we arrive at the notion of the two-dimensional 
integral sum whose limit is called the double integral. 

Problem. Find the volume of a solid bounded from above by 
a continuous surface z = f(z, y) (f (x, y) > 0), from below by 
a finite closed domain S of the zy-plane, and from the sides by a right 
cylindrical surface constructed on the boundary of the domain S 
and having elements perpendicular to the 
plane Oxy (Fig. 245). 

For the sake of brevity, the above de- 
fined curvilinear cylinder is called the cy- 
lindroid. In a particular case, when the 
upper base of the cylindroid is a plane par- 
allel to its lower base, the cylindroid is 
called the cylinder. The simplest example 
of the cylinder is a right circular cylin- 
der dealt with at high school. Generalizing 
the reasoning usually used for finding the 
volume of a circular cylinder, it is not dif- 
ficult to prove that the volume V of a cyl- 
inder with the area of its base S and al- 


titude H is equal to V = SH. aS; 
To compute the volume V of the given 

cylindroid, we break up its base (i.e. the FIG. 249 

domain S) into a finite number of elementary 

cells AS,, AS,,..., AS, (generally speaking, into closed curvilinear 

subdomains of arbitrary shape). Next, in each of these cells AS; 

we take a point M; (z;, y;) €C AS; (i = 1, 2, ..., n) and construct 


a right cylindrical column with the base AS; and altitude M;N; = 
== f (z;, y;) equal to the z-coordinate of the surface at the chosen 


36—0875 


062 A Brief Course of Higher Mathematics 


point. By the formula for the volume of cylinder, the volume of 
such a column is, obviously, equal to 


f (ti, yi) AS;, (222-1) 


where AS; is the area of the corresponding cell*. The sum of the 
volumes of these cylindrical columns represents the volume of 
the stepped solid approximately replacing the given curvilinear 
solid. The approximation is, generally speaking, the more accurate, 
the less the diameters of the cells AS;. Therefore the volume of our 
cylindroid will be approximately expressed by the sum 


Vw f(a y) AS:, (222-2) 


Formula (222-2) enables us to find the volume V with any degree 
of accuracy if the number of cells AS; is sufficiently large and their 
linear dimensions are very small. Let us denote by d; the diameter 
of the cell AS;,, i.e. its greatest linear dimension. Strictly speaking, 
the diameter d of a bounded closed (i.e. with the boundary adjoined) 
figure M (arc length, area element, etc.) is understood to be the length 
of its greatest chord A#, where 
A€E@®M and BE OM (Fig. 246)**. It 
follows from this definition that the 
figure @, having the diameter d, 
is wholly enclosed inside a circle 
of radius d described from its 
arbitrary point C as centre. There- 
fore, if d — O, the figure ® “shrinks 
into a point”. The diameter of a space 
solid is determined in a similar 
way. 

Let d = max d; be the greatest 
of the diameters of the cells AS,, 
FIG. 246 AS,, ..., AS,. Assuming that 

in formula (222-2) the number 
of cells m increases without bound (n— oo), and the diameter of 
the greatest of them becomes arbitrarily small (d —~ 0), in the limit 
we shall obtain a precise formula for the volume of the cylindroid 


V=lim > f (x;, yi) AS?**. (222-3) 
d+0 i=1 

The expression standing in the right-hand side of formula (222-3) 

is called the double integral of the function f (x, y) over the domain S, 


* For the sake of convenience, here we denote the cells and their areas by 
the same letters. The difference between them is seen from the context. 

** The cells AS; may be assumed to be closed. 

*** Strictly speaking, by definition, the volume of the cylindroid is understood 
to be the limit (222-3), provided it exists. 
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and is denoted in the following way: 


lim > f(t ys) ASi= J J f(a, y) a5. (222-4) 
eee ae Ss 
Therefore, for the volume of the cylindroid we finally have 
V= \ \ f(z, y) ds. (222-5) 
s 


Generalizing the scheme applied for computing the volume of the 
cylindroid, we come to the following definitions. 

Definition 1. The two-dimensional integral sum (222-2) of a given 
function f (x, y) over a given domain S is the sum of the products of 
the areas of the elementary cells 
AS; of the domain S by the values 
f (ir yi) of the function f (x, y) 
at the chosen points of these cells 
(Fig. 247). 

Definition 2. The double inte- 
gral (222-4) of a function f (x, y) 
over a given domain S is the limit 
of the corresponding two-dimensional 
integral sum (222-2) as the number 
n of elementary cells AS; increases 
without bound and their greatest di- 
ameter d tends to zero, provided this FIG. 247 
limit exists and does not depend on 
the method of partition of the domain S into elementary cells AS; 
and the choice of points in them. ; 

In (222-4), f (x, y) is called the integrand, S the domain (region) 
of integration, and dS the element of area. 

The following theorem holds: 

Theorem. Jf a domain S with a piecewise smooth boundary I is 
bounded and closed*, and a function f (x, y) is continuous in the do- 
main S, then the double integral 


I ( F(x, y) dS =lim S} f(a, ys) MSs (222-6) 
“Ss ao | 


i.e. the limit of the corresponding two-dimensional integral sum exists 
and is independent of the way in which the domain S is divided into 
the elementary cells AS; and of the choice of the points M, in the cells. 

Henceforward we shall assume that the conditions of this theorem 
are fulfilled. 


* That is, the boundary I is attached to the domain S (see Sec. 179). 
36% 
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In formula (222-6), there is no necessity to indicate that n > o, 
since from d—> 0 it obviously follows that n— oo. 

lf f (x, y) > O, then double integral (222-6) represents the volume 
of a right cylindroid constructed on the domain S as on the base 
and bounded from above by the sur- 
face z =f (x, y) (geometrical meaning 
of the double integral). 

Since the value of a double integral 
does not depend on the form of the 
elementary cells, we shall take advan- 
tage of this circumstance and choose 
the most suitable grids. Very frequent 
use is made of a rectangular grid 
formed by intersection of two systems 
of straight lines parallel to the x- and 
y-axes, respectively (Fig. 248). In this 
FIG. 248 case the elementary cells AS;;* are 

rectangles with the sides equal to 
Az; and Ay; excepting, perhaps, the cells adjoining the bound- 
ary I’. To indicate the use of a rectangular grid, in the notation of 
integral (222-4) we set 


dS = dx dy (222-7) 

(the two-dimensional element of area in rectangular coordinates), and 
| ( f(z, y)dxdy= lim > SF xi, Y;) Az,Ay;, (222-8) 
yn max! Ax;|+0 - 


max | Ay; (0 


where (z;, y;) € AS;; and the above sum is extended to all values 
of i and j for which AS;; = Az, Ay; (we can show that the nonrec- 
tangular cells adjoining the piecewise smooth boundary I do not 
affect the value of the limit (222-8)). 

The basic methods of evaluating double integrals will be dealt 
with in the subsequent sections. 


Sec. 223. The Double Integral in Rectangular 
Cartesian Coordinates 


For the sake of definiteness, let us assume that the domain of 
integration S is a curvilinear trapezoid (Fig. 249): 


ax2xr<ib, y(t) y< yp (2), (223-1) 


* Here we use a system of two subscripts for each cell, thus indicating sepa- 
rately the number of the vertical strip (i) and the number of the horizontal 
strip (7) which contain a given cell, just as a cinema ticket indicates the number 
of row and the number of seat. 
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where y, = y; (x) and’ ys = y. (x) are single-valued continuous 
functions on the segment [a, b]. Such a domain will be called stana- 
ard with respect to the y-axis. Note that the vertical line passing 
through the point x of the z-axis for a<t x< 0 intersects the bound- 
ary IT of the domain S only at two points: M, (z, y,) (the “point 
of entrance”) and M, (x, y,) (the “point 
of exit”). 

Let f (xz, y) be a function continuous 
in the domain S and 


I= \ \ f(x, y) dz dy (223-2) 


S 


its double integral. 

(1) Let us first assume that f(z, y) 2 0 
in the domain S. Then the double inte- FIG. 249 
gral J represents the volume of a cylindroid 
(Fig. 250) bounded by the domain S from below, by the surface 
z = f(z, y) from above, and by a right cylindrical surface from 
the sides. 

To compute the volume J, let us use the method of sections (see 
Sec. 129, Chapter 15). Namely, let o (x) be the area of the section 


FIG. 250 


of the cylindroid by the plane M,M,M{M; perpendicular to the 
z-axis at its point z € [a, 6] (Fig. 250). 
Then we have 
b 
I= \ o (x) dx. (223-8) 


a 
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But o (zx) represents the area of a curvilinear trapezoid bounded 
from below by the segment y, < y < y, of the axis O’y’ parallel 
to the y-axis, and from above by the curve z = f (zx, y), x = const. 

Therefore, 


Y2(x) 
o(c)= | f(x,y) ay. (223-4) 
y3(x) 
We can prove that under our conditions o (z) is continuous for 
x €la, bl. 
Substituting expression (223-4) into formula (223-3), we finally 
obtain 


b 2(X) 
\ \ f(x, y)dzdy= \ az | f(x, y) dy. (223-5) 
2 a Y1(x) 


Thus, the double integral is equal to the corresponding iterated 

integral (223-5), i.e. evaluation of the double integral is reduced to 

two quadratures. Note that when evalu- 

Zz ating the inner integral in (223-5), z is 
considered to be a constant. 

(2) In the case of an alternating func- 
tion z = f(z, y), for instance, if f (z, 
y) > O for (z, y) € S; and f(z, y) << 0 
for (2, y)€ S,(S,U Ss = 5S), double 
integral (223-2) is equal to an algebraic 
sum of the volumes V, and V, of the cy- 
lindroids constructed on the bases S, 
and S.,, respectively (Fig. 251), i.e. 


{ f(x, y)dxdy=V,—-V. (223-6) 
S 

We can prove that formula (223-5) is 
valid in this case as well. 

Let us consider an important particular case: let S be a rectangle 
@=srab, AXy<B (Fig. 252) and f(z, y) = X (2) Y (y), 
where X (x) is a function continuous on [a, b] and dependent only 
on x, and Y (y) a function continuous on [A, B] and dependent 
only on y. By (223-5), we have 


FIG. 251 


\ \ X (x) Y (y) dx dy = dx X (x) Y (y) dy= 
S a A 
= vies j Y(y)dy. (223-7) 


u 
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But the inner integral in formula (223-7) is a constant, therefore 
it may be taken outside the sign of the outer integral, and we get 


| \ X (2) Y (y)dxdy= X (2) it Y (y) dy, (223-8) 
"Ss a A 


i.e. double integral (223-8) is equal to the product of two single 
integrals. 


FIG. 252 FIG. 253 


Note 1. If the domain S is standard with respect to the z-axis, 
i.e. (Fig. 253) 


A<y<B, 21(y)<r< zz (y), 
then, by analogy with formula (223-5) we obtain 


B xe(y) 
| \ eo a \ dy | f(x, y) dz. (223-9) 
| A x4(Y/) , 


In particular, if the domain S is a rectangle:a<z2r<b,AdY< 
< B, then we have 


b B 
\ \ f(z, y).dzdy = \ ax \ f(x, y) dy 
8 a A 
and 
B b 
\ | f (2, y) dx dy = \ dy \ f(x, y) dx. 
S A a 
Hence we get 
b B 


b 
dy f (x, y) dz, 


| 
times by 


\ dx | f(x, yay 


A 
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i.e. if the limits of integration in the iterated integral of a continuous 
function are finite and constant, then the result of integration does not 
depend on the order of integration. 

Note 2. If the domain S is non-standard, then it is split (if it is 
possible) into a finite number of domains S,, S., ..., Sp, standard 
with respect to the z- or y-axis, and on the basis of the property of 
the limits, we assume 


eae h Gs om +{J. 


and then apply formula (223-5) or (223-9), respectively. 
Example 41. Find 


I= | | (@+y?)dedy, 
S 


where S is a square: 0O<2r7<1,0<y< 1. 
Setting the limits of integration, we shall have 


1 1 1 
fe | ae | (22+ y?) dy = (ety +5) ae= 


y=0 


; 3 . fas 
=| (#43) dem (F452) [sta 


x= 


Geometrically, J represents the volume of a cylindroid with 


A i Ja M (2,0) AZO) 
Z 
FIG. 254 FIG 255 


a square as the lower base, and bounded from above by the pa- 
raboloid of revolution z = xz? + y? (Fig. 254). 
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Example 2. Evaluate the double integral 


l= \ | xy? dz dy, 
Ss 


where S is arectangle:0 <a <i1,-—2< y < 3. 
Setting the limits of integration and separating the variables, 
we have 


4 3 
= — it ye (8 A 27 4+8 80 gO 
rate jva=], ie 2 a Ge 
Example 3. Evaluate 
Ts \ \ xy dx dy, (223-10) 
S 


where S is a triangle with the vertices O (0, 0), A (2, 0), and. 
B (2, 1) (Fig. 255). 
The domain S is bounded by the straight lines 


y = 0, y=>, x=2 


and is standard with respect to both y- and z-axes. 

For the vertical line 7 N the “point of entrance” into the domain S 
is M (zx, 0), the “point of exit” being NV (2,5 )O<a< 2). Thus, 
for a fixed x the variable y, for the points of the domain S, changes. 


from O to = Therefore, integrating in double integral (223-10) 
first with respect to y for x = const, and then with respect to zx, 


by (223-5), we shall have 


1 c , 1 2) jxn=2 4 | 
=g\ttde=z-Z[ =F. (223-41) 
0 


Analogously, for the horizontal line PQ the “point of entrance” 
into the domain is P (2y, y) and the “point of exit” is Q (2, y) 
(O< y< 1). Consequently, with a fixed y the variable x for the 
points of the domain S changes from 2y to 2. Performing integration 
in integral (223-10) first with respect to z for y = const, and then 
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with respect to y, by (223-9), we get 


1 
_ 8 ey eee | ale eee, Ve : 

=3 | y-vdy=s (2-5) eslg—s)ae- (223-12) 
As it was to be expected, we have obtained the same result, but 


eee ene 77) 


Wy 


FIG. 256 FIG. 257 


the second method of computation turned out to be somewhat more 
complicated. 
Example 4. Change the order of integration in the iterated integral 


4 x 
| dz | f(x, y) dy. 
0 x2 


The domain of integration S is bounded by the curves 
jo. Ye 
and 
= 0. Bead 
(Fig. 256). Hence, changing the roles of the coordinate axes, we get 
x=Vy>0, z=y 
and 
y=0, y=1. 
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Consequently, 
x 1 Vy 


faa | f (x, y)dy = | dy \ f(@, y) de. 


0 x2 0 y 


Example 5. Set the limits of integration in the double integral 


T= \ f(x, y)dady, (223-13) 
S 

if the domain of integration S is an annulus bounded by the circles 
ety? = 1 (y) and 2+ y? =4 (L) (Fig. 257). Here S is not a 
standard domain. For setting the limits of integration in integral 
(223-13) we split the domain S into four standard (relative to the 
y-axis) subdomains S,, S,, S3, and S,, as it is shown in the figure. 
Using the equations of the circles 


y=+V1i—2(y) and y=+V4—2°(I), 

we have 

T= f(@, y)azay+ \ Jf f(x, yaxay+ 
S 


1 


+ l f(z, pazays: \ \ f(x, y)dxdy= 


a 


Ss S4 
-4 Vi-x 1 -Vi-x 
me | dz \ f(z, y)dy+ \ de \ f(x, y) dy + 
-2 0 ~YVurx -t 0 ~Y4=x2 
1 V ax? 2 Vi-x? 
+ fae | f(eydyt jae, \ Fle y)ay. 
—1 Vi-x? 1 ~V 4—x? 


A similar formula will be obtained if we arrange the limits of 
integration in another order. 


Sec. 224. Expressing a Double Integral 
in Polar Coordinates 


Suppose in the double integral 
|} f@ ydxdy=|\ F(x, was, (224-1) 
S S 


in usual assumptions, we desire to pass over to the polar coordi- 
nates r and qg, setting 


x=rcosg, y=rsing. (224-2) 
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Let us split the domain of integration S into elementary cells AS;; 
with the aid of coordinate lines r = r, (circles) and @ = q; (rays) 
(Fig. 258), and introduce the following notation: 


Ar; =Prjti1—17j, AQi = Piti — Vi. 


Since the circle is perpendicular (orthogonal) to the radii, the 
inner cells AS;; may be considered, with an accuracy to infinitesimals 
of higher order of smallness 
than their areas, as rectangles 
with the dimensions r; Ag; and 
Ar;; therefore the area of each 
cell will be equal to 


AS;; ~ rj AQ; Ar;. (224-3) 


As to the cells AS;; of irregu- 
lar shape adjoining the bounda- 
ry [ of the domain of integra- 
tion S, they will not affect the 
value of the double integral (cf. 
Sec. 222, formula (222-8)) and, 
therefore, will be ignored. 

For the sake of simplicity, 
we take the vertex of the cell 
FIG, 258 AS;; with the polar coordinates 

rj and @; as the point M3; € AS ;;- 
Then the Cartesian coordinates of the point M;; are 


Lig =} COSQ;, Yay = 7; Sin Q; 
and, hence, 
f (tij, Yiz) = fF (7; Cos Q;, 1; Sin Q;). (224-3°) 


Double integral (224-1) represents the limit of the two-dimensional 
integral sum, and it is possible to show that the value of this limit 
is not affected by the additions to the terms of the integral sum 
which are infinitesimals of higher order of smallness. Therefore, 
taking into account (224-3) and (224-3’), we get 


\ { f(z, y)dS= ow > f (tiz, Yiz) ASij = 
S 707; 


= nue >> f(rjcos@;, rj; sin g;)r; Ag; Ar;, (224-4) 
i, 9 

where d is the maximal diameter of the cells AS;; and the sum is 

extended to all the cells of the above indicated form wholly con- 

tained in the domain S. On the other hand, the quantities @; and r; 
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are numbers, and we may consider them as rectangular Cartesian 
coordinates of some points of the plane Ogr. Thus, sum (224-4) 
is an integral sum for the function 


f (r cos g, rsin @)r, 


corresponding to the rectangular grid with the linear elements Aq, 
and Ar;. Consequently, 


lim S) f(r; cos @;, rj sin @;) r; Ag; Ar; = 


d+0 
= \ [ f(rcosg, rsing)rdgdr. (224-5) 
: 
Comparing (224-4) and (224-5), we finally obtain 
\ \ f(a, y)dS= \ \ f(rcosg, rsing)rdgdr. (224-6) 
s S 


The expression 
dS =rdqadr (224-7) 


is called a two-dimensional element of area in polar coordinates (cf. 
Sec. 126, Chapter 15). Thus, to pass to polar coordinates in double 


FIG. 259 


integral (224-1), it is sufficient to substitute the coordinates x and y 
according to formula (224-2), and replace the element of area dS by 
expression (224-7). 

To evaluate double integral (224-6), we have to replace it by an 
iterated one. Let the domain of integration S be defined by the 
inequalities 


a<QO< bf, r (9) <r<ry, (9), 


where r, (@), r.(@) are single-valued continuous functions on the 
segment [a, 6] (Fig. 259). Then, by analogy with rectangular coor- 
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dinates (see Sec. 223), we have 
B T2(®) 
\ \ Fir, g)dgdr= \ dp \ Fir, o)dr, (224-8) 
S 7 r1(®) 
where 
F (r, 9) = rf (r cos g, rsin gq). 


Example 1. Passing over to the polar coordinates @ and r, evaluate 
the double integral 


‘ dzd 
t= \\ oar 


where S is the first quadrant of the circle of radius R = 1 with 


FIG. 260 FIG. 261 


centre at the point O (0, 0) (Fig. 260). 
Since 
Vxt+y=r, 
applying formula (224-6), we get 
rdpdr _ 
Fg \ _— = \ d@ dr. 
The domain S is defined by the inequalities 


0<9<z, 0<rc<t. 


Therefore, by (224-8), we have 


Ch. 24. Double and Triple Integrals O71 


Example 2. In the integral 


1 x 
[= \ dx \ V 22+ y2 dy (224-9) 
0 0 


pass over to polar coordinates. 
Here, the domain of integration S is a triangle bounded by the 
straight lines y=0, y=2,2=1 
(Fig. 261). 
The equations of these straight 
lines in polar coordinates are 
written as follows: gp=0, g= 


==, rcos gp =1 and, hence, the 
domain S is defined by the in- 
equalities 


0<e<z 


P ae 


1 
USS Goe@ @. FIG. 262 


Hence, by (224-6) and (224-8), and, taking into consideration 
that V z2+y2=r, we have 


sec@ 


a 
al rdqdr = { ap | r2 dr. 
0 


Sec. 225. The Euler-Poisson Integral 


With the aid of polar coordinates it is easy to evaluate the Euler- 
Poisson integral which is of importance for the theory of probability 
+00 
I= e-** dx, (225-1) 
0 


Since the definite integral does not depend on the notation of the 
variable of integration, we may, obviously, also write 
+00 
f= | e-v" dy. (225-2) 
0 
Multiplying (225-1) and (225-2), and taking into consideration 
that the product of these single integrals may be regarded as a 
double integral of the product of the integrands (see Sec. 223, for- 
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mula (223-8)), we shall have 
eee \ [ e-@*4v) da dy, (225-3) 


i 


S 
where the domain S is defined by the inequalities 


0<czr<+o, 0V<cy<+o 


and, consequently, represents the first quadrant of the coordinate 
plane Oxy (Fig. 262)*. 
Passing to polar coordinates in integral (225-3), we get 


MI 
‘D- + 00 
P= \ \ e-"rdgdr = \ dp \ re-"' dr= 
Ss 0 0 
es 
Or bet (ore need ge ee 
0 2 0 2 2 4° 
Hence taking into account that the number J is positive, we find 
+00 


T= \ e*de= Vo. 
J 2 
Since the function y = e-** is even, we also have 
+00 +00 
\ e-** dx = \ e- dr=Vu, 
— oo 0 


which represents the area bounded by the z-axis and Gauss’ curve 
y =e (see Sec. 92, Fig. 120). 


Sec. 226. Mean-Value Theorem 


Let the function f (z, y) be continuous in a bounded closed domain 
Sand m = minf (z, y), M = max f (z, y) the least and the greatest 
S S 


values of the function f(z, y) in the domain S, respectively. For 
the two-dimensional integral sum of this function over the domain S 
we have the following estimates 


mS< Sf (xj, y;) ASi< MS, (226-1) 
i=1 


n 
where S= ) AS; is the area of the domain S. Hence, proceeding 
i=1 


* Strictly speaking, (225-3) is an improper integral and needs, therefore, 
a special definition. But the formal operations performed lead to correct results, 
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to the limit as d = max d (AS;) > 0 in inequalities (226-1) and 


v 
taking into consideration the existence of the double integral, 
we shall obtain 


mS < { \ f(x, y)dS<MS. (226-2) 
S 
The number 
4 
p=z J) i was (226-3) 
S 


is called the mean value of the function f (z, y) in the domain S. 
From inequalities (226-2) it follows that mx p< M 
Formula (226-3) can be rewritten as follows: 


\ \ f(z, y)dS=ps (226-4) 
s 


(m< u< M). Thus, the double integral is equal to the mean value 
of the integrand multiplied by the area of the domain of integration. 
The reader should not think that formula (226-4) gives a general- 
purpose method for evaluating double integrals. The point is that, 
as a rule, the mean value of a function is determined through a double 
integral. Therefore, here estimate (226-2) has a real sense. 


Example. Estimate the integral 


I= \ | V 22+ y? da dy, 


8 
where S is a square: 0< z< 1, 0 a <1. . 
For the function f(z, y eve y” we have 
m = min f (x, y) =f (0, 0) = 
and 


pee Ae y) =f (4, 1)=)V 2. 


Since S = 1, we have 
0O<I<V2=1.41. 
We may estimate the integral as follows 
Iw + (044.44) =0.74. 
This is a rough estimate, since the exact value of the integral is 
— [V2+1n (1 + V 2)] = 0.79. 


37-0875 
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A more exact value of the integral J can be obtained if we divide 
the domain of integration S into sufficiently small subdomains and 
apply the mean-value theorem to each of them. 


Sec. 227. Geometrical Applications 
of the Double Integral 


In Sec. 222 it was shown that a right cylindroid constructed on 
the base S in the coordinate plane Oxy and bounded from above 
by a continuous surface z = f (z, y) has a volume equal to 


V= \ \ f(x, y) dex dy. (227-1) 
s 
Example 1. Find the volume V of a solid bounded by the following 
surfaces: 
z=27, 2=0, z2#=0, y=O0, z«+y=1., 
The base of the given solid is a triangle S formed by the straight 
lines c = 0, y = O, and x + y = 1 in the zxy-plane. From above 


Ro. Q | 4 , o : / 
TTL 


FIG. 263 FIG. 264 


the solid is bounded by the parabolic cylinder z = x? (Fig. 263). 
Hence, by (227-1), we get 


4 1-x 4 
v=((«drdy=(a dy = | de-xty|!" "= 
| \ 4 OF | L I bi 


y=0 
0 


If in formula (227-1) we set 
f(z, y) =1, 
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then we shall obtain the volume of a right cylinder with altitude 
z = 1 numerically equal to the area S of its base. Therefore, the 
area of the plane region S is equal to 


ee \ \ dx dy. (227-2) 
s 
Formula (227-2) can also be written in the form 
S = as. (227-3) 
a | 
Example 2. Find the area bounded by the hyperbolas 
2 242 
i> —— » Y= — ’ (a> 0) 
and straight lines 
zg=1, x«=2 
(Fig. 264). 


By formula (227-2), we get that the area S is equal to 


= a? Inz|, =a? In2 ~ 0.7a?, 


Sec. 228. Physical Applications of the Double Integral 


Let S be a material plate. If AS is a part of the plate S contain- 
ing point M/ and having a mass Am, then the ratio’ 

cu 

AS 
is called the mean surface density of the piece AS, and the limit 
of this ratio, provided the diameter d (AS) — 0, is called the surface 
density po (M) of the plate S at the point M: 

M)= lim —>. 

a) d(As)+0 AS 
Obviously, the surface density o (M) of the plate S is a function 
of the point M/. The concepts of the mean surface density of a plate 
and the surface density of the plate at a given point are quite anal- 
ogous to those of the mean line density of an arc and line density 
of the arc at a point introduced in the preceding chapter (Sec. 
217). 

Let us assume that the surface density of the plate S at a current 
point M (z, y) is equal to 9 = 0 (z, y); where p (z, y) is a known 
378 
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continuous function. Consider the infinitesimal element dS of the 
plate containing the point M (Fig. 265). Since within the limits of 
this element the plate may be regarded as homogeneous with den- 
sity 0, the mass of the element dS (elementary mass) is equal to 
dm =o as. (228-1) 


Integrating expression (228-1) over the entire plate S, we find the 
mass of the plate 


m= \ \ ods. (228-2) 
S 


Considering dm as a materia 
point situated at distances y and x 
from the z- and y-axes respec- 
tively, we get the elementary static 
moments of the plate 


dS, =ydm = yo (z, y) dS 
and 
FIG. 265 dS, =x dm = zo (a, y) dS. 


Hence, integrating these expressions over the whole plate S, 
we find the static moments of the plate S with respect to the coordinate 


axes 
Sx = ‘a yo (x, y) ds, 
8 (228-3) 
Ss, = ( \ xo (x, y)dS. 


J 
S 


It is proved in mechanics that the static moment of a plate about 
some axis coincides with the static moment of a point mass equal 
to the mass of the plate, concentrated at its centre of gravity, with 
respect to the same axis (Varignon’s theorem). Hence, denoting by 
(xo, Yo) the coordinates of the centre of gravity (centre of mass) of the 
plate S, we shall have 


Sy, = mz, Sz = MYo; 


consequently, 
r= t= + [xp (, yas, 
m m 
S (228-4) 
Sx 1 
Ya g e j) pee WYER: 


where m is the mass (228-2) of the plate. 
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Analogously, for elementary moments of inertia of the plate S 
about the z- and y-axes we get the following expressions: 


dl, = y? dm = y’o (xz, y) dS, 
dl, = zx? dm = zx’o (a, y) aS. 


Hence, on integrating over the plate S, we shall have the moments 
of inertia of the plate S with respect to the coordinate axes 


[,= \ \ ye (x, y) as, 

F (228-5) 
= \ \ x(x, y) dS. 

S 


An elementary polar moment of inertia is determined by the formula 
diy = r? dm = (a? + y’) 0 (a, y) dS, 
where r? = x? + y? is the square of the distance of the mass dm 


from the origin. Integrating this expression over the whole plate S, 
we obtain the polar moment of the plate 


Iy= | | (22+) 0 (2, y) a8. (228-6) 
S 


From (228-5) and (228-6) it follows that 
To =I, + Ty. (228-7) 


Setting o (z, y) = 1 in the above formulas, we shall obtain the 
corresponding moments of inertia of the geometrical figure S. It 
should be remembered that, when computing in rectangular Carte- 
sian coordinates, we take, as usually, 


dS = dz dy, 
and in the case of polar coordinates we have 
dS =r dg dr. 


Example 1. Determine the coordinates of the centre of gravity of 
a square plate S: Ox xr< 2, O< y< 2, whose surface density 
at the point M (z, y) is equal top = x + y. 

Using formula (228-2), we find the mass of the plate 


m= \ 0 dx dy = (ar | (c+y)dy= 
Ss 0 0 


2 2 
= \ dx (zy ++) a \ (27 + 2) dx = (x?-+ 27) ~=8. 


0 0 
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Then, by (228-3), we determine the static moments of the plate S$ 
about the coordinate axes 


2 2 2 
S.= ‘ yo dx dy = \ dx \ (zy + y”) dy= \ dx (++) 
s 0 0 0 


2 2 2 
S,= \ xp dz dy = dx (22 -+ ry) dy = dx (xy +) ae 
2 
=| ots2ndem (4a) [aiden d, 
0 


The equality of the moments S, and S, is explained by the fact 
that the given figure is a sym- 
metric one. 

By (228-4), the centre of grav- 
ity of the plate has the follow- 
ing coordinates 


Example 2. Find the moment 
of inertia J, of the area of the 
FIG. 266 circle S: 22+ y*?< a2 (Fig. 266) 

with respect to the z-axis. 

Setting 9 = 1, by the first formula of (228-5), we have 


fix \ \ y2d8. (228-8) 
s 

We shall solve the problem in polar coordinates. We have 
x=rcosg, y=rsing 

and 
dS = rdgq dr. 

The equation of the boundary I of the domain S is 
ev+y=n,. 
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Hence, passing to polar coordinates, we get 
r? = Tr COS @. 


Consequently, on reducing by an unessential factor r, we have 
r = COs Q, 


and since r>0, then—><9<s. Thus, for each fixed mé€ 


e{ -3, =| the radius r varies within the limits 0<r<cosq@q. 
Passing to polar coordinates in (228-8), we obtain 


am 
2 cos @ 
1% =) I r2sin?@-rdrdg= _e rs dr= 


As is known, 


cos? o= > (1+ cos2p) and_ sin?gcos?q= - sin? 2q, 


therefore 


2 2 
4 ee ‘: 
Ln = \ = sin’ 29 - + (1 + cos 29) dp ms \ sin? 29 dg + 
It at 
2 2, 


2 2 
1 
= ar \ (1—cos 49) dg + x J sin? 29 d (sin 29) 
It at 
4 ; ry 1 329 [2 
& (—-psinto) |? + dp et = 
2 ay 


084 A Brief Course of Higher Mathematics 


Sec. 229. Triple Integrals 


The so-called triple integral is defined by analogy with the double 
integral. Let in the Cartesian space Oxyz there be given a finite 
closed domain V and a bounded function f (z, y, z) defined in V. 
Now we split the domain V into a finite number of cells AV,, 
AV., ..-., AV, and choose in each 
of them a point 


M; (ir Yir 21) € AV; 
GSS 2 aay, 0) 
(Fig. 267). The sum 


S,= > f(z, Yi» Z;) AV;, (229-1) 
i=1 


where AV; is the volume of the ith cell 
is called the three-dimensional integral 
sum. 

Let us denote by d the greatest of 
the diameters of the cells AV;*. Then 
FIG. 267 we shall infinitely reduce the cells 

AV; in an arbitrary way. In this 
case, the limit of integral sum (229-1) as d-—0O, provided 
this limit exists and is independent of the shape of the cells AV; 
and of the choice of points WM; in them, is called the triple integral 
of the function f (x, y, 2) over the domain V and is denoted in the 
following way: 


\ | \ f (2, Y; Z) es x f (23, Yi Zi) AV;. (229-2) 
\ i=! 


It is proved that if the integrand f (x, y, z) is continuous in a closed 
bounded domain of integration V with a piecewise smooth boundary, 
then triple integral (229-2) exists. 

If the domain V is filled with mass and f(z, y, z) represents a 
continuously distributed volume density at a current point 
M (zx, y, 2), then f (z;, yi, 2:) AV;, where M; (x;, yi, 2:) € AVi, 
with an accuracy to an infinitesimal of higher order of smallness 
than the maximal volume of the cells AV; (ji = 1, ..., nm), is the 
mass of the cell AV;. Consequently, integral sum (229-1) is approx- 
imately equal to the mass m filling the domain V. As d +0, the 
limit of the sum S,, will be equal to the mass m. Hence we derive 
the physical meaning of the triple integral: if f (x, y, z) is a continuous 


* For the concept of diameter see Sec. 222. 
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density of distribution of a mass in the xyz-space, then the triple 
integral 


m= \ \ \ f(x, y, z)dV (229-3), 
v 


represents the mass filling the domain of integration V. In particular, 
if density f (z, y, z) = 1, then the mass of the domain V is numer- 
ically equal to its volume. Therefore the volume of the domain V 
is expressed by the triple integral 


v= J) { av. (229-4) 


If triple integral (229-2) is evaluated in the rectangular coordinates. 
x, y, 2, then the cells AV;;, are represented by rectangular paralle- 
lepipeds with the dimensions Az;, Ay;, Az, whose faces are parallel 
to the coordinate planes, i.e. we set 


AV ijp = Ax; Ay; AZpe 
In this case the volume element dV is considered to be equal to 
dV = dx dy dz (229-5): 


(the volume element in rectangular coordinates) and triple integral. 
(229-2) is written in the following form: 


\ \ \ f(x, y, 2) dxdy dz. (229-6) 
i 


In particular, for the volume of a solid we get the formula 


V= \ \ \ dx dy dz. (229-6’) 


In the simplest case the computation of triple integral (229-6) 
is reduced to three quadratures. Namely, let the domain of integra- 
tion V be standard relative to the z-axis (cf. Sec. 223), i.e. be bounded 
from below and from above by single-valued continuous surfaces. 


2, = % (2, y) 

Zo = bo (x, y), 
respectively, the projection of the domain V on the zxy-plane being 
a plane domain S (Fig. 268). 

Hence it follows that with the values (z, y) € S fixed, the corres- 


ponding z-coordinates of the points contained in the domain V 
vary within the limits z, (7, y) <z< 2, (a, y). By analogy with. 


386 A Brief Course of Higher Mathematics 


the double integral (Sec. 227), we shall have 
Z3(x, ¥) 
\ | \ f(x, y, 2)dxdydz= \ | deay \ f(x, y, z)dz. (229-7) 
V S 24(x, y) 
If, in addition to this, the projection S is standard with respect 
to the y-axis and is defined by the inequalities 
a<xr<b, y(t) <Y< Yo (), 
where y, (x) and yz, (x) are single-valued continuous functions on the 


FIG. 268 
segment [a, b], then 
Z2(x, ¥) b Yo(X) ZX, Y) 
| | azay \ f(t y 2) dz= \ dx \ ay f(a, Y, 2) dz. 
s z1(x, Y) a w(x) aa, Y) 


(229-8) 
From (229-7) and (229-8) we finally get 
b Yx(X) —- Za(X» Y) 
\ | Fe, y, 2) dx dy dz = | da | dy ' f(x, y, z)dz. (229-9) 
v a w(x) _ay(, ¥) 
Thus, the computation of the triple integral has been reduced to three 
quadratures. 

Note that if the domain of integration V is standard with respect 
to all the three coordinate axes (the z-, y-, and z-axes), then the 
limits of integration for triple integral (229-6) can be set in 3! = 6 
different ways. 


Example. Evaluate 
[= \ \ \ xyz dx dy dz, 


V 
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where V is a pyramid OPQR bounded by the following planes: 
=(0, y=0, 2z=0, eze+tytz=1 
(Fig. 269). 


The projection of the domain V on the coordinate plane Ozyz 
s a triangle S bounded by the straight lines 


=0, y=0, z«+y=1. 
For (zx, y) € S the z-coordinates of the points (zx, y, z) € V satisfy 


FIG. 269 


the inequality 0< z< 1—x~—vy. Therefore 
1-x—y 


f= JJ xy dx dy 2 dz= 


z=1—-x-y 4 


_ > NI zy ({1—2x—y)*dxdy. 


| 


= jf ny dee dy = 


Setting the limits of integration for the triangle S, we get 
1-—x 


4 
I== { x dx \ y [(1— x)? —2 (1 —2) y+ y4] dy= 
0 0 


1 

=z] =[G-9f—2d-2) $42] [Tae 
0 
1 


| 4 
=> x(1—2)! (+-+4+4) dx = 3. | (4—(1—2)] (1-2) de = 
0 
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1 


1 
=a {} (1—2)*da— | (12) dx} = 
0 


z|— goa x=1 (1— x)§, [x=1 © 4 (= eat ene, 
—~ OA x=0 = 9A NS 6 )=a- 


ago 6 
The number / represents the mass of the pyramid V if its density 
at the current point M (xz, y, z) is equal to p = zyz. 


Exercises 


{. Evaluate the iterated integrals: 


1 5 0 1 ah 4 
(a) \ dz = dy; (b) \ dz \ e*-Ydy; (c) \ d@ \ rsin*qadr. 
peree ie, ae 


2. Draw the domain of integration and evaluate the iterated 
integrals: 


{ x 1 y+y? 2m © 
(a) \ dz \ Vatydy; (b) \ dy \ zy dx; (c) \ dep \ r cos @adr. 
0 0 =i y 0 0 


3. Set the limits of integration for both orders in the double 
integral | \ f (x, y) dx dy for the following domains of integration: 


S 

(a) a is a triangle with the vertices: O (0, 0), A (1, 0), and 
B (1, 
(b) a is a trapezoid with the vertices: O (0, 0), A (2, 0), B (41, 1), 
and C (0, 1); 

(c) S is a quadrant of a circle x? + y<1,7>2>0, y>0; 

(d) S is a parabolic segment bounded by re lines y = 27, y = 4; 

(e) S is a circle x? + y? < 2z. 

4. Change the order of integration in the following iterated 
integrals: 


(c) | dx \ f(x, y) dz. 


0 0 
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5. Pass over to polar coordinates and set the limits of integration 
in the following double integrals: 


(a) \ | xy dxdy, where S is a circular sector bounded by the 


Ss 
lines 22+ y2=1, y=au, y= —z(y>0); 


(b) \ | V z2+y2dxrdy, where S is a triangle with the vertices 


s 
O(0, 0), A(2, —1), B(2, 1); 
(c) \\r (x+y) dz dy, where S is a parabolic segment bounded 
by the eines 4 y=x and y=2z*, 
6. Evaluate the following double integrals: 
(a) \ J (c+ y)dxdy, where S is a triangle with the vertices 


s 
O(0, 0), A(1, 0) and B(0, 1); 
(b) \ | xy? dxdy, where S is a parabolic segment bounded by 


the lines y2=2, x=1; 


(c) \ { Cou where S is a parabolic segment bounded by the 


lines ce y = 0; 
(d) \7 wa dy, where S is a hyperbolic segment bounded by 


the jines sy=42e2+y= 
7. On passing to polar coordinates, evaluate the given integrals: 


(a) \\ sin V2+y? dxdy, where S is a circle x?+y2< 02; 
(b) | \ a4 =) _ —_; dxdy, where S is a triangle bounded by the 


straight lines y= 27, y= —x, y= 1. 

8. Find the volumes of the following solids bounded by the indi- 
cated surfaces: 

(a) att Gee z=0, y=2, r=0; 

(b) z=2—2-—y, z=0, 2+y?=1, c=0, y=); 

(c) z=2?2+ y2, 2=0, =z, c=1; 

(d) a= V ot ye, ae af ym 2a; 

(e) z=— x, z=(), — nope pr 1 (zB 0). 
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9. Find the moments of inertia of a homogeneous circular plate 
x2t y2< R2 about the z- and y-axes. 

10. Determine the coordinates of the centre of gravity of a homo- 
geneous plate bounded by the curves: ay = 27, y = a. 

11. Evaluate 


4 x y 


dx dy | xyz dz. 


12. Find the volume of a solid bounded by the following surfaces: 
z=y, 2=2y7, zy=1, szy=4, z2=1, x2r=3. 


Chapter 25 


Fundamentals 
of the Theory 
of Probability 


A. BASIC DEFINITIONS AND THEOREMS 


Sec. 230. Random Events 


In natural sciences knowledge of reality is acquired through 
trials (experiments) or observations; i.e. through experience (in 
the broad sense of the word). Generally, a trial (observation) implies 
the presence of a certain set of conditions. A theoretically possible 
result (the outcome of a trial or observation) is called the event, 
irrespective of its significance. 

When constructing a theory, events are idealized, i.e. the situa- 
tions unessential for a given phenomenon are ignored. 


Example. Flip a coin and it will fall heads or tails. Thus, in 
a single tossing of a coin two events are possible: A—falling heads, 
and B—falling tails. 

But here one more event is possible, C, when the coin falls on 
its edge. But for playing pitch-and-toss this circumstance is unes- 
sential and in our idealized experiment this event is neglected (the 
coin is tossed repeatedly!). 


Definition 1. The result of a trial which cannot be predicted is called 
a random event. 

In other words, an event is random in a given experiment if we 
cannot predict its occurrence in this trial. 

For instance, falling heads in coin tossing is a random event. Of 
course, it is assumed that the trial is organized so that its outcome 
is not known beforehand. 

In many cases a random event is the result of incomplete informa- 
tion concerning a given phenomenon. For instance, if in the experi- 
ment with the coin we knew: the pushing force, the shape of the coin, 
the law of air resistance and other factors determining the law of 
motion of the coin, we would be able to predict precisely the outcome 
of the trial. 


092 A Brief Course of Higher Mathematics 


Definition 2. An event is called certain in a given trial (i.e. under 
realization of a certain set of conditions) if it happens inevitably in 
this trial. 

For instance, getting either a positive or a negative mark by 
a student in passing his exam is a certain event if the exam proceeds 
according to usual rules. 

Definition 3. An event is called impossible in a given trial if it is 
well known that it does not occur in this trial. 

For instance, it is impossible to take out a white ball from a box 
filled with coloured balls. It should be noted that the occurrence 
of a white ball is not excluded under other conditions. Thus, this 
event is impossible only under the conditions of our trial. 

The branch of mathematics which deals with the study of the 
likelihood of an event occurring is called the theory of probability. 

{In connection with the development of new equipment and tech- 
nology of special interest are the statistical rules for mass homogeneous 
random events (production quality inspection, mass production 
attendance, telephone exchange operation, etc.). Here we come 
across various versions of the basic theorem of the theory of prob- 
ability, i.e. of the law of large numbers. 

Let us take as an axiom that for each event A we can determine, 
at least theoretically, the probability of this event, i.e. the number 
P (A) representing in a sense a “measure of certainty” of the given 
event and obeying the natural requirements. 

It is assumed that the probability of any event satisfies the ine- 
quality 


0< P(A) <1; 


the probability of an impossible event being equal to zero, and the 
probability of a certain event to unity. 

For practical purposes it is assumed that if the probability of an 
event is small, then this event is practically impossible; and vice 
versa, if the probability of an event is close to unity, then this event 
is almost certain; and well-grounded decisions are taken accordingly. 

Many outstanding mathematicians (Pascal, Fermat, Laplace, 
Gauss, Poisson and others) contributed to the development of the 
theory of probability. Later, the decisive successes in this field of 
science belong to the Russian and Soviet mathematicians (Cheby- 
shev, Markov, Lyapunov, Bernstein, Kolmogorov, Khinchin and 
others). 

Probability theory is widely used in theoretical and applied sci- 
ences (in physics, geodesy, shooting theory, automatic control theory, 
and in many others). In particular, it serves as a theoretical basis 
for mathematical and applied statistics by means of which we plan 
and organize production. 
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Sec. 231. Algebra of Events 


Each trial is associated with a number of events we are interested 
in, which can, generally speaking, occur simultaneously. For in- 
stance, let in throwing an ordinary die (a cube with numbers ranging 
from 1 to 6 on the faces) turning up of one pip be event A, and turn- 
ing up of an odd number of pips, event B. Obviously, these events 
are not mutually exclusive. 

Let all possible results of a trial be realized in a number of the 
only possible particular cases which are mutually exclusive (the 
so-called elementary events or elementary outcomes). Then (1) each 
outcome of the trial is represented by one and only one elementary 
event; (2) any event A related with this trial is a set of a finite or 
infinite number of elementary events; (3) event A takes place if and 
only if one of the elementary events entering into this set is realized. 


Example 1. Let event A consist in turning up of an odd number 
of pips in a single throwing of the die. 

Here for elementary events we may take the following results of 
the trial: (1), (2), (3), (4), (5), (6). Event A represents the set of 
events {(1), (3), (5)}. 


Algebra of events is constructed by analogy with the set theory 
(see Sec. 6). 

Definition 1. The sum of two events A and B is understood to be the 
event 


A+B=AUB, 


which takes place if and only if at least one of the events A and B occur- 
red. 

In the general case, the swm of several events is understood to be 
an event consisting in occurrence of at least one of these events. 


Example 2. Let a prize won in lottery I be event A, and a prize 


won in lottery IJ event B. Then the event A + B is a prize won at 
least in one lottery (possibly, in two at once!). 


Definition 2. The product of two events A and B is the event 
AB=AQfB, 

consisting in simultaneous occurrence of both events, A and B. 
In the general case, the product of several events is understood to 


be an event consisting in simultaneous realization of all these 
events. 


Example 3. Let events A and B mean successful passages of turns I 
and IJ in entering an institute, respectively. Then event AB repre- 
sents a successful passage of both turns. 


38—0875 
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Events A and B are called incompatible in a given trial if their 
product is an impossible event, i.e. 


AB =O, 


where O is an impossible event. 
In other words, two events are incompatible if the occurrence of 
one of them excludes the occurrence of the other, and vice versa. 


Sec. 232. The Classical Definition of Probability 


Let event A be some outcome of a trial and 
By. Las: oe 33: Lee (232-1) 


a finite system of all possible and the only possible pairwise incom- 
patible elementary outcomes of this trial (a complete system of ele- 
mentary events). Thus, event A takes place when and only when 
there happen some events from system (232-1) (successes or favour- 
able outcomes, or so-called chances for event A). 

Let us assume that the events of system (232-1) are equally pos- 
sible, i.e. there is no reason to suppose that one of the events of 
system (232-1) prevails, in the sense of occurrence, over others. 
Sometimes, this can be established, using the “property of sym- 
metry”. 

Definition 1. The probability P (A) of event A is understood to be 
the ratio of the number of equally possible elementary outcomes favour- 
able to event A to the total number of all equally possible and the only 
possible elementary outcomes of a given trial. 

Thus, if m is the number of elementary outcomes, favourable to 
event A, and n the total number of all elementary outcomes in a 
given trial, and all of these outcomes are equally possible, then, 
by definition, we have the following formula 


P(A)=—. (232-2) 
Since obviously, 
O<cm<cn, 
we have 
0O< P(A) <1, (232-3) 


i.e. the probability of any event is a non-negative number not exceeding 
unity. 


Note. From the definition of probability it follows that equally 
possible elementary events are equiprobable, i.e. they possess one 
and the same probability. 
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From the definition of probability there follow its basic properties: 

1. The probability of an impossible event is equal to zero. 

Indeed, if event A is impossible, then the number of elementary 
outcomes, favourable to it, m = 0, and we have 


0 
P(A) =—-=0. 


2. The probability of a certain event is equal to unity. 
Indeed, if event A is certain, then, obviously, m = n and, conse- 
quently, 


P(A) =—=1. 


Let us consider some elementary theorems on probabilities. 
Definition 2. Two events A and B are called equivalent: 


A = B, 


if either of them takes place whenever the other occurs. 

From the standpoint of probability theory, such events are regard- 
ed as equal. 

For instance, if a box contains only white and black balls, then 
the occurrence of a black ball and occurrence of a non-white ball 
are equivalent events. | 

Theorem 1. Equivalent events have equal probabilities, i.e. if 
A = B, then 


P(A) = P (B). (232-4) 


Indeed, each elementary outcome for event A is the same for 
event B and conversely. By formula (232-2), equality (232-4) holds 
true. 

Definition 3. Event B is said to follow from event A (A => B) 
if event B occurs whenever event A happened. 

For instance, for any events A and B we have: AB=A and. 
AB => B. 

Theorem 2. If A => B, then 


P (A) < P (BP). (232-5) 


Indeed, let events A and B be included into a general system of 
equiprobable elementary outcomes, where m and m’ are the numbers 
of favourable elementary outcomes for events A and B, respectively, 
and n is the total number of elementary outcomes. Since each elem- 
entary outcome for event A is also an elementary outcome for event 
B, we have 

m<m’ 
38% 


396 A Brief Course of Higher Mathematics 


and, consequently, 
m m’ 
P(A)=2<™ =P(B), 


and, thus, inequality (232-5) is proved. 

Definition 4. Event A occurring when and only when event A does 
not take place is called opposite to the latter. 

For instance, if when tossing a coin, event A is falling heads, 
then event A represents non-falling heads, i.e. falling tails. 

From Definition 4 it follows that (1) event A + A is certain; 
(2) event AA is impossible. 

Theorem 3. The probability of an opposite event A is equal to the 
complement of the probability of a given event A with respect to unity, 
i.e. 


P (A) =1— P(A). (232-6) 


Indeed, let a complete system of equiprobable elementary outcomes 
contain n events, of which m (m < n) are favourable to event A. 
Then n — m elementary outcomes are unfavourable to event A, 


i.e. they are favourable to event A. Thus, we have 


P(A) =——" =1——=1—P (A). 


Below, we give a couple of examples on evaluating probabilities 
of events. 

Example 1. A coin is tossed twice. What is the probability: 
(1) of falling heads at least once (event A); (2) of falling heads twice 


(event B)? 
Here, equally possible elementary outcomes are: HH, HT, TH, 


TT; their number n =4. 
Event A is favoured by the outcomes HH, HT, TH, whose number 


m = 3. Consequently, 


m 3 

Event B is favoured by one outcome HH (m’ = 1). Therefore 
m’ 4 

P (B)=—-=—. 


Example 2. A die is thrown twice. What is the probability of 
the sum of the pips turning up being equal to 6 (event A)? 

Here, equally possible elementary outcomes are the pairs (xz, y) 
where x and y take on the values: 1, 2, 3, 4, 5, 6, the total number 
of elementary outcomes being equal to n = 36. 
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Event A is favoured by the pairs (1, 5), (2, 4), (38, 3), (4, 2), 
(5, 1), whose number m = 0. 
Hence, 


P(A) =——=—,. 


Sec. 233. The Statistical Definition of Probability 


The classical definition of the probability of an event assumes 
that (1) the number of elementary outcomes is finite; (2) these out- 
comes are equally possible. 

But in practice we encounter trials with an infinite number of 
possible outcomes. Besides, there are no general methods enabling 
us to present the results of a trial even with a finite number of out- 
comes in the form of a sum of equally possible elementary outcomes. 

Therefore, the application of the classical definition of probability 
is very limited. 

We are going now to give another definition of probability which 
is sometimes more convenient for applications. 

Let us carry out n one-type trials one of whose outcomes is a given 
event A. 

Definition 1. The ratio of the number of occurrences m of event A 
to the total number of trials n is called the relative frequency of event A. 

Thus, denoting by W, (A) the relative frequency of event A 
in n trials, we shall have 


W, (A=. (233-1) 


Obviously, 
O< W, (A) < 1. 
From formula (233-1) we get 
m = W, (A) n, (233-2) 


i.e. the number of occurrences of event A is equal to its relative frequency 
multiplied by the number of trials. 

In one-type mass trials in many cases we come across stability of 
the relative frequency of an event, i.e. as the number of trials n — oo, 
the relative frequency W,, (A) of event A fluctuates about some 
constant number p. The greater the number of trials carried out, 
the smaller these fluctuations are, the individual unsuccessful trials 
being neglected. This number p is called the probability of event A 
in the statistical sense. 

Definition 2. The probability of an event in the statistical sense is 
understood to be almost certain limit of its relative frequency, as the 
number of trials increases without bound. 


298 A Brief Course of Higher Mathematics 


Thus, it is almost certain that the relative frequency of an event 
approximately coincides with its statistical probability, provided 
the number of trials is sufficiently large. 

From this point of view, the quantity 


u = np (233-3) 


represents the mean value of the number of occurrences of event A 
in 7 trials. 

With broad assumption it is proved that the probabilities of an 
event in the classical and statistical senses coincide with each other. 


Example. As a result of a number of trials it was revealed that, 
firing 200 shots, the rifleman hits the target 190 times on the average. 
What is the probability p of hitting the target: by the rifleman? 
How many successful shots is he expected to fire if the total number 
of shots is equal to 1000? 

Applying the statistical definition of probability, we have 


190 

P = 300 

Hence, the number of successful shots (of the total of 1000 shots) 
approximately amounts to 


» = 1000 x 0.95 = 950. 


= 0.95 =95%, 


Sec. 234. The Theorem on Addition of Probabilities 


Theorem. The probability of a sum of two incompatible events is 
equal to the sum of the probabilities of these events, i.e. if AB = 0, 
then 


P(A +B) = P(A) +P (B). (234-1) 


Proof. Let, of the total number n of all possible and equally 
possible elementary outcomes of a trial, m, favour event A, and m, 
event B. Since the events A and B are incompatible, the occurrence 
of event A excludes the occurrence of event B, and conversely. 
Therefore, the number of successful outcomes of the event A + B 
is exactly equal to m, + m,. Hence, on the basis of the classical 
definition of probability, we get 

My+M, my, Me 

P (A+B) = ——+#=—+— =P(A)+P (8). 

Corollary. The probability of a sum of a finite number of pairwise 
incompatible events is equal to the sum of the probabilities of these 
events. 
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Let, for instance, events A, B, and C be pairwise incompatible, 
i.e. the events AB, AC, BC are impossible. 
We have 


PA +B+C)=P(A+84)4+C] = 
=P(A+TB)+P(C)=P(A)+P(B) +P (C). 

Note. Let now the events A and B be compatible. Then the number 
of favourable elementary outcomes for the event A + 8B will be 

m=m,+m,—m, 
where m’ is the number of outcomes favourable to the event AB. 
Indeed, adding the numbers of outcomes m, and m, favourable 
to the events A and B, we thus count the outcomes favourable to 
the event AB twice; consequently, when calculating the number of 
outcomes for the event A + B the superfluous value m’ should be 
rejected. 

Therefore, in the general case, we have 

P Ads by ee 


rv h n n 
=P(A)+P(B)—P(AB). (234-2) 
Corollary. Since P (AB) > 0, from (234-2) we have 
P(A + B) < P(A) + P (8), (234-3) 
i.e. the probability of a sum of two events never exceeds the sum of the 


probabilities of these events. 
This assertion is obviously valid for several events as well. 


Example. A box contains two white, three red, and five blue balls 
equal in size. What is the probability of the event in which a ball 
accidentally taken out of the box will be coloured (not white)? 

Let the taking of a red ball out of the box be event A, and the 
drawing of a blue ball event B. Then the event A + B is taking 
a coloured ball out of the box. Obviously, we have 

3 ) 

P(Ay=4, P(B)=>. 

Since the events A and B are incompatible (only one ball is taken 
out), by the addition theorem, we have 


P(A +B)=P(A)+P(B=3+2 =08. 


Sec. 235. A Complete Group of Events 


Definition. The system of events 
Ai, eg: Seep Ae (235-1) 
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is called a complete group of events for a given trial if any of its out- 
comes is one and only one event of this group. 

In other words, for a complete group of events (235-1) the follow- 
ing conditions are fulfilled: 

(1) the event A, + A, +...-+A, is certain; 

(2) the events A; and A, (i jj) are pairwise incompatible, i.e. 
A;A; =O (ij), where O is an impossible event. 

The simplest example of a complete group of events is the pair 
of events A and A. 

Theorem. The sum of the probabilities of events forming a complete 
group is equal to unity. 

Proof. For a complete group (235-1) the event A, + A,+... 
... +A, = D is certain, and the events of this group are pairwise 
incompatible. Hence, by the addition theorem, we have 


P(A, t+ Ag+... +An) = P(A1) +P (Ae) +... 


...+2P(A,). (235-2) 
But 


P(A, +A,+...+4n) =P (D) =1, 


therefore, from (235-2) we have 
P(A,) + P(A.) +...+P (A,) =1. 


Sec. 236. The Theorem 
on Multiplication of Probabilities 


Definition 1. The probability of event A, on condition that event B 
has occurred, is called the conditional probability of event A and is 
denoted as follows: 


P (A/B) = Pp (A). (236-1) 


Note. The probability of each event A in a given trial is associated 
with the presence of a certain complex of conditions. In defining the 
conditional probability we assume that this complex of conditions 
necessarily comprises event B. Thus, we actually have another, more 
burdensome, complex of conditions corresponding to a trial under 
new circumstances. The probability Pg, (A) of the occurrence of 
event A under these new conditions is called its conditional probabil- 
ity in contrast to the probability P (A) which will be called the 
unconditional probability of event A. 


Example. An urn contains seven white and three black balls. 

What is the probability of: (4) drawing a white ball from the urn 
(event A); (2) drawing a white ball from the urn after one ball is 
removed from it, white (event B) or black (event C)? 
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P(A) = =0.7; 
P, (A) => =0.666.. 
Po (A)=4=0.777.. 


Thus, the conditional probability of an event can be both less 
and more than the probability of this event. 


Definition 2. Two events A and B are called independent if the 
probability of either of them does not depend on the occurrence or non- 
occurrence of the other, i.e. 


P (A) = Pz (A) = P35 (A) (236-2) 
and 
P (B) = Py, (B) = Px (B). (236-2’) 


Otherwise the events are called dependent. 

Theorem 1. The probability of a product (coincidence) of two events 
A and B is equal to the product of the probability of one of them by the 
conditional probability of the other in the assumption that the first 
event takes place, i.e. 


P (AB) = P (A) Py (B). (236-3) 


Proof. Let event A be favoured by m and the event AB by k 
equally possible elementary outcomes of their total amount n. 
Then : 


P(A)=, P(AB)==., (236-4) 


But if event A has occurred, then in this situation only those m. 
elementary outcomes are possible which favoured event A, & of 
them, obivously, being favourable to event B. Thus 


P, (B)=— 


Hence, by 20 we have 


4), 
P (AB) == =.= = P(A) P4 (B). (236-5) 


n 


The theorem has been proved. 
Since BA = AB, we also have 


P (AB) = P (BA) = P (B)-Pp (A). (236-6) 
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Note. Formula (236-5) remains formally true if event A is impos- 
sible. 
Corollary. For any two events A and B the following equality holds 


P (A) Pg (B) = P (B) Pg (A). (236-7) 


Theorem 2. The probability of simultaneous occurrence of two 
independent events A and B is equal to the product of the probabilities 
of these events: 


P (AB) = P (A) P (B). (236-8) 
Indeed, setting P, (B) = P(B), we get (236-8) from (236-5). 


Example. The probability of hitting the target by the first rifleman 
{event A) is equal to 0.9, and the probability of hitting the target 
by the second rifleman (event B) is equal to 0.8. What is the prob- 
ability that the target will be hit at least by one rifleman? _ 

Let C be the event we are interested in; the opposite event C, 
obviously, consists in that both riflemen failed to hit the target. 
Thus, C = AB, Since the events A and #8 are independent (the 
riflemen do not hinder each other in firing!), we have 


P (C) = P(A)-P(B) =[1—P(A)]-[1—P(B)]= 
= (1 —0.9)-(1 —0.8) = 0.1-0.2 = 0,02. 


Hence, the probability of the event in which the target will be hit 
at least by one rifleman is 


P(C) =1—P() =1 — 0.02 = 0.98. 


Theorem 1 allows a generalization for the case of several events. 
For instance, for the case of three events A, B, and C we have 


P (ABC) = P [A-(BC)] = P (A)-P4 (BC) = 
= P (A) P, (B) Pap (C). (236-9) 


Definition 3. Events are called collectively independent if each of 
them and any product of the remaining ones (including either all the 
remaining events, or a part of them) are independent events. 

Collectively independent events are, obviously, pairwise inde- 
pendent of each other; the converse is false. 

Theorem 3. The probability of a product of a finite number of 
collectively independent events is equal to the product of the probabilities 
of these events. 

Indeed, for instance, for three collectively independent events A, 
B, and C from (236-9), taking into account that 


Pa (B) = P (B), Pap (C) =P(C), 


we have 
P (ABC) = P (A) P (B) P (CC) 


and so on. 


Sec. 237. The Formula of Total Probability 


Suppose event A can take place as a result of the occurrence of 
one and only one event H; (i = 1, 2, ..., n) from a certain com- 
plete group of incompatible events 


H,, Ho, .. +) Hn. 


The events of this group are usually called hypotheses. 

Theorem. The probability of event A is equal to the sum of pairwise 
products of the probabilities of all the hypotheses forming a complete 
group by the corresponding conditional probabilities of the given event A, 
i.e. 


P(A) = > P(H;) Pu, (A) (237-1) 
i=! 
(the formula of total probability), where 
>) P (H;)=1. (237-2) 
i=1 


Proof. Since 
A=H,A+AHwA+...+4,A, 


and in view of the incompatibility of the events H,, H., ..., Hy 
the events H,A, H,.A, , H,,A are also incompatible, by the 
theorem of addition and multiplication of probabilities, we have 


P(A) = a P(H;,A)= Py) P (H;) Pu,A, 


which is what we had to prove. 


Example. A shop is supplied with the goods manufactured by 
three factories whose relative quotas are: I—50%, II—30%, and 
III—20%. The spoilage of the supplied goods is characterized by 
the following respective percentage: I—2%, II—3%, and III—5%. 
What is the probability that an article perchased accidentally at 
this shop will turn out to be of good quality (event A)? 

The following three hypotheses are possible here: H,, H,, A; 
meaning that the perchased thing was made at factories I, II, and III, 
respectively. The system of these hypotheses is, obviously, complete, 
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and their probabilities are 
P (A,) = 0.5, P (H,) = 0.3, P (A;) = 0.2. 
The corresponding conditional probabilities of event A are 
Py, (A) = 1 — 0.02 = 0.98, 
Py, (A) = 1 — 0.03 = 0.97, 
Py, (A) = 1 — 0.05 = 0.95. 
By the formula of total probability, we have 
P (A) = 0.5-0.98 + 0.3-0.97 + 0.2-0.95 = 0.971. 


Sec. 238. Bayes’ Formula 


Consider the following problem: there is a complete group of 
incompatible hypotheses 


ff, IT», a | fi. 


whose probabilities P (H,;) (i = 1, 2, ..., n) are known before 
the trial (a priori probabilities). A trial is carried out and as a result 
of it the occurrence of event A is registered, and it is known that 
certain probabilities Py, (A) (i = 1, 2, ..., m) were assigned to 
this event by our hypotheses. What will be the probabilities of 
these hypotheses after the trial (a posteriori probabilities)? 

For instance, the hypotheses denying the occurrence of event A 
should, obviously, be discarded. In general, the problem consists 
in that, having new information, we must reestimate the probabil- 


ities of our hypotheses. 
In other words, we have to determine the conditional probabilities 


Pa(A;) (i =1, 2, ..., n). 
By the multiplication theorem, we have 
P (AH;) = P (A):Pa (Hj) = P (Hj): Pu, (A); 
hence 
P (i1;) P H, (A) 
*P (A) 


To find the probability P (A), we can utilize the formula of total 
probability 


Ps (Hi) = (i=1, 2,...,7). (238-1) 


P(A) => P (H;) Pz, (A). (238-2) 
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Hence we have the formula for the probabilities of the hypotheses 
after the trial (Bayes’ formula) 
P (Hi) Px, (A) 


>) P (Hj) Pir, (A) 


j=1 


Example. The probability of hitting an airplane by one shot is 
equal to 0.2 for the first antiaircraft-gun detachment (event A) 
and to 0.1 for the second (event B). Either of the guns fired one shell, 
and, as a result, one of them hit the plane (event C). What is the 
probability that the successfull shot belongs to the first detachment? 

Prior to the trial the following four hypotheses are possible: 


H, = AB, H, = AB, H; = AB, and H, = AB. These hypotheses 
form a complete group of events. 

With the detachments operating independently, the probabili- 
ties of these events are respectively equal to 

P (A,) = 0.2 X 0.1 = 0.02, 

P (H,) = 0.2 X 0.9 = 0.18, 

P (#3) = 0.8 X 0.1 = 0.08, 

P (H,) = 0.8 X 0.9 = 0.72, 
where P (77,) -b P (H,) - P (H3) -- P (H,) — 1. 

The conditional probabilities of event C for the four mentioned 
hypotheses will be 

Py, (C) =0, Pu, (C) = 1, 

Py, (C) =1, Pu, (C) = 0. 
Hence. the hypotheses H, and H, are eliminated, ard the probabil- 
ities of the hypotheses H, and H, are computed by Bayes’ formula 


P,(H;) = (i=1, 2, ...,n). (238-3) 


0.18-4 
Po (42) = Taga pone © 9% 


0.08-4 
Po (Hs) = 0.18-4--0.08-4 ~ 0.3. 


Thus, with the probability of 0.7 we can assert that the successful 
shot belongs to the first detachment. 


B. REPEATED INDEPENDENT TRIALS 


Sec. 239. Elements of Combinatorial Analysis 


Consider the set of n different elements 


Q1; Qo, ee 09 QAn- 
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An arbitrary ordered selection (possible with repetitions) of these 
elements 


Aga, ..- Bam (1<a,<n; k=1,...,m) 


will be called the combination. 
For instance, in tenfold tossing of a coin, falling heads (H) and fall- 
ing tails (T) can give a combination 


HHHHTTHTTT. 


Definition 1. Permutations of n elements taken m at a time (m < n) 
are defined as their combinations each of which contains exactly m differ- 
ent elements (chosen from the given elements) and which differ either 
by the elements themselves, or by the order of the elements. 

Let us determine the number A?’ of permutations of n elements 
taken m at a time. 

Let ag,@,---+4,, be all possible permutations containing m 
elements. We shall construct these permutations in succession. 
First we are going to determine a,,, i.e. the first element of the 
permutation. Obviously, from the given set of n elements it can be 
chosen in n different ways. After the first element a,, is chosen, for 
the second element a,, there remains n — 1 ways of choice, and so on. 
Since each such choice yields a new permutation, we may freely 
combine all these choices with one another. Therefore, we have 


Am = n(n — 1) (n — 2)... [In — (m — 1)]. (239-1) 
Introducing the notation for the factorial 

ni = 1-2-3...20, 
we can write formula (239-1) in the following form: 


m n| 
A, = (n—m)! 7 (239-2) 
Definition 2. Sets of n elements each of which contains all n elements 

and which differ only in the order of elements are called permutations. 
Obviously, the number of permutations of n elements is equal to 


A® =n(n—1)(n—2)...In—(n—1)] = On. (239-3) 


It is conventionally regarded that O! = 1, 

Definition 3. Combinations of n elements taken m at a time are 
such their arrangements each of which contains exactly m given elements 
and.which differ by at least one element. 

Let us denote by C7’ the number of combinations of n elements 
taken m at a time. 

Consider all permissible combinations of our elements 


Ga as e e e Cam’ 
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Arranging their elements in m! possible ways, we shall, obviously, 
obtain all permutations of n elements taken m at a time. Thus, 
we have the following formula 


Cr -m!=A;: 


hence 
cm — Ar _ n(n—1)... [n—(m—1)] (239-4) 
m| m! 
Formula (239-4) can also be represented in the form 
m n! 
Ch = “ml (n—™m)!* (239-5) 


The symbol CY possesses the following obvious property 
pac, *. (239-6) 


which will also be true for m = 0 if we set C2 = 1. 
The numbers CY are the coefficients in the binomial formula 


(p+q)" =p" +Cnp™ q+ Crp'g?-?--... +9” 
and therefore they are frequently called the binomial coefficients 
(cf. Sec. 89). 


Example. A batch of ten workpieces contains one non-standard 
piece. What is the probability of the hypothesis that all five pieces 
randomly selected from this batch will be standard (event A)? 

Here the number of all random selections n = C{,, and the number 
of those favourable to event A is m = C*. Thus, the sought-for 
probability is equal to 


(7) rn) 


Sec. 240. The Binomial Law of Distribution 
of Probabilities 


Event A is called independent in a given system of trials if the 
probability of this event in each of them does not depend on the 
outcomes of other trials. 

A sequence of repeated independent trials in each of which a given 
event A has one and the same probability P (A) = p independent 
of the number of trial is termed the Bernoulli scheme. 

Thus, in the Bernoulli scheme there are only two outcomes for 
each trial: (1) event A (success) and (2) event A (failure), with con- 
stant probabilities P (A) = p, and P (A) = q, and, obviously, 
p+q=t. 
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Consider the following problem: under the conditions of the 
Bernoulli scheme, determine the probability P, (m) (0< m< n) 
that in n trials event A, having one and the same probability P (A) = 
= p for each separate trial, will occur precisely m times. 

Here, favourable sequences of trials have the form 

Ag Aa, eee Aans 
where A,, =A orA (i = 1, 2, ..., m), and event A occurs precise- 


ly m times, and event A exactly (n — m) times. Since the trials are 
independent, the probability of realization of one such favourable 
series is equal to 
p™gr™, 

where p = P(A), g = P (A) =1-—p. All favourable series are 
obtained as a result of choosing m different numbers of trials from 
the total of m numbers and, consequently, their number is equal 
to C7. Hence, applying the theorem of addition of probabilities 
for the case of incompatible events, for the probability of the occur- 
rence of event A exactly m times in n trials, we get the Bernoulli 
formula 


P,, (m) = Cup™g"-™ = pmgnm. (240-1) 


~ mi (n—m 


This formula is called also binomial, since its right-hand member 
represents (m + 1)th term of the binomial formula 


(q+ p)"=Crg™ + Capa"! + Capeg-2+ ...4+-Chp”. 


Hence we obtain the binomial distribution of the probabilities. 
of the number of occurrences of event A in nm independent trials: 


1=(q + p)” = P, (0) + Py (4) + Pr (2) +... 

ooo EP, (n). (240-2) 

Example. Find the probability that in a tenfold tossing of a coin 
heads will occur precisely five times. 

Here the probability of falling heads in a single trial p = * : 


hence q=1—p=s. 


By the Bernoulli formula, we have 


Pig (5)=C%, (+) (+-)°=s5r° (+) ° = 5 ~ 0.25. 


Sec. 241. The Laplace Local Theorem 


If the number of trials n is large, then it becomes difficult to carry 
out calculations using Bernoulli’s formula. Laplace obtained an 
important approximate formula for the probability P, (m) of the 
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occurrence of event A exactly m times if n is a sufficiently large 
number. 

Laplace’s theorem. Let p = P (A) be the probability of event A, 
where 0<t( p<( 1. Then the probability that under the conditions of 
the Bernoulli scheme event A will occur precisely m times in n trials 
is expressed by the Laplace approximate formula 

{2 


Bo ee : 
P, (m) ~~) rrry é : (241 1) 
where 
q=1—p and t= arr (244-2) 


It is proved that the relative error of formula (241-1) tends to 
zero aS nm — oo. This theorem is proved in comprehensive courses 
of the theory of probability. 

In the statistical sense, 1 = np represents the mean value of the 
number of occurrences m of event A in n trials; thus, m — np 
is the deviation of the number of occurrences of event A from its 


mean value. As to the expression o = VY npg, its theoretical and 

probability sense will be explained later on (see Sec. 247). Consider- 

ing o as a certain scale for deviations in a sequence of n trials, the 

number ¢ can be obviously imagined as the deviation of the number 

of occurrences of event A from its mean value measured in this scale. 
Introducing the function 


Po (Z) se ra oe (241-3) 


(this function is tabulated), formula (241-1) can be rewritten in 
the form : 


Bes 4 4 m—np ? 
Since the function @,) (¢) monotonically decreases as | ¢t | > o, 
for one and the same sequence of trials (n is fixed) greater, by absolute 
value, deviations m — np are less probable than the smaller ones. 
This assertion, of course, is true for a sufficiently large number of 
trials, since only in this assumption the Laplace approximate formu- 
la was obtained. 


Example. The probability of hitting the target by a rifleman at 
one shot is p = 0.2. What is the probability that 100 shots will 
ensure the necessary twenty hits? 

Here p = 0.2, g = 0.8, n = 100, and m = 20. 

Hence 


V npq=V 100-0-2-0.8 = 4 


39—0875 
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and, consequently, 
i= m— np __ 20—100-0.2 L3(); 
V npg 4 
Taking into account that @, (0) == = 0.40, from formula 
JU 
(241-1), we get 


P soo (20) = 0.40-- = 0.10. 


One should not be astonished that the value of the probability is 
small: exactly 20 hits at 100 shots is a comparatively rare event! 
Almost certain event here is the target hitted about 20 times. For 
instance, the probability P of the inequality 15 < m < 25 including 
144 values m = 15, 16, ..., 24, 25 is close to unity. This can be 
checked by computing this probability using the formula 


25 


P= > P 100 (x). 
k=15 


Sec. 242. The Laplace Integral Theorem 


Let us put the following question: what is the probability 
P, (m,, m,) that, under the conditions of the Bernoulli scheme, 
event A, having the probability P (A) = p (0< p< 1), occurs 
not less than m, times, and not more than m, times in 7 trials? 

By the theorem of addition of probabilities for incompatible 
events, we get 


P,,(rM4y m9) = St P, (m). (242-1) 


m=m 1 


Hence, approximately using the Laplace local theorem, we shall 
have 


P,, (m4, ms) ~ > ‘ae ®o (tm) s (249-2) 
where _ 
fee (m,<m<mz,) (242-3) 
V npg 
and — 
mo()= Tee * (242-4) 
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Nie St eS 


and, consequently, 


Ba (mM, My) ~ a, Po (tm) Atm: (242 0) 


Sum (242-5) is integral for the function @p» (¢) on the segment tn, < 
<t<tm,. AS n — o, i.e. as At, — 0, its limit is the correspond- 
ing definite integral. Therefore, regarding n as sufficiently large, 
we obtain the following approximate formula 


tm, tm, t2 
P,, (4, My) © \ Pp (2) di= j e = dt, (242-6) 


where 
= m,— np PRLS aE np 


t — — e 
me Vang’? OV npg 


This constitutes the contents of the Laplace integral theorem. Let us 
introduce the standard integral of probabilities (Laplace's function) 


®, (x) = ) (p(t) dt = — \ e = dt, (242-7) 
0 0 


which is, obviously, an antiderivative for the function Qy (2). 
Then, by the Newton-Leibniz formula, from (242-6) we shall 
have 


Pp, (my, M) ~ D, (tm,) er Do (tm,)- (242-8) 


Formula (242-8) approximately yields the probability that the 
number m of occurrences of event A at n trials satisfies the inequality 
m,<m<m,, and, consequently, the random quantity ¢ the 
inequality tm, <t< tm, This formula is frequently written as 
follows: 


P (my <m <M) = P (tm, < t < tm,) & Po (tm,) — 


—y (tm) (242-8’) 
(the Laplace integral formula). 

The integral @, (x) is not expressed in terms of elementary func- 
tions. It is usually computed with the aid of special tables given 
in full courses of the theory of probability. 


39* 
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Table of Values of Function ®, (x) 


x | 0 


0.5 | 1 | 1.5 | ye | 2.5 | 3 


(zx) 0 0.192 | 0.344 


0.433 | 0.477 


0.494 | 0.499 


By way of illustration, we set forth a fragment of such a table. 
The function a (x) (Fig. 270) possesses the following properties: 
(1) Dy (0) = 

(2) D, ae as = > (see Sec. 225, Chapter 24); 

(3) the function @, (z) is odd, i.e. D, (—z) = —Q, (x) (therefore 
there is no need to give the values of the function @, (xz) for the 
negative values of the argument in the above table), in particular, 

1 
Dy, (—0o) = — 5; 
(4) M, (x) is a monotonically increasing function (this follows 


from the fact that MD) (x) = @p (x) > 0). For x > 3, with an accuracy 
to three decimal places, we may take ®, (xz) = 0.900. 


Example. The probability of hitting the target with a single shot 
of one gun is equal to p = 0.2. What is the probability that a volley 


FIG. 270 


fired from 100 guns will hit the target not less than 20 times? 
Here n = 100, 20 < m < 100. We have 


V npg = V 100-0.2-0.8 = 4. 


Hence 
20— 100-0.2 0 
i aaa 
and 
400— 100-0.2 
L100 = aa aaa =— 20. 


By (242-8), we get 
P (20 < m< 100) = ®, (20) — D, (0) = 0.500 — 0 = 0.500. 
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Problem. Under the conditions of the Bernoulli schemo, nil 
‘it 


the probability that the deviation of the relative frequency = dil 


event A from its probability P (4) = p (0 < p < 1) does not oxcead 
(by absolute value) a given number e > 0. 
We shall denote this probability in the following way: 


P (| —p|<e). 


From the inequality 


mp I<e (242-9) 


we obtain the equivalent inequality 
|m—np|<ne 
and, hence 
—ne<m—np < ne. 
Whence, setting 
t= P 
V npg 
we shall have 


fo , 
= A Yon ES at 
—ty=—e/ aiwt<e VW pats 
By virtue of (242-8’), taking into account that the function Dy (zx) 
is odd, we find 


P (| 2 —p|<e) =P (—4<t<t) =O) (ty) —®(— 4) = 
= 204 (ts) = 20) (eY/ 4), 


Since D(+o)= 5, then 2D (e\/ >) +4 as N— oo, 


Thus, under the conditions of the Bernoulli scheme, no matter how 
small is ¢ > 0, with a probability arbitrarily close to unity, we may 
expect that with a sufficiently large number of trials n the deviation 
of the relative frequency of the occurrence of event A from its probability 
will be (by absolute value) less than « (the law of large numbers in 
the Bernoulli form). 
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Sec. 243. Poisson's Theorem 


Let there be carried a series of nm independent trials (n =1, 2, 3,...), 
and the probability of the occurrence of a given event A in this series 
P (A) = py, >O depends on its number n and tends to zero as 
n—» oo (a sequence of rare events). Let us assume that for each 
series the mean value of the number of occurrences of event A is 
constant, 1.e. 


NPn = Wb = const; (243-1) 
hence 
Pr=—. (243-2) 


By virtue of the binomial formula (Sec. 240) for the probability 
of the occurrence of event A in the mth series exactly m times, 
we have the expression 


P,, (m) = Crpn (1— Pn) "=Cn (£)" (4-E)™. (243-3) 


re 


Let m be fixed and n-—» oo. Then 


cm (H)"=tG ene ee ye 
=#' (1-4) (1-4)... (1-S)-4. 


Besides (see Sec. 55, Chapter 7), taking into account that 
1 
lim (1-++a)* =e 
a> 
and, consequently, 
1 
lim (1—a@) * =e}, 


a> 


we have 


n 
zy ={ nye | (1—t) ee men, 


if n— oo, 
Thus, passing to the limit in formula (243-3) as n— oo, we get 
lim P,, (m) =lim Cy (+ )"-1im (1—L yh" =F ew, (243-4) 


17 ee oh ®,°) TN CO 


lf n is large, then the probability P, (m) differs only slightly trom 
its limit (243-4). Hence for large n’s for the required probability 
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P,, (m) we have the approximate Poisson formula 
P,,(m) ~ E eo, (243-5) 


where uw = np, (Poisson’s theorem). 

In general, the Poisson formula should be applied in the cases 
when the number of trials is large, the probability of an event 
Pn = p is small, and uw = np is neither small, nor large. 

Poisson’s formula is used in the theory of mass-scale service*. 


Example. In manufacturing some mass-scale products the prob- 
ability of the occurrence of one non-standard article is equal to 0.01. 
What is the probability that in a batch of 100 articles of this pro- 
duction 2 articles will be non-standard? 

Here the probability p = 0.01 is small, the number n = 100 is 
large, and 


u = np = 100-0.01 = 1. 
Using Poisson’s law for the sought-for probability, we obtain 
the following value: 


¢ 1 
Poo (2) & Gy eH = 


e1—(0.184. 


C. RANDOM VARIABLES 
AND THEIR NUMERICAL CHARACTERISTICS 


Sec. 244. A Random Discrete Variable 
and Its Distribution Law 


A variable is called random if it attains its values depending 
on the outcomes of some trial, and it has a unique value for each 
elementary outcome. A random variable is said to be discrete (in 
a narrow sense) if the set of all its possible values is finite. 

Geometrically, the set of all possible values of a discrete random 
variable represents a finite system of points on the number axis. 

Let X be a discrete random variable whose possible and the only 
possible values are the numbers 


Xy; Lo 4 eo e 69 Ln 


Let us denote by 
Pi = P(X = 2) (ade 2s 6.6745.) 


the probabilities of these values (i.e. p; is the probability of the 
event consisting in that X takes on the value 2;). 


* As the queueing theory is usually termed in the Soviet literature. 
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The events X = x; (i = 1, 2, ..., n), obviously, form a com- 
plete group of events, therefore 
Pit Pet---+Pr=t. (244-1) 


Definition. The correspondence between all possible values of a discrete 
random variable and their probabilities is called the law of distribution 
of the given random variable. 

In the simplest cases it is convenient to specify the law of distri- 
bution of a discrete random variable X in a tabular way: 


The first row of this table contains all possible values of the random 
variable, and the second their probabilities. 

It should be noted that, if it is expedient, the table of the values 
of the discrete random variable X can always be formally supplement- 
ed with a collection of any numbers regarding them as the values of 
X with the probabilities equal to zero. 


Example 1. Raffled in a money lottery are the following prizes: 
one 1000-rouble prize, ten 100-rouble prizes, and a hundred of 
1-rouble prizes, the total number of tickets being equal to 10 000. 
Find the law of distribution of a random prize X for the holder of 
one lottery ticket. 

Here, the possible values for X are 


x, = 1000, 2z,=100, z4,=1, x = 0. 
Their respective probabilities will be 
py = 0.0001, p,=0.001, p, = 0.01 


and 
Pp, = 1 — (py + Po + Ps) & 0.9889. 
The distribution law for the prize X can be represented by a table: 


X 1090 100 | 4 


p | 0.000 0.0014 | 0.04 | 0.9889 


Example 2. The number of the occurrences of event A inn inde- 
pendent trials may be considered as a random variable X with the 
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values m = 0, 1, 2, ..., nm. The law of distrihution of this variable 
is given by the binomial formula 


Pm = P(X =m) = Crp™g™, 


where p = P (A), g = P(A) = 1 — p= (binomial distribution). 

In particular, if p is small and 7 is large, and pn = pis a bounded 
quantity enclosed between two fixed positive numbers, then there 
holds true the Poisson approximate distribution 


Pm =P(X=m) x © e-w (m=0, 1, 2, ...,7). 


Sec. 245. Mathematical Expectation 


Definition. Mathematical expectation of a discrete random variable 
is the sum of pairwise products of all its possible values by their proba- 
bilities. 

If z,, Z_, ...+, Z, is a complete collection of all the values of 
a discrete random variable X and p,, Po, ...-, Pn are their corres- 
ponding probabilities, then denoting mathematical expectation 
by M, we shall have 


M (X)= >) xii, (249-1) 
i=1 
where 
Dy p=. (245-2) 
i=1 


Obviously, the mathematical expectation of a random variable 
will remain unchanged if the table of its values is supplemented 
with a finite number of any numbers, considering that the probabil- 
ities of these numbers are equal to zero. 

The mathematical expectation M (X) of a random variable is. 
a constant and, therefore, represents a numerical characteristic of 
the random variable X. 


Example. Find the mathematical expectation of the prize X 
in Example 1 from the preceding section. 
Using the table given there, we have 


M (X) = 1000-0.0001 + 100-0.001 + 1-0.041 + 0-0.988) = 
= 0.21 rouble = 21 kopecks. 


As it is not difficult to grasp, M (X) = 21 kop. is a “fair” price of 
one ticket. 
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Note 1. Individual terms z;p; (i = 1, 2, ..., n) of sum (245-1) 
represent the mathematical expectations of random variables X; 
(i = 1, 2, ..., n) whose possible values are x; and O with the 
probabilities p; and 1 — p;, respectively. 

Note 2. Let z= min g; and x = max z; be the least and the 


r 1 
greatest possible values of the random variable X, respectively. 
‘We have 


n 
wee a : > ete ae 
= x LPI 2) LiPiS Qi epi et. 


‘Thus 
t<M(X)<z. (245-3) 


Thus, the mathematical expectation of a random variable is its cer- 
tain mean value. 

Note 3. The mathematical expectation of the number of occur- 
rences of event A in one trial coincides with the probability of this 
event P (A) = p. 

Indeed, let X be the number of the occurrences of event A in the 
given trial. The random variable X can attain two values: x, = 1 
(event A has occurred) with the probability p, = p and zx, = 0 
{event A has not occurred) with the probability p, = 1— p = gq. 

Therefore 


M (X) = 1-p+ 0-9 =p. 


Sec. 246. Basic Properties 
of Mathematical Expectation 


We are going to indicate the most important properties of mathe- 
matical expectation. The relevant proofs will be carried out for 
discrete random variables. But the appropriate theorems hold true 
for continuous random variables as well, therefore, when formulating 
these theorems we shall not mention that the random variables 
under consideration are discrete. 

We have to explain the meaning of the arithmetical operations 
X+ Y, X —Y, XY, etc., where X and Y are discrete random 
variables. It is not difficult to give the corresponding definitions. 

For instance, the sum X + Y is understood to be a random variable 
Z whose values are the permissible sums 2;; = xz; + y;, where 7; 
and y;, are all possible values of the random variables X and Y, 
respectively, the corresponding probabilities being equal 


Vij = P(Z = 2;;) I P(X =a.) P(X = y;/X =i )e 
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If some of the combinations z, + y; is impossible, we conventionally 
set 1,, = 0; this will not affect the mathematical expectation of 
the sum. 

The rest of the expressions are determined analogously. 

We also distinguish between independent and dependent random 
variables. Two random variables are considered to be independent 
if the possible values and the distribution law of either of them are 
the same at any choice of the permissible values of the other. Other- 
wise they are called dependent. Several random variables are called 
mutually independent if the possible values and distribution laws 
of any of them do not depend on what possible values are attained 
by the remaining random variables. 

Theorem 1. The mathematical expectation of a constant is equal 
to this constant, i.e. if C is a constant, then 


M(C) =C. (246-1) 


Proof. The constant C may be regarded as a discrete random 
variable attaining only one possible value C with the probability 
p = 1. Therefore 


M(C)=C1=C. 


Theorem 2. The mathematical expectation of a sum of two (or 
several) random variables is equal to the sum of the mathematical expecta- 
tions of these variables, i.e. if X and Y are random variables, then 


M(X + Y) = M(X)+ M(Y) (246-2) 


and so on. 

Proof. (1) Let the random variable X take on the values zx; with 
the probabilities p; (i = 1, 2, ..., nm), and the random variable Y 
attain the values y; with the probabilities p’;(j = 1, 2, ..., m). 
Then the possible values of the random variable X + Y will be 
the sums xz; + y; whose probabilities are equal to 


Ny; = P (X=2;) P (Y=y,;/X =2;)=P (Y=y;) P (X=2z;/Y =y)). 
(246-3) 
As it was mentioned above, all combinations (i, j) (i = 1, 2, 
., ny j = 1, 2, ..., m) may be regarded as ‘permissible, and if 
the sum xz; + y; is impossible, then we put n,;; = 0. 
We have 


m 


MM (X+¥)= % pa (ti Yj) Mi = 


=> a LIT; y y Yj j. (246-4) 


i=1 j=l rane j=1 
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Taking advantage of the obvious properties of a sum: (1) it is 
independent of the order of terms, and (2) a factor which does not 
depend on the summation index can be taken outside the summation 
sign, from (246-4) we obtain 


M(X+Y)= 3 x Dd aiyt yy DY ny;- (246-9) 
=| eee Gat" gat 


m 
The sum 5’ a; represents the probability of the event consisting 


y 
| j= 
in that the random variable X attains the value z;, provided the 
randum variable Y takes on one of its possible values (which is 
certain). This complex event is, obviously, equivalent to that X 
attains the value z;, and therefore 
Tm 
a Nig= P(X =2;)=Pi- 
J= 
Analogously, 
nr 
a Ty == P (Y = yj) = pj. 
= 


Then, from formula (246-5) we get 


nr m 


M(X+Y)= a LiPi ae yjp3 = M (xz) +M (Y), 


which was to be proved. 
(2) For several random variables, for instance, for three (X, Y, 
and Z), we have 
M(X+Y+4+Z2=M((X4+ Y)4Z) = 
=M(X+Y)+ M(Z)=M(X)+ M(Y)+M (4), 
and so on. 
Corollary. If C is a constant, then 


M(X+C)=M(X)+ C. 
Theorem 3. The mathematical expectation of a product of two 


independent random variables is equal to the product of their mathema- 
tical expectations, i.e. 


M (XY) = M (xX) M (Y), (246-6) 
where X and Y are independent random variables. 
Proof. Let (z;, pi) (i = 1, 2, ..., nm) and(y;, pj) G = 1, 2, ... 


.., m) be the laws of distribution of the random variables X 
and Y, respectively. Since X and Y are independent, a complete set 
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of values of the random variable XY consists of all products of the 
form xy; (i = 1, 2, ..., m3 j = 1, 2, ..., m), the probabilities 
of these values, by the multiplication theorem for independent 
events, are equal to p;pj. 
We have 
nr m n 


M (XY)= % ps iY jPiP|= Qe Pi Dy Y YjPj= 
= >) 2413p; (Y)=M (X)M(Y), (246-7) 


which was to be proved. 

Corollary 1. The mathematical expectation of a product of several 
mutually independent random variables is equal to the product of the 
mathematical expectations of these variables. 

Indeed, for instance, for three, mutually independent random 
variables X, Y, Z we have 


M (XYZ) = M (XY) Z] = M (XY) M (Z) = M (X) M (Y)M(Z), 
and so on. 

Corollary 2. A constant factor may be taken outside the sign of 
mathematical expectation. 

If C is a constant and X is any random variable, then, taking 
into account that C and X are independent, on the basis of Theorem 1, 
we get 

M (CX) = M (C) M (X) = CM (xX). 


Corollary 3. The mathematical expectation of a difference of any 
two variables X and Y is equal to the difference of the mathematical 
expectations of these variables, i.e. 

M (X — Y) = M(X)— M(Y). 

Indeed, using the theorem about the sum of mathematical expecta- 
tions and Corollary 2, we obtain 
M(X —Y) = MIX + (—Y)] = M (X)+ M(-Y) = 

= M (X) + (—1) M (Y) = M (xX) — M (Y). 


ry 


Sec. 247. Variance 


Let X be a random variable and M (X) its mathematical expecta- 
tion (mean value). The random variable X — M (X) is then called 
the deviation. 

Theorem 1. For any random variable X the mathematical expecta- 
tion of its deviation is equal to zero, i.e. 


M [X — M (X)] = 0. 


622 A Brief Course of Higher Mathematics 


Proof. Indeed, taking into consideration that M (X) is a constant, 
we have 


M (X — M (X)] = M (X) — MIM (X)] = M (X) — M (X)=0. 


Definition. The variance (also called dispersion) of a random va- 
riable is defined as the mathematical expectation of the square of the 
deviation of this variable from its mathematical expectation. 

Hence, denoting the variance by D, for a random variable X we 
shall have 


D(X) = M {IX — M (X)}}. (247-1) 


It is obvious that the variance of a random variable is constant, 
i.e. it is a numerical characteristic of this variable. 

If a random variable X has the distribution law (az;, p;) (i = 
= 1,2, ..., ), then, denoting, for brevity, M(X) =u, from 
(247-1) we shall have 


D(X)= (1; — LW)? pi. (247-2) 

The square root of the variance D (X) is called the root mean 
square deviation o (or the standard) of this variable: 

o(X)=V D(X). (247-3) 


Example. Let the law of distribution of a random variable be 
given by the following table: 


Determine the mathematical expectation M (X), variance D (X), 
and root mean square deviation o (X). 
We have 


M (X)=4-4+10-5420-5=11; 
hence | 

D (X) = (A—11)2 + (10 —14)?-5 + (20—11)?- 4 = 33 
and 

o(X)=V D(X) =YV 33 = 5.75. 


The variance D (X) serves as a measure of the dispersion or scat- 
tering of the values of the discrete random variable X. Indeed, let 
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D (X) be small. Then, from (247-2) we obtain that all the terms 
(x; — v)?-p; (i = 1, 2. ..., m) are also small. Hence it follows 
that if we pay no attention to the values having a small probability 
(such values are practically impossible), then all the remaining 
values of x; deviate only slightly from p. Thus, at small variance 
D (X) it is almost certain that the values of a random variable 
are concentrated about its mathematical expectation (with the excep- 
tion of, perhaps, a comparatively small number of individual va- 
lues). In particular, if D(X) = 0, then, obviously, X = wu and 
the random variable represents a point on the number axis. If D (X) 
is great, then the concentration of the values of the random variable 
X about some centre is excluded. 

Theorem 2. The variance of a random variable is equal to the differ- 
ence between the mathematical expectation of the square of this variable 
and the square of its mathematical expectation, i.e. 


D (X) = M (X*) — [M (X)P. (247-4) 
Proof. Using the basic theorems on the mathematical expectations. 
of random variables, we have 

D (X) = M {LX — M (X)P} = M {X*—2XM(X)+[M(X)}?} = 
= M (X*) — 2M (X)-M (X) + [M (Xx)? =M(X?)—I M(X)F*. 

Theorem 3. The variance of a constant is equal to zero. 

Indeed, if C is a constant, then M(C) = C and, consequently, 

D(C) = M (|(C — C)?] = M (0) = 0. 


This result is obvious, since a constant quantity is represented 
by one point on the Oz number axis and has no dispersion. 

Theorem 4. The variance of a sum of two independent random 
variables X and Y is equal to the sum of the variances of these variables, 
i.e. 


D(X + Y) =D(X)+ DY). (247-5) 

Proof. Since 

M(X+ Y)=M(X)+ M(Y), (247-6) 
we have 


D(X +Y)=M{(X + Y)—M(X+ Y)P} = 
= M {\(X — M (X)) + (Y — M (Y))P} = 
= M (IX — M(X)P} + M{lY — M (Y)P} 4+ 
+2M {IX — M (X)l-I¥ — M (Y)]} = 


= D(X)+ D(Y) + 2K (X, Y), 
where 


K (X, Y) = M {IX — M (X)l-lY — mM (y)]}} 
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is the so-called correlation moment of the variables X and Y. If the 
random variables X and Y are independent, then the random varia- 
bles X — M (X) and Y — WM (Y), differing from X and Y by con- 
stants, are, obviously, also independent. Therefore, by virtue of 
Theorem 3 from the preceding section and Theorem 1 of the present 
section, we have 


K(X, Y) = MIX — M (X)]-M [IY — M(Y)] =0 
and, consequently, formula (247-6) is valid. 
Corollary 1. The variance of a sum of several mutually independent 


random variables is equal to the sum of the variances of these variables. 
Corollary 2. Jf C is a constant, then 


D(X + C) =D (X). 


Thus, the random variables X and X + C have an equal measure 
of dispersion. 

Theorem 5. A constant factor may be taken outside the variance 
sign in the squared form, i.e. 

D (CX) = C°D (X). 

Proof. If C is a constant factor, then, by Theorem 2, we have 

D (CX) = M (C?X?) — [M (CX)] = 

= C?M (X*) — C? [M (X)|? = C°D (X). 

Thus, the dispersion of the variable CX is C® times the dispersion 
of the variable X. 

Corollary. The variance of a difference of two independent random 
variables is equal to the sum of the variances of these variables, i.e. 
if the random variables X and Y are independent, then 

D(X — Y) =D (X)+ D(Y). 

Indeed, on the basis of Theorems 4 and 5, we have 

D(X — Y) =D1IX + (—Y)] = D(X) + D(—Y) = 

= D(X) + (-1) D(Y) = D(X) + D(Y). 

The mathematical expectation and variance of a random variable 
are its principal numerical characteristics. 

Problem. Determine the mathematical expectation and variance 
for the number X of the occurrence of event A in m independent 
trials in each of which the probability of the event P (A) = p is 
constant. 

The random variable X takes on the values 0, 1, 2,...,n 
and is distributed according to the binomial law 

Pm = P (X a m) as Cap g-" (m _ 0, 1, 2, oe eg n), 

(247-7) 
‘where g=P(A\=1—p. 
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The variable X may be regarded as a sum of independent random 
variables 


MS Se 


where X; (i = 1, 2, ..., nm) is the number of the occurrences of 
event A in the ith trial. The random variable X; attains only two 
values: 1 if event A occurred in the ith trial, and 0 if event A did 
not occur in the ith trial. The probabilities of these values are 
P (A) = p and P (A) = q. Hence 


M(X;j=1-p+O0-q=p (=1, 2,..., n) 


(see also Sec. 245). Hence, taking advantage of the theorem about 
the mathematical expectation of a sum, we shall have 


M (X) = M(X,) + M(X,) +... + M (Xp) = np. (247-8) 


Thus, the mathematical expectation of the number of the occurrenc- 
es of event A under the conditions of the Bernoulli scheme coincides 
with the “average number” of the occurrences of this event in a given 
sequence of trials. 

For the variance of the random variable X; we obtain 


D (X;) = (1 — p> p+ (0 — pq = @p st pg = pq(gt+p)=p9a.- 


Hence, by the property of the variance of a sum of independent 
random variables (Theorem 4), we shall have 


D (X) = D(X) +D (Xs) +...+D(X,) =npq. (247-9) 
Therefore, the root mean square deviation (the standard) 
ao (X)=V D(X)=YV npg. . (247-10) 


Formulas (247-8) and (247-9) yield the mathematical expectation 
and variance for the binomial distribution law. 


Note. Now the meaning of the random variable 
pes Re. 
V npq 
becomes clear in Laplace’s approximate formulas (Secs. 241-242), 
namely, ¢ represents the deviation of the number of occurrences of 


event A from its mathematical expectation measured in standards 
(so-called standardized deviation). 


Consider n discrete pairwise: independent random variables 
X,, Xo, ..-, Xn Whose variances D(X;) (i = 1, 2, ..., n) are 
uniformly bounded 

O< D(X;)<K 2 Pe eras 


40—0875 
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These variables, perhaps, have a considerable scattering, but their 
arithmetic mean 


- 4 
Xn=— (X1¢- Xo+... 4+ Xn) 


behaves sufficiently “compactly”. 

Namely, under the above mentioned conditions there takes place 
the remarkable Chebyshev theorem: For any positive « >O the 
probability of the inequality 


|X,—M (Xn)|<e, 
where 


is arbitrarily close to unity if the number of random variables n is 
sufficiently large, i.e. | 

lim P (| X,—M(X,)|<e)=1 
(the law of large numbers in Chebyshev’s form). 

Chebyshev’s theorem finds its application in error theory, stat- 
istics, etc. 


Sec. 248. Continuous Random Variables. 
Distribution Functions 


A random variable X will be called continuous if all its possible 
values wholly fill a certain finite or infinite interval (a, b) of the 
number axis. It is assumed that in each trial the random variable X 
takes on one and only one value x € (a, b). It should be noted that 
discrete and continuous random variables do not exhaust all types 
of random variables. 

The diversity of random variables is extremely great. The number 
of assumed values may be finite, countable and uncountable; the 
values may be distributed discretely or fill the intervals continuously, 
or not fill the intervals, but be spread out, everywhere dense. In 
order to specify the probabilities of the values of random variables 
that are so diversified, and to be able to specify them in one and 
the same fashion, we introduce into the theory of probability the 
concept of the distribution function of a random variable: 


®M (xr) = P (—w0 < X < 2), (248-1) 
which is called an integral distribution law*. 


* Here probability is understood in axiomatic sense (see B. Gnedenko, 
The Theory of Probability, Chapter 1, Sec. 8, Mir Publishers, Moscow, 1978). 
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If we consider the values of the random variable X as points of 
the number axis Oz, then ® (z) represents the probability of the 
event consisting in that the observed value of the random variable X 
belongs to the interval (—oo, z), i.e. is situated to the left of the 
point z. This interval depends on its right-hand end-point z, and, 
therefore, the probability is naturally a function of x defined over 
the entire axis —oo << 4< +00 

Note that the distribution function has sense also for discrete 
random variables. 

The distribution function @ (zx) possesses the following properties. 

J. The function @® (zx) is a non-decreasing function of the argu- 
ment x, ie. if r<c x’, then O (x) < D(z’). 

Indeed, if z’ > x, then from the event X € (—oo, zx) there follows 
the event X € (—oo, x’). But then the probability M(x’) of the 
second event is not less than the probability ® (x) of the first one 
(see Sec. 232, Theorem 2). 

II. Since ® (z) is a probability, the following inequality holds: 


O< O (zr) < 1. 
Il. 
@M (—oo) = 0, @M (+00) = 1. 


Indeed, the event X € (—oco, —oo) is, obviously, impossible, while 
the event X € (—oo, + oo) is certain. 

Knowing the function of distribution ® (x), we can for any inter- 
val [a, b) determine P (a < X < 5), i.e. the probability of entering 
of the random variable into this interval (here, the left-hand end 
point a of the interval is conventionally included, and the right- 
hand end point b is not included in this interval). 

Indeed, let A denote the event X € (—oo, a), B the event X € 
€ (—oo, b), and C the event X € [a, b). 

Then we, obviously, have 


B=A+C. 


Since the events A and C are incompatible, by the addition theorem 
we get 


P(B) =P (A) + P(C), 


hence 
P (C) = P (B) — P (A), 
1.e. 
Piax< X <b) =@ (b) — OD (a), (248-2) 


where @ (b) — ® (a) > O by virtue of Property I. 


40* 
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Thus, the probability that a random variable X will attain a value 
belonging to the interval [a, b) is equal to the increment of its distribu- 
tion function on this interval. 

Henceforth, the random function X will be called continuous only 
if its distribution function ® (z) is continuous on the axis (—ov, 

Theorem. The probability (prior to the trial) that a continuous ran- 
dom variable X will take on a preassigned, strictly defined value a is 
equal to zero. 

Indeed, by formula (248-2), we have 


Pia<X <2) =90 (2) — OD (a). (248-3) 
Suppose x — a; then in the limit the interval la, x) will contain 


the only point a. Besides, by virtue of the continuity ol the function 
® (x) at point a, we have 


lim D (x) = © (a). 


Passing to the limit as > a in (248-3), we get 
P (a) = lim O (zx) — ® (a2) = OD (a) — DO (a) = 0. 


Thus, with a continuous distribution function the probability of 
“hitting a point” is equal to zero. 

Corollary. For a continuous random variable X the following equali- 
ties are valid: 


P(a< X < bd) = @ (db) —O (a). (248-2’) 
and 
Pa<X <b) = (b)—O (a), (248-2) 


where © (x) = P (a< X <2) is its distribution function. 
Indeed 


Pa<x<X<b)=P(ax<X<b)+P(X =b)= 
= [OM (b) — ® (a)] + 0 = © (b) — @D (a). 
The second equality is proved in a similar way. 


Note. In the general case impossible events and events with zero 
probability may turn out to be non-equivalent. 


Let us assume now that for the continuous random variable X 
its distribution function ® (x) has a continuous derivative 


O’ (x) = @ (2). (248-4) 


The function @ (x) is called the probability density (for a given di- 
stribution) or the differential law of distribution of a random variable 
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The term ‘probability density’ has the following meaning. Let 
[z, x + dz] be an infinitely small interval; then, by (248-2’), we 
have 


P(ix<xX<2x+dzr) =O (r + dz) — D (2). 


Replacing the infinitesimal increment of the function © (x + dz) — 
— @ (zx) by its differential D’ (x) dx = o (x) dx, we obtain the ap- 
proximate equality 


P(n< X<2x+4+dz) = 9 (x) de. (248-5) 


Thus, the probability density represents the ratio of the probabil- 
ity of getting of a point into an infinitely small interval to the length 
of this interval. 

Since the probability density @ (x) is the derivative of a non-de- 
creasing function ® (zx), it is non-negative: @ (z) > 0. In contrast 
to probability, probability density can attain arbitrarily large 
values. 

Since ® (z) is an antiderivative for @ (x), by the Newton-Leibniz 
formula, we have 

b 
\ (x) dx = © (b) —® (a). 
Hence, by virtue of (248-2’), we get 
b 
P (a<X<b)= \ ~ (x) de. (248-6) 


Geometrically, this probability represents the area S of a curvili- 
near trapezoid bounded by the graph of the probability density 


FIG. 271 


y = @ (x), x-axis, and two ordinates: x = a and x = 6 (Fig. 271). 
Setting a@ = —oo and b} = +oo, we obtain a certain event 
X € (—oo, +00) whose probability is equal to unity. Consequently, 
ee 
\ p (x) dx=1. (248-7) 


— 00 
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Putting in formula (248-6) a = —oo, b = x and denoting, for 
clearness, the integration variable xz by another letter, for instance, 
by ¢ (that is valid for the definite integral), we get the distribution 
function 


@ (x) =P(—-wo <X<2)= \ @ (t) dt. (248-8) 


Sec. 249. Numerical Characteristics 
of a Continuous Random Variable 


We shall consider the infinitesimal interval [z, z + dz] as a “bold- 
faced point” z of the axis Ox. Then the probability that a random va- 
riable X takes on the value coinciding with this “bold-faced point” 
xis equal to @ (x) dz and the mathematical expectation of this event 
is 

dM = xq (2) dx. 


Regarding the straight line —oo << x< -+oo as an infinite set 
of such “bold-faced points’, by analogy with definition of the mathe- 
matical expectation of a discrete random variable, we obtain a na- 
tural definition of the mathematical expectation of a continuous 
random variable (but here summation is substituted by integration). 

Definition. The mathematical expectation of a continuous random 
variable X is understood to be the number 


M(X)= \ xe (x) dx (249-1) 


(of course, this definition has sense only for such random variables X 
for which integral (249-1) converges). 

For the variance of a continuous random variable X we shall re- 
tain the previous definition 


D (X) = M{[X — M (X)}*}. 
From (249-1) it follows that 


+ 0o 
D(X)= { [c — M (X)]2 9 (x) dz (249-2) 


(of course, in the assumption that integral (249-2) converges). We 
may also make use of the formula 
D(X) = M (X?)— [M (xX)? = 
+00 +00 2 
= \ x2 (x) da—| | x (x) de . (249-3) 


— 0O — 50 
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We can prove that the basic properties of the mathematical ex- 
pectation and variance of discrete random variables are valid for 
continuous random variables as well. 

Let now all possible values of a continuous random variable X 
entirely fill a closed interval [a, 6]. Then @ (x) = Ofor —o <xr<a 
and for b< x <1 +o0, and consequently, 


+00 a b 
M(X)= \ x9 (x) dx = \ vp (x) dx + | xq (x) dx + 


oo 


b b 
+ \ 29 (x)dx=0+ | xg (z)de+0= J g(a) dv, 
b a a 
Analogously, 
b 
D (X)= J [e—M (X)P 9 (2) de, 


where 


2 
\ @(2)dx=1. 


Sec. 250. Uniform Distribution 


A continuous random variable X all possible values of which fill 
a finite interval (a, b) is said to be uniformly distributed if its proba- 
bility density @ (x) is constant on this interval. 

In other words, for a uniformly distributed random variable all 
its possible values are equally possible. 

Let, for instance, X € [a, b]. Since in this case @ (x) = const for 
x € la, b] and g (x) = O for zx  [a, bl, we have 


b b 
\ @ (2) dx=@(2) | dz =(b—a) 9 (2) =1; 
hence 


9 (2) =~ for ax<ar<b. 


Let [a, B] € [a, 6] (Fig. 272). Then 
B 
p=P(a<X<f)= | 9 (2) dz=7=" 


b—a ’ 


a 
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l 


where L is the length (a linear measure) of the whole closed interval 
[a, b] and I the length of the partial interval [a, §). 

The values of the random variable X, i.e. the points zx of the in- 
terval [a, b] may be considered as all possible elementary outcomes of 


a2 a é Bb 6 


0 L 


L FIG. 272 


a certain trial. Let event A consist in that the result of the trial be- 
longs to the interval [«, B]< [a, b]. Then the points of the interval 
[a, ®] are successful elementary outcomes of event A. 

According to formula (250-1), we have the geometrical definition 
of probability: the probability of event A is understood to be the ratio 
of the measure | of the set of elementary outcomes favourable to event A to 
the measure L of the set of all possible elementary outcomes in the assump- 
tion that they are equally possible: 


P(A) =<. 


This definition naturally extends the classical definition of proba- 
bility to the case of an infinite number of elementary outcomes. 

An analogous definition may also be introduced when elementary 
outcomes of a trial represent points in the plane or in space. 


Example 1. During an hour 0< t < 1 (¢ time in hours) a bus- 
stop is approached by one and only one bus. What is the probability 


§ 


D\Zy 
FIG. 273 ¥KIG. 274 


that a passenger who came to this bus-stop at the moment of time 
— 0 would have to wait for the bus not more than 10 minutes? 
Here the set of all elementary outcomes form a closed interval 
(0, 4] whose temporal length L = 1, and the set of successful element- 


ary outcomes form the interval | 0, = of temporary length / = + : 
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Therefore the sought-for probability is 


_! _1 
mane Paar e. 


Example 2. A material point M is thrown accidentally into a 
square K with the side a and a circle S inscribed in it (Fig. 273). 
What is the probability of this point getting into the circle S? 

Here the area vf the square is K =az?, and the area of the 


D 
circle S=n (>) =a. 


It is only natural to take for the sought-for probability the ratio 


S qt 


This probability, and, hence, the number x can, obviously, be 
determined experimentally. 


Sec. 251. Normal Distribution 


The distribution of probabilities of a random variable X is called 
normal if the probability density obeys Gauss’ law 


P (x) = ae H*—*0)?, (251-1): 


where a, 0, and x, are certain constants, and a > 0, 6 > 0. In this 
case the graph of the probability density represents a displaced Gauss,. 
curve symmetric about the straight line x = z, and with the maxim- 
al ordinate ymax = @ (Fig. 274). 

For the sake of convenience, we centre this curve’ by introducing 
new coordinates: — = x — z, and yn = y. Then Gauss’ law will take 
the form 


@ (E) = ae-b8 (251-2. 


and will represent the differential law of distribution of the random 


variable X = X — 
The constants a and b in (254-2) are not arbitrary, since for the 


probability density @ (£) the following condition must be fulfilled 


+ 00 +00 
\ p(&)dk=a | ebb gE = 4. (251-3) 


Substituting the variable 


b&? = #?, E=—_, db=—, 
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we shall have 


+00 +00 — 

: eb gE — ) e-t Eo y= (251-4) 
{see Sec. 225, Chapter 24). Hence, by (251-3), we find 

oy =i, (251-5) 
i.e. 

oat VY = (251-6) 

Thus, 

(= YV emt, (251-7) 


For the mathematical expectation of a random variable we shall 
have 


_ -+ 00 . pas 
M (X)= | te @ a= = | ke ag=0 


(since the integrand is odd). Hence 
M (X) = M (X + 2) = M (X) + M (a) =0 + a = 2p. 
(251-8) 


Thus, with normal distribution of the random variable X, its mathe- 
matical expectation xz, coincides with the point of intersection of the 
axis of symmetry of the graph of the corresponding Gauss’ curve and 
the z-axis (centre of dispersion). 

For the variance of the random variable X we obtain 


D(X) = M (X?) —[M (X)}? = M (X?) = 


+00 pan te 
= | Bg(E) dE=]/ — | Beas. (251-9) 


e— 5? 


Setting w=& and dv=£e—o dg=d({ — 55 
by parts, taking into account (251-4), we shall have 


and integrating 


+00 + 00 = 

: OE2 a5 —b§2 ' — 
20-02 JE — _f£, c ull ceed Stee ae 

\ Seo we ae eer aaa ee, \ a ES = Bp 6 


— OO —w 
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Thus, from (251-9) we get 
= 6b Vu 4 
DUO a pe 
(Q=V a’ aye Be 


and consequently, 


D(X) =D(X +m) =D(X)+D (m)=s+0=—. (251-10) 


Hence, for the root mean square deviation of the variable X we 
obtain 


a 1 
X)=V) D(XxX)=—— . 
o(X)=V DX) =e 
Introducing the notation o = o (X), we shall have 


oe eee ee 


“2g? ? n ~ 6 Vin | 


Substituting these values into formula (251-1), we get the standard 
form of the normal law of distribution of a random variable X in the 
differential form: 


See ee a (251-11) 


where z= M(X) and o=) D(X). 

Thus, the normal distribution law depends only on two parameters: 
mathematical expectation and root mean square deviation. 

The normal distribution law of a random variable in the integral 
form has the form 


n ©  (z—x09)2 
MD (x) = eV | é 202 dz. (251-12) 


Formulas (251-11) and (251-12) are simplified by introducing the 
standardized deviation 


t= —<! (251-13) 
then 
{ ce 
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(see Sec. 241). Setting in integra] (251-12) t=, dt == 
we get 


2 


t 
ik ie ke (t), 


0 
4 
= ee = 
V 20 je ae Te 
where ¢ is determined by the formula oekaki and @, (t) is the stan- 
dard integral of probabilities (see Sec. 242). 
Hence we get that for a random variable X, obeying the normal 
law, its probability of getting onto the interval [a, b] is 


P(axzr<xcb)=M(b) —O(a)= 


[+66 (252)]-[$+0(434)]- 


— ©, (2) —®, (“2 ). (254-44) 


In particular, the probability that the deviation of the variable 
X from its mathematical expectation x, will be less than @ by abso- 
lute value is equal to 


P(|\X—a|<a)=P(m~—a<X<au+a)= 20, (—= ). 


Setting a = 30, we get 
P (|x — zy |< 30) = 2Q, (3) = 0.9973, 


i.e. such deviation is almost certain (three-sigma rule). 
The normal law of distribution of probabilities is widely applied 
in error theory, shooting theory, physics, etc. 


Exercises 


1. Let A be a random event and C a certain event. What do the 
events A+ A, AA, A+ C, AC mean? 

2. The die is thrown once. What are the probabilities of the fol- 
lowing events: A —one pip turning up; B—an odd number of pips turn- 
ing up; C—at least three pips turning up? 

3. An urn contains two white and eight black balls. How many 
white balls should be added into the urn so that the probability of 
drawing one white ball out of it would be not less than 0.99? 

4, From an urn containing five white and three black balls four 
balls are drawn at random. What are the probabilities that: (a) 
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equal numbers of white and black balls will be among them; (b) 
the number of white balls will exceed the number of black ones? 

o. Of a total of thirty examination cards a student learnt twenty- 
four cards. What is the probability (in per cent) of his successful an- 
swer at the examination: (1) with a card drawn singly, and (2) with 
a card drawn repeatedly (the firstly drawn card is not returned!)? 

6. Three riflemen are shooting at a target simultaneously. The 
probability of hitting the target by the first rifleman is equal to 0.9, 
by the second rifleman to 0.8, and by the third to 0.6. What is the 
probability that: (a) the target will be hit at least by one rifleman; 
(b) the target will be hit at least twice; (c) none of the riflemen will 
hit the target? 

7. Prove that if events A and B are independent of each other, then 


the events A and B are also mutually independent. 
8. The probability of hitting the target at a single shot is equal to 


= = . Find the distribution of probabilities for the number of hits 


P 
m with the number of shots n = 0. 

9. The probability of hitting the target with one shot is equal to 
p = 0.2. At what number of shots will the target be hit at least once 
with the probability of not less than 0.999? 

10. Repeated measurements of a certain quantity yielded the 
following results (containing random errors): x, = 1.2 (two times); 
z, = 1.3 (five times); x, = 1.4 (three times). Assuming that the 
measurements are equally accurate, find the mathematical expecta- 
tion (the mean value) and variance of the result of measurement. What 
is the mean square error of the result of measurement? 

11. Discrete random variables X and Y are independent. Prove 
that the variables X = X + Cand Y (C constant) are also indepen- 
dent. 

12. All values of a random variable X belong to the interval (0, 2), 


and the probability density @ (x) = 2 for O< x2 < 1 and 9g (x) = 


= 2 for 1 << 2 < 2. Find the distribution function ® (x), mathema- 


tical expectation M (X) and variance D (X). 

13. A random variable X is uniformly distributed on a centred 
closed interval [—1, 1]. Find the probability density @ (x), mathema- 
tical expectation M (X), variance D(X), and standard o (X). 

14. Show that the Gauss curve 


2 
1 ~ 26F 


oy 2x 
has points of inflection at x = +o. 


15. In experimental shooting it was revealed that the deviation 
A of the point of strike from the target obeys the normal law with the 


lv 


638 A Brief Course of Higher Mathematics 


mathematical expectation M =O and variance D = 4 m. What 
is the probability that | A |< 1m? 

16. In packing a dry substance a package is considered to be stan- 
dard if its mass differs from the preset mass of 1 kg by not more than 
20 g (in either side). It is verified that in a careful packing process the 
errors in filling the packages obey the normal law with the mathema- 
tical expectation M =O and mean square deviation o = 10 g. 
A certain batch of this substance totalling to 10 000 packages contains 
9000 standard packages. Does it correspond to the given normal law? 


Chapter 26 


The Concept 
of Linear Programming 


Sec. 252. An n-Dimensional Vector Space 


In Chapter 18 we saw that each vector x of a three-dimensional 
space can be specified by three coordinates: x = {x,, X, 73}. Gener- 
alizing this property, we come to the notion of an n-dimensional 
vector. 

Definition. An ordered system of n numbers X = {2X, Xo, .. -, In} 
is called the n-dimensional point or n-dimensional vector. 

The numbers z,, 2, . . -, Xp are called the coordinates of the point 
(vector) x; we shall assume that they are real. A vector with zero 
coordinates 0 = {0,0, ..., O} is called the null-vector. In geometri- 
cal representation, vector x may be considered as the radius vector of 
a corresponding point. 

The basic operations on the n-dimensional vectors x = {2,, 2, . . 

-» py and y = {Y1, Yo: -- +» Yn} are defined by analogy with 
three-dimensional vectors. 

I. Equality of vectors. Two vectors are equal if and only if thei 
corresponding coordinates are equal, i.e. 


X=yor71 = yi; (i=1, 2,..., n). 
II. Sum of vectors. By definition, we set 
X + y = (% + Yr, Lo + Yor - - +) In + Yn}- 


In particular, for the two oppositely directed vectors x = 
= {%,, Ly, ..., Lp} and —x = {—z,, —Z,, ..., —X,} we have 


X + (—x) = 0, 


where 0 is the null-vector. 
III. Difference of vectors: 


X— y= {2% — i, Le — Yor +s 9s Ln — Yn}. 
The following relation is valid 


RS eae 


640 A Brief Course of Higher Mathematics 


{V. Multiplication by a scalar. If k is a scalar, then 
kx = {ka,, ka,, ..., kay}. 
V. Scalar product: 


n 
(x, y)=x-y= Pa LAY i- 
i= 


The absolute value (the norm) of vector x is understood to be the 
mum ber 


1 
nr —x 
——— : 2 
x =|x|= V (x-x) ={% at} 20. 
= 


The distance between the points x and y is determined by the for- 
mula 


1 
= 25 
p(n y)=lx—yl={ (wwe ©. 
In particular, | x| is the distance of point x from the origin. 
Setting 
(xX, y) = zy Cos g, 
we obtain the angle between the vectors 
= (x, y) 
@ = arccos rae ; 


In particular, if x-y = 0, then o = = (orthogonal vectors). 


For operations I to V the usual properties are valid (see Chapter 18). 
In particular, if 


m 
alae al cp x" 
h=1 
is a linear combination of the vectors x!, ..., x” (with vectors we 
use superscripts) and c,, cy, ..., Cm are scalars, then 


m m 

“) k _ NI R 
(3 carts y) = 3) on 4,9) 

k=1 k=1 


The collection of all n-dimensional vectors (points) for which ope- 
rations I to V are defined is called the n-dimensional Euclidean space 
Er. 

Definition. Vectors x', x”, ..., x” of the space E” are called li- 
nearly dependent if there exist scalars c,, C5, .. +; Cm, not all equal to 
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zero (|e, | + leg | +... + | em | 90), such that 
Dy epx" = 0. 
h=1 


In a particular case, for m = 2 these vectors are called collinear, 
and for m = 3 they are called coplanar (cf. Secs. 149 and 150, Chap- 
ter 18). Otherwise, these vectors are termed linearly independent. 

We can prove that in space £” there exist at the most nlinearly 
independent vectors. Thus, the dimension dim £” of the vector space 
E” may be defined as the maximum number of linearly independent 
vectors enclosed in this space. 

Let x € E” and x', x?, ..., x” be linearly independent vectors 
from £”. Since the vectors x, x', x*, ..., x” are linearly dependent, 
we have 


where, obviously, c ~ 0. 
Hence we obtain 


Thus, each vector x € E” can be decomposed (in the only possible 
way!) along the vectors x!, x?, ..., x”. In other words, these vec- 
tors form the basis of the space E". The numbers & (k = 1, 2, ... 

., n) are called the coordinates of the vector x in the given basis 
xi, x*, ..., x”. In particular, the coordinates of the given vector 
X = {2,, Z, ..., Z} are its coordinates in the basis of unit vectors 


Sec. 253. Sets in 2. -Dimensional Space 


A collection of points x = {z,, X,, ..., Z,} of the n-dimensional 
space E” is called the set of this space. 

The set of points x such that 

O< po (x, xo») <& 
41—0875 
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will be called the neighbourhood U,, of the point x, (more precisely, 
e-neighbourhood). The point x, does not enter into its neighbourhood, 
i.e. the neighbourhood is punctured. 

A set G is said to be open if each point x € G of this set belongs to 
it together with its neighbourhood. 

A set F is said to be closed if it is the complement of some open set 
G, ie. F = ENG. 

Let Ec E”. A point & not necessarily belonging to £ is called 
boundary for the set E if € is an interior point neither for the set E, 
nor for its complement E° = E"\E. The totality of all boundary 
points of the set EF is called its boundary: [ (FE) = T. Obviously, 
l (Ee) = 1 (£). 

Definition 1. The set of points x = {z,, 2%, ...+, Lp} € E” whose 
coordinates satisfy the linear equation 


A,t, + Qo% +... $+ a,t, = D (253-1) 


(A,, @g, . ++, Gn, 0 are constant), where the coefficients a,, do, ... 
» + +5 Gy are not all equal to zero, is called the hyperplane of the space 
E”. 

In the case of a three-dimensional space this set is an ordinary 


plane. 
Introducing the normal vector of hyperplane (253-1) 


ne me ee 


its equation can be written in the form 
Ax =O. (253-2) 


Hyperplane (253-2) separates the space E” into two closed half- 
spaces 


a-x < 0 (E>), a-x > b (Et)* 
If the constant term b = 0, then the half-spaces E- and Et are 


distinguished in the following way: (1) if b > 0, then E- contains 
the origin 0, and E+ does not contain 0; (2) for b < 0, it is vice versa. 


Example. The straight line x, + x, = 1 divides the plane Ox,z, 
into two half-planes: x, + 2,< 1 and 2, -+ 2, >1 (Fig. 275). 

Definition 2. The collection of points 

z=x+6(y—x), (253-3) 
where0O< B <1 (Fig. 276), is called the closed interval [x, y] with 
the end-points x and y. 


* Here, the points of the hyperplane a-x = 0 are traditionally, attached 
to both half-spaces E- and Et. This hyperplane is their common boundary. 
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Formula (253-3) can be written in the following symmetric form 
z=ax-+ py, (253-3’) 


where a > 0, B>O0, a+ 6 =1. Fora =0, 8B =1 and a =1, 
8 =O we obtain the end-points of the interval; for O<a< 1, 


Ly+LZg=1 
FIG. 275 FIG. 276 


O< 6 <1 its interior points. Note that point x may be regarded 
as an interval [x, x] with coinciding ends. 

This definition generalizes the concept of a closed interval for two- 
and three-dimensional spaces. 

Definition 3. The set A < E” is called convex if for any two points 
x €A and y€A the segment [x, y] joining them, also belongs to the 
set A: [x, y]JC A. 

The point, interval, circle, sphere, the whole space E”, etc. are 
examples of convex sets. The empty set @ is, conventionally, con- 
sidered to be convex. 

Lemma. Any half-plane in E” is a convex set. 

Indeed, let the hyperplane , 


a-x = b, (253-4) 


be the boundary of the half-plane £, and the half-plane itself is de- 
fined by the inequality 


ax < Db. (253-5) 
Consider arbitrary points y and z belonging to the set F£, i.e. 
ay<b, az<b, (253-6) 


and let t=ay-+ bz (a> 0, B>O0, a+ B = 1) be an arbitrary 
point of the interval [y, z]. 
Using the properties of scalar product, by inequalities (253-6), 
we have 
a-t = a- (ay + fz) = @ (a-y) + B (a-z) Ca-b+ 
+ B-b = (a + B)b =b, 


4A1* 
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i.e. 
a‘'t< b. (253-7) 


Thus, t € E and, consequently, the half-plane E is convex. 

Theorem. An intersection of any number of convex sets is a convex 
set. 
We shall carry out the proof for the case of two convex sets; for 
an arbitrary (finite or infinite) number of convex sets reasoning is ana- 
logous. 

Let A and B be convex sets and C = A {(} B their intersection. 

If C isempty, then, by definition, it is convex. Let C be not empty 
and x and y any two points (perhaps, coinciding ones) belonging to 
C. From the concept of intersection it follows that x, y € A and also 
x, y € B. Consider the line segment [x, y]. Since the sets A and B 
are convex, we have [x, ylc A and 
[x, y]  B, and, hence, [x, y]— C. Thus, the 
set C is also convex. 

Corollary. An intersection of any number 
of half-spaces is a convex set (possibly, emp- 


ty). 
Note. Consider the following system of 
linear inequalities 
QjyXy + Apolo + «+e  Gintn < 0; 
(253-8) 


roa eee Ce i 

Any set of numbers 2, %,, ..., 2, satisfying all inequalities 
(253-8) is called the solution of this system of inequalities. The num- 
bers 2, Z», ..., XL, Satisfying only one of the inequalities of system 
(253-8) fill a half-plane in the space EZ”. The solutions belong to the 
intersection of all these half-spaces. It follows from the theorem that 
the set of all the solutions of system (253-8) represents a convex po- 
lyhedron. These are examples of convex polyhedrons in a three-di- 
mensional space: the pyramid, parallelepiped, prism, spherical seg- 
ment ‘bounded by two parallel planes, etc. 


Example. (a) The solutions of the inequalities 

my 290, 24290, ata<tl 
in the space £? fill a triangle with the vertices O (0, 0), A (4, 0), 
B (0, 1) (Fig. 277); 

(b) the set of the solutions of the system 

mi290, amtrwa2tl 


in the space E? is an angle with the point B (0, 1) as vertex, and the 
ray BA and semi-axis Br, as sides (Fig. 277). 
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Definition. A point of a convex set which is an interior point for none 
of the non-zero intervals entirely belonging to this set is called its termi- 
nal point. 

For instance, for an interval its terminal points are its end-points, 
for a triangle its vertices, and so on. 

It is intuitively clear that a convex polyhedron, i.e. an intersec- 
tion of a finite number of half-spaces, has a finite number of terminal 
points (its vertices). 


Sec. 254. The Problem of Linear Programming 


Nowadays mathematical methods are widely applied in planning 
of national economy, organization of industry control, elaboration 
of military operations, etc. From the general point of view, the prob- 
Jems of control and planning are usually reduced to a choice of a 
certain system of numerical parameters or a function (characteristics 
of a plan) ensuring the most effective achievement of the preplanned 
aim (optimum plan) with the limited possible resources taken into 
account. To estimate the effectiveness of a plan, we introduce the 
so-called objective function (i.e. plan quality index) expressed in 
terms of the plan characteristics and attaining the extremum value 
(i.e. the least or the greatest value) for an optimal plan. 

For a large number of practically interesting problems the objec- 
tive function is expressed linearly in terms of plan characteristics, 
the permissible values of the parameters also obeying linear equali- 
ties or inequalities. Finding the absolute extremum of the objective 
function is called linear programming (the term ‘linear planning’ 
would be more felicitous). 

Mathematically, the problem of linear programming is formulated 
in the following way: it is required to find the absolute extremum 
(the least or the greatest value depending on the sense of the problem) 
of the linear function 


S = cr, + cet, +... + .n2n (254-1) 
(G++... +& #0) 
(the objective function) provided the variables x,, 2, ..., 2%, are 


restricted with limitations in the form of linear equalities or inequa- 
lities: 
L, > 0, t2 > 0, ..., Lp > O* (k < n) (254-2) 


D) ayyxy<d** = (i= 1, 2,..., m). (254-3) 


j=1 


* The inequality of the opposite sense x» <0 is reduced to inequalities 
of type (254-2) by introducing a new coordinate +, = —zp (1S p< hk). 

** The inequalities of the opposite sense are reduced to the inequalities of 
the form (254-3) by termwise multiplication by —1. 
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Definition 1. The maximum totality Q of values zx, r, ..., 
satisfying all inequalities (254-2) and (254-3) is called the domain of 
permissible values of the problem of linear programming (or simply, 
the permissible domain). 

The permissible domain Q is the domain of definition of the func- 
tion S. 

From the theorem of the preceding section it follows that the per- 
missible domain of ihe problem of linear programming represents a con- 
vex polyhedron (which is, possibly, an empty set if the system of 
inequalities (254-1), (254-3) is incompatible). 

Definition 2. The collection of values x1, 42, . . ., Zp from the per- 
missible domain Q for which objective function (254-1) takes on, accord- 
ing to the sense of the problem, either the smallest or the largest value is 
called the solution of the problem of linear programming (or the optimal 
plan). If there exists at least one solution, then the problem of linear pro- 
gramming is said to be solvable. 

Theoretically, three cases are possible: (A) Conditions (254-2), 
(254-3) are contradictory, and, consequently, the permissible set 
Q is empty. The problem (254-1), (254-2), (254-3) has no solution. 
(B) The permissible domain Q is unbounded; the problem (254-1), 
(254-2), (254-3) may have a solution, or may have no solution. (C) 
The system of conditions (254-2), (254-3) is compatible and the per- 
missible domain Q is bounded. By virtue of Weierstrass’ theorem 
(Sec. 179, Chapter 20) the problem of linear programming (254-1), 
(254-2), (254-3) is solvable. We shall confine ourselves to considering 
only case (C). 

According to the general theory (see Secs. 178-9, Chapter 20) objec- 
tive function (254-1) reaches its absolute extremum either at a criti- 
cal point or on the boundary [ of the permissible domain Q. Since its 
partial derivatives 


OD. ace (i 
Ox; ° 


simultaneously vanish nowhere within the domain Q, the objective 
function S reaches its absolute extremum on the boundary I’ of the 
permissible domain Q. This result can be made more precise. 
Theorem. A linear objective function can reach its strict absolute 
extremum only at terminal points of the permissible domain. 
Proof. Indeed, let 


be an objective function, c = {c,, Co, .. +) Cn}, X = {21 La, .- 
., t,} and Q its permissible domain. Suppose, for instance, that 


s (6) = M, where & = {&, &, ..., &} € , is a strict maximum 
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of the objective function S (x) and & is a non-terminal point of a con- 
vex domain Q. Then there exists a non-zero interval ly, z] c Q for 
which € is an interior point, i.e. 


§ = ay + fz. (254-4) 


where O<a<i1,0<8B<1,a+ 6 =—1, and, obviously, §~ y 
and & z. Since S (€) = M is a strict maximum of the function 
S (x), choosing a sufficiently small interval [y, z] (which, obviously, 
can be done), we shall have 


S(y)<M, SQ) <M. (254-5) 


From (204-4), taking into account that S (x) isa linear homogeneous 
function, we get 


S (§) = e-(ay + Bz) = @ (ery) + 
+ B (e-z) = aS (y) + BS (2) <aoM + BM = M, 
and, thus, we have come to a contradiction. The theorem is proved. 


Note. In the general case, we can prove that an absolute extremum 
of a linear objective function S(x) (provided it exists) is always real- 
ized at terminal points of a convex permissible domain Q, i.e. at 
the vertices of the polyhedron Q (it is possible, of course, that an 
absolute extremum of the objective function is reached at other 
points as well; for instance, the function S (x) may have its greatest 
value at all points of one of the faces of the polyhedron Q, and so on). 

Thus, the solution of the problem of linear programming is reduced 
to finding a finite number of values of the objective function and com- 
paring them with one another. 


Example. Find the least and the greatest values of the function 
; S = Ly + 22> ; 
in the domain Q: 0< x, < 20, x, + 2x, > 20, x, — 2, < — 30. 

The domain Q represents a quadrilateral with the vertices 
A (20, 0), B (20, 50), C (0, 30), D (0, 10) (Fig. 278). We have 

S (A) = 20, S (B) = 120, 

S(C) = 60, S(D) = 20. 

Hence, the least value of the function S in the domain Q is equal 
to m = 20 (reached at the vertices A and D), its greatest value being 
M = 120 (reached at the vertex B). 


This result becomes geometrically obvious if we construct level 
lines of the function S, i.e. the straight lines 


x, + 2x, = const. 


But such an easy solution of the problem is possible only in sim- 
plest cases. The method used here, even with comparatively small 
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number of variables n and inequalities m, involves a considerable 
amount of work and requires the use of high-speed computers. There- 
fore, new methods were originated aimed at ordered consideration of 
the vertices of a permissible domain (sim- 
plex method, potential method, etc.)*. 

We should like to conclude this section 
with two concrete problems to be solved by 
the method of linear programming. 

I. Organization of supply. Let a con- 
suming centre ensure its necessary supply 
of some homogeneous product (for instance, 
potatoes) from n points. 

We denote by z; the amount of the product 


FIG. 278 (say, in tons) perchased by the centre in ith 
point, and by c; the price of one ton of pota- 
toes in this point (including transport costs), i= 1, 2, ..., n. The 


constants c; are different since one point produces cheaper goods, 
another more expensive. Besides, the points are situated at different 
distances from the centre and, consequently, transport costs are 
different. Then, the expenses of the centre, under the given purchase 
plan, amount to 


S == >, Ci2;. (254-6) 
i=1 


If a is consumers’ demand for the goods in question, then the fol- 
lowing condition must be ensured 


n 
Be “Lia. (254-7) 
i=! 
Besides, the volume of production in the ith point is limited by a 
certain quantity 0;. It is also possible that the capacity of the trans- 
port means which can be used for delivering the goods to the centre 
is restricted by the quantity b;. In this case the following restrictions 
are, naturally, put on z;: 


O<4;< Bi (254-8) 


where 6; = min (b;, 0;) (i = 1, 2, ..., n). 

With a rational perchase plan the expenses of the centre must be 
minimal. Thus, we come to the problem of linear programming: to 
find the least value of expenditure function (254-6) under conditions 
(254-7) and (254-8). In the present case the problem has a simple so- 
lution. 


* For more detail see special literature. 
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II. Transport problem. Let the points A,, A», ..., Am produce 
a certain homogeneous product which is consumed by the centres. 
situated at points B,, Bs, ..., Bn. 

Suppose the transport expenses due to the delivery of a unit of 
goods from point A; to point B; amount to c;; money units, and the 
amount of the goods (for instance, in tons) delivered from ‘A; to B; 
is equal to z;; (i = 1,2, ..., m,j =1, 2, ..., n). Then the total 
transport expenses will amount to 


— 
$= ie BS cutis (254-9) 
i=1 j=1 
The volume of production in point A; is limited by a certain quan- 
tity a; (i = 1, 2, ..., m) which depends on the production capacity 
of the manufacturing enterprise. Assuming that the whole amount of 
the manufactured goods is delivered to the consumer (i.e. to the con- 
suming points), we have the following conditions 


> Lij=aj (i — 1, 2; a) m). (254-10): 
j=1 

Besides, the demand for the product in the point 6, is dictat- 
ed by producer’s interests and amounts to a certain quantity b; 
Gj =1, 2, ..., n). Therefore 


dy t%y=b; (j= 1,2,...,7). (254-11) 
i=1 


It is required to work out such a delivery plan which would ensure 
minimum transport expenses S on the condition that the product 
manufactured at points A; is entirely consumed (conditions (254-10)). 
and the need of the consuming points is completely met (conditions 
(254- 11)). This is a typical problem of linear programming. 

It is possible to prove (see Elemenis of Linear Algebra and Linear 
Programming by F. I. Karpelovich and L. E. Sadovskii, “Nauka”, 
1967 (in Russian)) that for a transport problem to be solvable it is 
necessary and sufficient to fulfil the following condition 


> a,= S b;, (254-12) 
jo 
i.e. the total volume of production must be equal to the total volume 
of consumption. 


oh 
I 
— 


APPENDICES 


A. MOST IMPORTANT CONSTANTS 


m= 3.14159, m2 = 0.31831, 
nm? = 9.86960, m2 = 0.10132, 
e = 2.71828, el = 0.36788, 
e? = 7.38906, e~2 = 0.13534, 
M = log e = 0.43429, M-1 = In 10 = 2.30259. 


‘B. LIST OF FORMULAS (CLASSIFIED AND EXPLAINED) 


I. Plane Analytic Geometry 


1. Translation of a coordinate system 
z’ = 2z2— a, yo =y—), 


where 0’ (a, b) is the new origin, (z, y) are the old coordinates of a point, and 
{[z’, y’] its new coordinates. 


2. Rotation of the coordinate axes (with the origin fixed) 
x= 2' cosa —y’ sina, 
y=z2' sina+ y’ cosa, 


where (z, y) are the old coordinates of a point, [z’, y’] its new coordinates, 
« the angle of rotation of the axes. 


3. The distance between two points: (x,, y,) and (22, Ys) 
d=YV (xg— 21)? + Y2— 41)? : 


4. The coordinates of the point dividing a line segment with the end-points 
(z;, y,) and (xq, Yo) in a given ratio l: 


fp ty la, = Yitlys 
14+1i ° 4t+i ° 
For 1 = 1 we have the coordinates of the mid-point: 
ial salons y= Yi Ye 


2 , 2 
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5. The area of a triangle with the vertices (z,, y,), (ze, yg) and (x3, ys): 
4 
S=+ > [(%2— 21) (Ys— Y1) — (43 — 71) (Yo— 1) ]- 


6. The slope-form equation of the straight line 
y=kzr-+b, 


where k = ae (the slope) is the inclination of the line to the z-axis and b 
is the length of the segment intercepted by the line on the y-axis. 

a . The tangent of the angle between the straight lines with the slopes k 
and k’ 


The condition of parallelism of straight lines: k’ = k; the condition of perpendt. 
cularity of straight lines: k’ = =e 

8. The equation of a straight line through a given point (x4, y): 

y — yy = k(x — x), 


where k is the slope of the line. 
9. The equation of a straight line through two points (z,, y,) and (xe, Ye 
PD 2 


Lo— Xy, YoY 


10. The equation of a straight line intercepting segments a and b on the coor- 
dinate axes (the intercept form of the equation of a straight line) 


a 
11. The general equation of the straight line 
Az+ By+C=0 (A2 + B2 = 0). , 
12. The distance of the point (x, yy) from the straight line Ax + By + C = 0: 
ec Az,+By,+C | 
V a+ B 
13. The equation of a circle of radius R with centre (x9, yo): 
(x — to)? + (y — Yo)? = R?. 
14. The canonical equation of the ellipse with the semiaxes a and b: 


2 oy? 


The foci of ellipse: F (c, 0) and F’ (—c, 0), where c? = a? — b?, 
15. The focal radii of a point (x, y) of ellipse (1): 


r=a—ez, r’ =a ez, 


where & = — <1 is the eccentricity of the ellipse. 
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16. The canonical equation of the hyperbola with the semiaxes a and b: 
2 2 
5, (2) 
The foci of hyperbola: F (c, 0) and F (—c, 0), where c? = a? +02. 
17. The focal radii of a point (z, y) of hyperbola (2): 
=+(ex—a) r= +t(ex-+ a), 


where & = c/a > 1 is the eccentricity of the hyperbolae 
18. The asymptotes of hyperbola (2): 


jm 
a 


19. The graph of inverse proportionality 


zy = c(c $0) 


is an equilateral hyperbola with the asymptotes z = 0 and y = 0. 
20. The canonical equation of the parabola with the parameter p: 


y? = 2pz. 


The focus of parabola: F( E 


9 ’ 
focal radius of point (z, y) of the parabola: r= 2+ = ‘ 


0] ; the equation of the directriz: z=— 5; the 


21. The graph of the quadratic trinomial 

y=A2?+ Bet C ‘ 
; ; e ; B " B%—4AC 
is a vertical parabola with the vertex O (=, a} 


22. The polar coordinates of a point with the rectangular coordinates x 
and y: 


p=Vr?+y2, tangy = =. 

The rectangular coordinates of a point with the polar coordinates p and 9: 
z=pcosg, y=osing. 
23. The parametric equations of a circle of radius R with the origin as centre: 
x= Rceost, y=Rsint 


(t parameter) 
24. The parametric equations of an ellipse with the semiaxes a and b: 


‘g=acost, y= bdsint. 
25. The parametric equations of the cycloid: 
z=a(t—sint), y=a(1—cos2). 


ll. Differential Calculus—Functions 
of One Variable 


1. Basic limit theorems: 
(a) lim [f (z)+g (4)—h (z)J= a (x)-+ me g So ase h (x). 


(b) lim [f (z) g im iam g (x); 
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in particular 
lim [cf (z)]=c lim f(z). 
(c) lim [f (z)/g (z)] =lim f(z): lim g (z) (lim g(x) # 0). 
xa xa xa xa 


2. Remarkable limits: 
sin z ips 


(a) lim 
x>U 


Re 
a __ 


(b) lim (1+=)*= lim (1-+a)* =e =2.71828 ... 


“> 00 
3. Relation between common and natural logarithms: 
log r = M Ing, 


where M = loge = 0.43429 . 


4, The increment of function y= = f(x), corresponding to the increment Az 
of the argument z: 


Ay = f(z2+ Az) — f (2). 
5. The condition of continuity of function y = f (2): 


lim Ay=0O. 
Ax >0 


The basic property of a continuous function: 
lim f (z)=f ( lim x). 
XX XOX 


6. The derivative 


,__ dy 4, Ay 
"de sen Be 
Geometrically, y’ = f’ (z) is the slope of the tangent to the graph of the func- 


tion y = f (z) at a point with the abscissa z. 
For the rules for finding derivatives and the list of formulas for derivatives 
see ae 82 (Chapter 10). 


The Lagrange theorem on finite increments of differentiable functions 
ae — f (x) = (xg — 2) f’ (8), 


where § € (x4, 2). 
8. The function y = f(z) increases if f’ (x) > 0, and decreases if f’ (xz) <0. 
9. L’Hospital’s rule for the indeterminate forms 7 =: 
lim P (x) _  @ (z) 
coe WG) ca PG) 


if the right-hand limit exists. 
10. Taylor's local formula: 


f (2) =F (20) +F (20) (220) + +.» +L (a9) $0 [(e— a0)", 


where f(™ (zx) exists in a certain complete eiieieied of zx. 
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41. (a) The necessary condition for extremum of a function f(x) at a point x: 
f' (x9) = 0 or does not exist. 

(b) The sufficient conditions for extremum of a function f (xz) at a ae Xo: 

(4) f' (ap) = 0, ff’ (2p — hy) f (agp + he) <0 for any sufficiently small 
hy >0 and h, >0, or 

(2) f’ (xo) = 0, f" (xq) #0. 

12. (a) The graph of function y = f(z) is concave upwards if f” (x) > 0, 
and is concave downwards if f" (x) <0. 

(b) The necessary condition for a point of deflection of the graph of function 
y = f(x) at x = zy: f” (xo) = O or f” (xq) does not exist. 

The sufficient condition for a point of deflection at x = <p: 


f’ (xp) = 0, f’ (x9 — hy) f” (x9 + he) <0 


for any sufficiently small h, >0 and h, > 0. 

43. If the function f(z) is continuous on [a, f] and f (a) f(B) <0, then 
Wee a € of the equation f (z) = 0 can be found approximately, applying the 
ormulas: 


gy __ 1) ag 
(a) B= O— Fp egy Oo) 


(the method of chords); 
ae f (a) 
(b) bi =O Fray 


where f’ (a) ~ 0, f (a) f” (a) >0 (the method of tangents). 

14. The differential of an independent variable x: dx = Az. The differential 
of the function y = f (x): dy = y’ dz. The relation between the increment Ay 
of the function and its differential dy: 


Ay = dy + a Az, 
where a — 0 as Ax > 0. 
For the basic properties of differentials and their formulas see Sec. 1014, 


Chapter 12. 
15. The small increment of a differentiable function 


f(a + Az) — f (x) & f' (x) Az. 


16. The second-order differential of the function y = f (x), where zx is an 
independent variable (d?x = 0): 


d*y = y"” dx?. 


Ill. Integral Calculus 


1. If 

dy = f (z) dz, 
then 

y= \ f (x) dx 


(indefinite integral). 
2. The basic properties of indefinite integrals: 


(a) d \ f (x) de =f (2) de, | f (a) ae | =f (2); 
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(b) | aF@=F@)+es 
(c) \ Af (2) de= A \ f (a) dx (A + 0); 


(a) \ Uf (2) +e (2) —h (2)] de= \ f(a) de-+ \ g (a)de— \ h (2) de. 


For the table of simple indefinite integrals see Sec. 105, Chapter 43. 
3. Principal methods of integration. 
(a) Expansion method 


| f@jde=) i, art | fear, 


where f (x) = fy (x) + fe (z). 
(b) Substitution method: if x = q (t), then 


J f@ac= J rome wa. 
(c) The method of integration by parts: 
\ u dv=uve \ VdUe 


; 4, The Newton-Leibniz formula: if f(x) is continuous and F’ (z) = f (2), 
then 


b 
\ f (x) dx=F (b)—F (a). 


5» The definite integral as the limit of the integral sum: 
b n—1 
\ f(z) dz= lim ys f (x3) Az;, where Qi E[zi, Zigy]’ 


. max|Ax,|-+0 5=0 


and 
Axj;=Zigi— Tie 


6. The basic properties of the definite integrals (the below functions are con- 
tinuous): 


b 
(a) f (x) dz= \ f(t) dt; 


(b) | f (x) dx=0; 


-_-—_s— 
ce) 
a 
Q Creenyn ge 2 ORD 9 CLR Oo 


f(2)de=— | f(a) ae; 
b 
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b 


b 
f(a) ae+ \ f(a) ae | F(e) ae: 


b 
Aj (x) dz=A \ f (a) dex: 


b 


b b 
® | f@+e@)—he@jae= | f(a de+ | e(e)de— J n(wyan; 


=~ 
@ 
— 

Censor 9 Cees OF 6 Cen" 


x b 
© \foa=te, sz ) foa=—F@. 
7. The mean value theorem: if f (x) is continuous on [a, b], then 
b 
\ f (x) dx=(b—a) f (c), 


where a <c <b. 
8. The formula for integrating by parts in the definite integral: 


b b 
\ u (x) v’ (x) dx =u (2) v (z) = \ v (x) u’ (x) dx. 


9. The formula for substituting the variable in the definite integral: 


b B 
\ f (a) dx= \ f (@ (2) o (2) dt, 


where a = g(a) and b = g (§). 
10. The trapezoid formula: 


b 
\ ydx=h (+ Wot tat ot onat yn) ; 


a 


b—a 


where h= 
SOT 2s aes 
14. Simpson’s formula: 
b 
h b ‘ 
| vae=F[y@+4y(F-)t+ye], 


es 


» t =a and zp = db, y =f (2), yi = f (Zp + ih) i= 


where n= (b—a). 
12. The improper integral: 
+00 b 
\ f(z)dzx = lim \ f (x) dz. 
b--+00 


a a 
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13. The area of a curvilinear trapezoid bounded by a continuous line y = 
= f (x) (f (xz) > 0), the z-axis, and two vertical lines x = a and x = b (a < b): 


b 
s=\ yar, 
a 


44, The area of a sector bounded by a continuous line p = f (q) (p and 
polar ee and two rays p= a@ and go = 6 (a < B): 


_! 2 
sat | tas 


15. se arc length of a smooth curve y = f (x) in the rectangular coordinates 
x and y from the point zx = a to the point x= b (a < Bb): 


= V 1+y'2dz. 


16, The arc length of a smooth curve p = f (q) in the polar coordinates p 
and is the point g = @ to the point p = B (a < §): 


i= | VIFF an 


17. The arc length of a smooth curve z = 9g (i), y = (2), represented para. 
metrically (ty < T): 


T 
=\ yrrrytae. 
to 
18. The volume of a solid with the cross-section S (z) known? 
b 
v= \ S (x) dz. ' 
a 


19, The volume of a solid of revolution: 
(a) about the z-axis: 
b 


Vy=1 \ y? dz (a < b); 
a 
(b) about the y-axis: 


=m \ «r2dy (c<d). 


20. The work performed by a@ variable force F = F(x) on [a, db]: 
b 

A= \ F (x) dz. 
a 


42—0875 
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IV. Complex Numbers, Determinants, and Systems 
of Simultaneous Equations 


4. The complex number: 2 = x-+ iy, where x = Rez, y = Imz are real 
numbers and i? = —1. The modulus of a complex number 


|z|= V2?+y?>0. 
The equality of complex numbers: 

24 — 29 <=> Re 43> Re Zo and Im 34> Im Zge 

2. The conjugate number for the complex number z = x -+ iy: 

2=r2— iy. 

3. Arithmetical operations on the complex numbers zy = x, -+ iy, and 2, = 
= Lo + le. 

(a) zy 2g = (2, + rq) + i (yy + Yo); 

(b) 242 = (xyt—_ — YyYo) + i (aye + 2ay1); 


SS SS SS ee (Z2 a 0). 


Zo | 22 |? 3 Us 
In particular, 
4 - 1 ~ - 
Rez=+(z+z), Im z= 5 (2—2), | z |? =z, 


4. The trigonometric form of a complex number: 
z= r(cosg-+ isin Q), 


where r=|z| and = Argz. 
5. Lheorems on the modulus and argument: 


(a) | 23+ 221 <<] a1 +/ zal; 


(b) | Z| =| 211 2], Arg 22. = Arg z + Arg 29; 

(c) [22 [a—lel arg tteargz,—Argzg (22 + 0); 
Zo | Ze | Zo 

(d) | 2?| =|2|", Argz*=nArgz (n integer). 


6. The root of a complex number: 
VI=V TAT (cos BEE i sin PEATE) =, 1, 2, 00,21). 


7. The exponential form of a complex number: 


z= re'?, 
where r=|z| and q= Argz. 
8. The second-order determinant: 
a, by 
D= e b, =a,b,.— Aydy.6 


9. The solution of the system: 
a,x byy=cy, \ 
aot + boy =e, 
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is given by the formulas 


D Dy , 
== » =a (Cramer’s rule), 
where 
ay OF cy by Qy 
D= 0, D,= a D,= 
Aa, bs ie Nee. Be 2 hae 


10. The solutions of the homogeneous system: 


ayx + byy+ey2=0, 
of 


dgt + bey > Coz = 
are given by the formulas 
z=D,t, y=-—D,t, z= Dsgt, 
where 
De by cy . De= a Cy < ee a, by 
by Ce a2 Ce az be 
are the minors of the matrix 
a, by cy 
a, Oy Cy 
11. The third-order determinant: 
ay by Cy 
D=||a@, be Cg ||=4,A,+5,B, 4+ ¢4C,, 
a3 bz Cg 
where 
we by Cy . picee Ay Co am A 
bs Cy Az Cs a 


12. The solution of the system 
ayxt-byy+cyz=dy, 
At + bey + Coz= do, 
asx + bsy-+c¢gz=ds 
is given by Cramer’s formulas 


gee ; po > = Pz 
D D D’ 
where 
a, by cy dy, by cy 
D=|a, be c¢cg|0, Dy=|dg be Co], 
a, bs Cg dz; bs Cg 
a; dy Cy ay by dy 
Dy=|a@, dz ¢y], D,=|a_, be del, 
az dg Cg dz, bs ds 


42* 


Cy 


Co 


(—o0 <t< + co), 


be 


bs 
are cofactors of the corresponding elements of the determinant. 


659 


660 Appendices 


13. The solutions of the homogeneous system 
a,x-+byy+c,z=0, 
a,x + boy + coz=—0, f 
0, 


dt bgy +- C32 = 
if 
ay by cy 
a, by 
D=|a, be cg|=0, O= + 0 
Qa, be 
ag bs Cg 


are found from the subsystem (see item 10) 
ayr-+ byy-+cyz=0, 
A,r + boy + coz =0. 


Vv. Elements of Vector Algebra 


1. The sum of the vectors a, b, c is the vectors = a-+ b-+ e¢, which is the 
closing line (the resultant) of a vector line with the segments a, b, e. 

2. The difference between the vectors a and b is the vector d = a — b = 
= a-+ (—b), where —b is a negative vector opposite to the vector b. 

3. The product of a vector a by a scalar k is a vector b = ka such that b = 
=|k|a, where a=|a| and b =| bj], the direction of the vector b coin- 
ciding with that of the vector a if k > 0, and opposite to it if k <0. 

4, The vectors a and b are collinear if b = ka(k scalar). 

Vectors a, b, e are coplanar if ec = ka + lb (k, 1 scalars). 

5. The scalar product of the vectors a and b is a scalar 


ab = ab cos qg, 
where 9 = Z(a, b). 
The vectors a and b are orthogonal if ab = 0. 
If a = {ay, ay, a,} and b= {b,y, by, bz}, then 
ab = Ax Dy + ayby + azbz. 
6. The vector product of vectors a and b is a vector: 
c=axXpb, 
where c | a, ec | b and c= absing (p= Z(a, b)); a, b, ¢ being a right- 


hand triple. 
If a = {ay, ay, az} and b = {d,, by, bz}, then 


i yj k 
axb= ax ay a, , 
be by db, 


where i, j, k are unit vectors directed along the corresponding coordinate axes. 
7. Mizxed product 
abe = (a X b)-e 

represents the volume of a parallelepiped constructed on the vectors a, b, e¢. 
If a= {ax, ay, az}, b= {by, by, bz}, © = ex, Cy, ez}, then 


ay Ay az 
abc = by by b, Z 


Cy Cy Cy 
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VI. Solid Analytic Geometry 


1. Cartesian rectangular coordinates of point M (xz, y, 2) in the zyz-plane are 
L=Ty, YRly, =P, 
age e 

where r = OM is the radius vector of the point M. 

2. The length and direction of the vector a = {ay, ay, a,} are determined 
by the formulas 

a=|al|=Va+ai+a?, 

_ 4x maid | pint 
cos 4=——, cos B= a? COS PHT 
(cos? a + cos? B + cos? y = 1), 


where cosa, cos f, cosy are direction cosines of the vector a. 
3. The distance between two points M, (24, yy, %) and My, (zo, Yo, 20): 


—_——> gs 
d=|M,M,t|= V (%2— 23)? + (Yo— Y1)2 + (22 —21)?. 
4, The equation of a plane] (with a normal vector N = {A, B, C} +0) 
passing through the point M, (zo, Yo, 2) is 
N-(r — rp) = 0, (1) 
where r is the radius vector of a current point of the plane M (z, y, z) and fg 


is the radius vector of the point Mg. 
In coordinates, equation (1) has the form 


A (x — ao) + B(y — yo) + C (z — 2%) = 0 
or 
Act+ By t+¢Cz+D=0, (2) 


where D = —Azx, — Byy — C2, (the general equation of the plane). 
5. The distance of the point M, (21, y,, 2) from plane (2) is equal to 


ga 4+ By t C2 + DI 


V 42+ BB+ C3 
6. The vector equation of a straight line in space: 
r=r,-+ st, (3) 


where r = {z, y, 2} is a current radius vector of the line, rp = {z9, Yo, 29} 
the radius vector of a fixed point of the straight line, s = {m, n, p} #0 the 
direction vector of the straight line, and ¢ the parameter (—oo"< t < +00). 
The equation of straight line (3) in the coordinate form: 
Z—% _ Y—Yo _—z— 


me np 
7. A straight line as the intersection of two planes is given by the following 
equations: 
Az+ By+Cz+D=0, mn 
A'x--B’y+C'z-+D'=0. 
The direction vector of straight line (4) is s = N X N’, where N = {A, B, C}s 
N’ = {A’, B’, C’}. 
8. The equation of a sphere of radius R with (zo, yo, 29) as centre: 


(x — 29)? + (y — yo)? + (2 — 2)? = R2. 
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9. The equation of a three-axes ellipsoid with semi-axes a, 6, and c: 
wee 

40. The equation of the paraboloid of revolution about the z-axis: 
x2 +. y? = 2pz. 


Vil. Differential Calculus—Functions of Several Variables 


4. The condition of continuity of a function z = f (zx, y): 
lim eee ee [f(e+Az, ytAy)—f (z, y)]=9 
x-—> 


Ax+0 
Ay7>0 Ay0 
or 
lim f (24, y)=f (x, y). 
xy>x 
yi7-y 


The continuity of the function u = f(z, y, z) is determined in a similar way. 
=a Partial derivatives of the function z = f (xz, y) with respect to the variables 
x and y: 


02 p f (x+ Az, y) —f (z, y) 
— = lin ——_——_—_—_—— 


ar ea Az 4 
5s _ ,,,, [ie yrAvi— Ie ») 
OY Ay+0 Ay ° 


3. The total differential of the function z = f (x, y) of independent variables 
x and y: 


Oz 0 
dz = Ae ae dy, 


where dx = Az, and dy = Ay. 
If u=f(z, y, z), then 


. Ou du 
a oe oy ae dz. 


4, The small increment of a differentiable function 


0z 0z 
Az & Ge S813, Aye 


2 


Ou 


5. The (directional) derivative of the function u = f(z, y) in the direction 
1 = {cos a, cos Bf} is equal to 

Ou Ou, du 

Sr = or 28 + ai cos B. 
' q Analogously if u =f (z, y, 2) and 1 = {cosa, cos 6, cos y}, then 

Ou! du ‘Ou du 

eee 7 Rates : 

a ag O83 a +. By ?cos 6 + Az C08 Y 

~ 6. The points of extremum (or more precisely, the points of possible extre- 

mum) of a differentiable function u = f(z, y, z) are determined from the equa- 
tions: 


fe (ty 2) =0, f(z, y, 2) =0, fe lz, y, 2) = 0. 
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7. The gradient of a scalar field u = f(z, y, z) is the vector 


rad u= ou Ou =| 
8 ~ lax’ Ody’ 2 


Hence 
_ f { du\2 Ou \2 Ou \2 
jerd ul= VW (35) +a) +a) - 
8. If P(x, y)dz+ Q(z, y) dy is a total differential in a domain G, then 
aP ag 
Gir Ee (x, y) €G) 


(the test for a total differential) 


Vill. Series 


1. The basic definition: 

00 N 

i in = lim >; Une 

n=1 N00 »=4 
os 

2. The necessary test for convergence of a series: if the series > Un 
n=1 

converges, then 


lim u,=0. 
n—>oco 


3. The geometric progression: 


co 


Sag t= ai if |a|/<1. 


n=1 


4, The harmonic series 
1 1 
ae ae i ee , 
(diverges). 


oo 
5. D’Alembert’s test. Let for the series > Un (u, > 0) there exist a limit 
n=1 
lim —2+1. —], 
nso Un 
Then: (a) if 1 <1, the series converges; (b) if J > 1, then the series diverges 
and u, 7* 0. 
Co OO 
6. Absolute convergence. If the series > [un | converges, then > Un 
n=1 n=1 
also converges (absolutely). 
7. Leibniz’ test. If uy, > vg Sug >... SO and v, > 0 as n> o, then 
the alternating series 


Vy — Ve + Vag — e+ ..- 
converges. 
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8. The radius of convergence of the power series 


ayo + aye + agr? +... 


is determined by the formula 


an 
an+1 


l= lim 
n> co 


if the latter has sense. 


9, Maclaurin’s series: 
f(z=f(O)+F (0) 24-4 ga 4 segce 
10. Basic functions ere into power series: 


(a) — =41+2r4+2r7+ ... +a"+ ... (|r| < 1); 


1 (0) 


arte... 


(b) N(itaye2—S4S i Fy 4 
+(—ayrt 4, a 


(c) erctane—2—S pS gy Ss 
(lzl< 
2 3 n 
(d) e®=A+2+5-+3 +... +5 +... (el <+o); 
23 x x? 


(e) sin coat a) oi 7 re | S. ancs 
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4); 


4); 


eee(—)rs Gn aa eee (| z|<-+ 00); 


x2 x4 xr 


(f) cost= 1 —S-+ a apt eee 


an 
ws H(— 1)" at one (| 21 <+00); 


(@) (1t2)™=14-m2t 2) ay, 


ei (cot) Mc Coe comer UPS a a 


4-2...97 


11. Taylor’s series: 

f (x) =f (a)+f' (a) (e —@) +—5,— (2 —a)?+ . 
12. The series in complex is ie 

dD) Untivn)= Dd) unti dD) vna- 

n=1 n=1 n=1 


13. Absolute convergence of series with complex terms. If the series 


f" Lie) 4 fe ) io (a) 


——— (7 —a)™+ oe. 


>) | Univ, |= Dy V uz v2 +A 


n=1 
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oo 


converges, then the series >) (un-+ ivy) also converges (absolutely). 
n=1 
14. Euler’s formulas: 


efX = cosx+isinz, e'* = cosxz —isinz. 


15. The Fourier trigonometric series of a piecewise smooth function f (x) 
with the period 21 has the form 


f (@= 3+ > (an cos = +b, sin — ), (1) 


n=1 


whefe 


(the Fourier coefficients of the function f (z)). 
For the function f (z) with the period 2x we get 


f (x)= + >) (an cos nz+b, sin na), 


n=1 
where 
IU 
Qn\_ 1 cos nx a 
f= | r@ {oem dx  (n=0, 4, 2, ...). 
— J 


At the points of discontinuity of the function f (x) the sum of series (1) is equal to 
S (2) = Uf (2—0)-+F (2+). 
16. If a 2/-periodic function f (x) is even, then 
NUT 


f (=P + >) an cos, 


n=1 


where 


ANL 


l 
an = | F @) cos — dx (n=O, 1, 2, ...). 
0 


If it is odd, then 


oo 


f (z)= > b, Sin = ‘ 


n=1 
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l 
— \ f(z) sin = dz (n=1, 2, ...). 
0 


IX. Differential Equations 


1. The differential equation with variables separable 

X (x) Y (y) dz + X, (x) Y; (y) dy = 0 
has the general integral 

X (x Y 

| erat) ype ~ 
Special solutions not entering into integral (1) are determined from the equations 

X,(z) =0 and Y(y) = 0. 

2. The first-order homogeneous differential equation 

P (x, y) dx + Q(z, y) dy = 0, 


where P(x, y) and Q(z, y) are homogeneous continuous functions is solved 
with the aid of the substitution 


y = ur 


{u new function). 
3. The first-order linear differential equation 


a(x) y’ + b(z)y+c(z) =0 
can be solved with the aid of the substitution 
y = wv. 


( Integrable cases of a second-order differential equation: 
a) if 


y" = f (2), 
then the general solution 
y=\ ae | f(a + eyes 
(b) if 
y” = f (y), 
then the general integral 
d 
V2\f)dyt+ C. 
(c) if 
y” =f ly’), 
then the general integral of the equation can be found from the relation 
dp 
Bed ae C1, 
\ oyrete 


where y’ = p. 
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: The cases of reduction of the order for a second-order differential equation: 
a) if: 


y” = f(z, y’), 
then, putting y’ = p, we get 


Hie, P); 
(b) if 


y" = fly, y’), 
then, setting y’ = p, we shall have 


pat, P). 


6. The general solution of a second-order linear homogeneous differential 
equation 

y" + p(z)y’ + q(z)y =0 
has the form 

y = Cy + Code, 


we y, and y, are linear independent particular solutions. 
The general solution of a second-order linear non-homogeneous differential 
aie 


y" + p(x) y’ + a(x) y = f (2) 
has the form 
=yt,, 


where y is the general solution of the corresponding homogeneous equation 
and z the particular solution of the given non-homogeneous equation. 


8. 
Table 1 


General Solutions of the Homogeneous Equation y”-| py’ -+-ay=0 (p and 
g constants) Depending on the Roots of the Characteristic Equation 


The roots ky and kg of the Ge : 
characteristic equation are eneral solution 


real and distinct y= Cye"* + Coet2* 
equal: 


ky =k y=(C,+Cgx)e"* 
complex: 

k,=a-+ if y =e** (C, cos Bx-+C, sin Bz) 
and : 

kg =a— if 
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D5 
Table 2 


Particular Solutions of the Non-homogeneous Equation y”-4- py’ + qy= 
—f (x) (p and q constants) Depending on the Right Member f (z) 


No. Right member f (x) Cases Particular solution 
f (x) =aem™ 1) m?+pm+q # 0, z= Ae™*, 
, (a, mconstants)| 2) m?+ pm+q=0 z= Axe™x 
or 


z= Ax%emx 


f(r)=Mcoswox-+] 1) p?+(7—w?)? = 0,| z=A cos wx + 


-- NV sin wx +B sin wz, 
oe (M, N, wo con- | 2) p=0, q=o? z=2(Acos wr-+ 
stants; w = ()) +B sin wz) 
f (x) =azx?+ 1hq¢# 0, 2=Azx?+Azx+C, 
Ill +bz-+c 
(a, 6, ¢ con- | 2) g=0, p+#0 z=2 (Az?+ Br+C) 
stants) 


A, B, C constant coefficients. 


X. Line Integrals 


1. The line integral of the first kind of a continuous function f (zx, y) taken 
over a piecewise smooth curve K: x = x(t), y= y(t) (t€[a, BJ) is equal to 


B 
|e, nas=[ Few, yO V FOTO I atl. (1) 
) 


a 


If the curve K is given by the equation y = y (z) (a <2 <b), then 


b 
\ f(z, y)ds= \ f(z, y(2)) V 1+-y'2 (2) dex. 
Kk a 


The line integral of the first kind for a space curve K is determined in an 
analogous manner. 

If f(z, y) is the line density of K, then integral (1) represents the mass of 
the line K 

2. The line integral of the second kind of a pair of continuous functions 
X (z, y), Y (x, y) taken along a piecewise smooth path K: c= 2 (t), y = y (t) 
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(t € [a, B]) is determined by the formula 


B 
\ X (x, yds +¥ (2, y) ay= | [X (x(t), y (t)) 2! (t)+ 
K a 


+ Y (x (t), y (t)) y’ (t)] dt. (2) 
If the path K is given by the equation y = y (z) (x €[a, 5]), then 


b 
| XC vde+y (2, y)ay= | (XC, v@)+Y¥@, y@)y' @lae. 
K a 


The line integral of the second kind for a space curve K is determined in 
a similar way. 

Physically, integral (2) represents the work performed by a variable force 
F = {X (zx, y), Y (zx, y)} along the path K. 

3. If the condition 


X (x, y) dx + Y (a, y) dy = dU (z, y) 
is fulfilled, then integral (2) is path-independent and 


\ X (a, y)dx-+Y (2, y)dy= 
K 


=U(e, WIOP YAU (ea, H)—U les ws ©) 


where (z,, y,) is the initial point and (z., yz) the terminal point of the path. 
The physical meaning of integral (3): the work performed by a force having 
the potential U (z, y). 


X!. Double and Triple Infegrals 


1. The double integral of the function f (z, y) over the domain S is defined 
as the number 


n 
\ | fe, was=lim >) fer, vi) dS, (1) 
S sae ae 
where (z;, y;) € AS; (i = 1, 2, ..., ) and d is the maximum diameter of the 
cells AS;. 


If f(z, y) > 0, then, geometrically, integral (4) represents the volume of 
a right cylindroid constructed on the base S and bounded from above by the 


surface z = f (x, y). 

2. If the domain of integration S is standard with respect to the y-axis and 
is defined by the inequalities a<x<b, y;(z) Sy < yg (zx), where y, (2), 
y, (x) are continuous functions, then the double integral in rectangular Cartesian 
coordinates of a continuous function f(z, y) is expressed by the formula 


a Yo(X) 
\ \ re, y) dx dy = | 2 \ fle, Way. 
S b Y1(x) 
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3. The double integral in the polar coordinates p and r, where 
x=rcos9, y=rsinQq, 
has the form 


\ J re, yas = | [ f (rcos g, rsin g)rdg dr. 
S Ss 


If the domain of integration S is defined by the inequalities ce << @ < 8, 
ri (p) <r<re (gq), then 


Braz (@) 
| | fe y) ds = | dep | rf (rcos @, rsin @) dr. 
8 @ 119) 
4. If p = f (x, y) is the surface density of the plate S, then its mass is 
m=\\ o(e, was=\ \ paray (2) 
Ss S 


(the physical meaning of the double integral). In particular, for p = 1 we obtain 
the formula for the area of the plate 


s=||as= | | aray. 


v 


S S 


5. The statical moments of the plate S about the z- and y-axes are expressed 
by the respective integrals 


Sa | [ ey dS, Sy= | | ox dS, 
"Ss 


¢ 


where 9 = f(z, y) is the surface density of the plate S. 

6. The coordinates of the centre of gravity of the plate S are determined by 
the formulas’ 

Sy Se 

tp = ree Yor are (3) 
where m is the mass of the plate (see (2)). 

For a homogeneous plate we may put ep = 1 in formulas (2) and (3). 

7. The moments of inertia of the plate S about the z- and y-axes are expressed 
by the respective integrals 


2 | \ py?dS, y= \ ox? dS, 
“Ss “Ss 


where 9 = ¢ (z, y) is the surface density of the plate. 
8. The triple integral of the function f(z, y, z) over the domain V is the 
number 


\ \ \ f(z, Vy 2) dV =lim > f (zi, yi, 23) AVi, (4) 
Vv ae 


where (z;, y;, 2;) € AV; (i = 1, 2, ..., m) and d is the maximum diameter 
of the cells AYV;. 
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If f(z, y, z) is the density at the point (z, y, z), then this integral repre- 
sents the mass filling the volume V. 
9. The volume V of a solid is equal to 


at aide PB ance tan 


10. If a domain of integration V is defined by the inequalities a<z< b, 
Wi (zt) Sy Kye (x), % (x, y) M2 < 2y (x, y), where y; (x), 2; (x, y) (i = 4, 2) 
are continuous functions, then the triple integral in rectangular coordinates 
of a function f(z, y, z) can be computed by the formula 


y2 (x) z9 (x, y) 
\ J { f(z, y, z)dxdydz= | dx dy \ f(x, y, 2) d2. 
v rr e 


a yy (x) z1 (x, y) 


XII. Probability Theory 


1. The sum of two events A and B 
A+B=AUB 


is understood to be an event which occurs if and only if at least one of the 
events A and B is realized. 
2. The product of two events A and B 


AB=A(B 


is understood to be an event which takes place if and only if both event A and 
event B are realized. 
3. The probability (in the classical sense) of event A 


P(A)=— (0 P(A) <1) 


is the ratio of the number m of equally possible elementary outcomes favourable 
to event A to the number » of all only possible and agilally possible elementary 
outcomes. 

4. The probability of an opposite event: 


P (A) = 1— P(A). 

5. The addition theorem for two incompatible events A and B: 
P(A + B) = P(A) + P(B). 

In the general case 

P(A + B) = P(A) + P(B) — P (AB). 

6. The multiplication theorem: 

P (AB) = P(A) Pg (B), 


where P,(B) is the corresponding conditional probability of event B. 
If events A and B are independent, then 


P (AB) = P (A)-P (B). 

7. The formula for total probability: 
n 

P (A) = S) P(H) Py, (A), 


i=1 
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where Hy, H., ..., H, is a complete group of hypotheses; 


3 


A= SA, HiyH;=O for i+j, P(H;)=1. 


i=t 


Ded 
oe 
> 


8. Bayes’ formula: 


P (Hj) Py (A) 
Pag (Hj)= - 


PG) Pa) 


Tl Iip4s 


j 


Cb he 2. es : where H,, Ho, ..., H, is a complete group of hypotheses, 
9. The basie formulas of combinatorial analysis: 
(a) the number of distributions of n elements m at a time: 
n! ‘ 

(n—m)! ’ 

(b) the number of permutations of n elements: A? = nl; 

(c) the number of combinations of n elements m at a time 

— n(n—if)...[n—(m—1)}  __ n! 


m _ cater celine 
o.= m! ~ mi (n—=my)! ° 


A™=n(n—1) ...[n—(m—1)]= 


10. The binomial formula: 
(q+ p)™=gr?+ Clq p+ Cign-*p2+ ...+pme 


44. The binomial distribution law: under the conditions of the Bernoulli 
scheme the probability of the occurrence of event A in n trials exactly m times 
(0<m«<_n) is equal to 


| 
— fm p™ gna | n—m 
Py (m)= Ch m! (n— my)! p™ q ? 
where P (A) = P (A) = q = 1—p in a single trial. 
12. The Pane local formula: 
12 
4 ae 
P Le crea ——— «I 
n(n) V 2nnpq 
4 
(see item 11), where 0 <p <1, q=1—p, t = (npq) 2(m — np)e 


143. The Laplace integral formula: 
P (my Gm < mM.) & Do (tmo) — Dy (tm4)s 
where 


ee , x a 
2 
tm=(npq) 7 (m—np), Do (z)= \ og: 2 a 


14. Poisson's formula: 
wm 
Pr (m) ae eh. 


where = np, the probability p being small. 
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15. Mathematical expectation of a discrete random variable X ={z, 2,... 


n 
-+ Zn}, Where p= P (X=2;)(i=1, 2, ..., n), >) pi=t1, is 
i=1 


nr 
M (X)=) xipi. 
i=1 
Its Lasic properties: 
(4) M(C)=C; 

(2) M(X+ Y)=M(X)+M(Y); (4) M (CX) = CM (X); 

(3) M(X —Y)=M(X)—M(Y); (5) M (XY) = M(X) M (Y) 
(X and Y independent). 

16. The variance of a discrete random variable X: 

D = M {[X — M (X)}} = M (X2) — [M (X)P. 

Its basic properties: 

(1) D(C) = 0; 

(2) D(X t+ Y)=D(X)+ D(Y) (X and Y independent); 

(3) D (CX) = C2D (X). 

17. For the binomial law of distributions of the number of occurrences X 
of event A in n trials we have: 

(1) P(X = m) = CHp™qr-™ (m= 0, 1, 2, ++, 2”), 
where p = P(A), q= P(A); 

(2) M(X) = np; (3) D(X) = npq. 

18. For a continuous random variable X we have 

(a) distribution function 


Ie 


x 


O(z)=P(—w <i X<z)= \ @ (¢) dt 


(—oco < x <_-++0o), where @ (z) is probability density; 
(b) mathematical expectation 
-++00 
M (X)= | 29 (2) ae: 
(c) variance 
+00 
D(x)= | [2—M (X)}* 9 (2) ae. 
19. For the normal law of distribution of a random variable X the proba- 
bility density has the form 
_(x—Xn)? 


2 
e 20 


a ae V 2x 
where zp = M (x), o= V D(X). 
In this case 


b— xo a—Zo 
P (a<2<t)=0 (“S**) —o, (=*), 


where ®, (z) (see item 13) is the standard integral of probabilities, 
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Answers 


Chapter 1 

2. (0, 0), (10, 0), (5, 5 V3). 3. (a) M(1, —2); (b) M(—4, 2); (c) M (2, 4); 
(d) M re ae 4. A, (8, 4), a - 0 L1=6, cm Lye=V, YoU. 
6. C(25, 6} 7. B (A, 8). 8. a V2. 9. (4,3). 10. (15, t) 44. = 
=rotih, yx=Yotik (t=1, 2,..., n—1), where h= “— "0 and k= : 


1 
12. 12. 44. y,= 10, Yoo — 9. 15. > ha. 


Chapter 2 


1. y= 22 and y = —2z. 2. Sr + y+2=0. 3. A circle: 2? + y? = 4, 
4. (a) A collection of coordinate axes; (b) the origin (0, 0); (c) a pair of straight 
lines parallel to the y-axis and lying on both of its sides at a distance equal to 
unity; (d) a pair of straight lines parallel to the z-axis and lying at distances 
equal to 1 and 2 from it; (e) a collection of the bisector of the first and third 
quadrants and y-axis. 6. Points A and B lie on the curve; points C, D, and E 
do not lie on the curve. 7. (0, 2), (—1, 0), (2, 0). 8 (2, 2) and (—2, —2). 


Chapter 3 


2. y=0, y=2V3, y=V3(2+5), y=—V3(x—5). 3. z—3y4+9=0, 
32ty—13=0. 4. 12¢+8y—15=0. 5. x+2y=0. 6. 7z—2y—1=0, VY 53. 


74 
7. Tz+8y—11=0, Vit 8. 6z-+5y—96=0. 9. ety—7=0. 10. y= 


=0.42—5; 25m, 150m. 411. (a) z= 305, y= 2145; (b) no point of intersection, the 

Jines are parallel; (c) z=t, y=2t, where ¢ is arbitrary, the lines coincide. 
= ake akiks 

12. y=«x. 13. (—4, 0). 44. a es ok, , where k=tana and ko = 


1 
=tanf. 45. (15 ,1) . 16. 13. 17. 2,1, 0. 18. 6, 4. 19. 7. 20. 8e—6y— 15=0, 


3" 7 
82— 6y+25=0. 21. y= Zt and Y= 9] ¢: 
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Chapter 4 


1. (a) C(—4, 0), R=5; (b) ePpy%=2e; (0) Pt+y*@—z—y+7=0; 
(d) 22+ y2—42—8y+7=0. 2. 52—72+13=0; + Vi. 3. — 
4, a=2Y 2, b=2, c=2, F (2, 0), F’(—2, 0), e= es 5. (a) oe ooh 
() = 4+ Ha, (c) mot ag H164.7.@)a=2b= 2 c= >, F (25, 0), 


; 1 a ae 150 D 
F (—25,0) ,» €= 1.25; (b) Teo 1: 8. Vai 2G, 7-10. Fi Fe= 


ot 


7 5 
=5YV2. 144. -xety=10. 12. 3 - 13. y2= 202. 414. (0, 1); y= —1. 15. 7.5 cm 


2 
from the vertex. 16. 24. 17. y=1+—. 18. yy=222, 2=2—2, yxy +3; 
0; (2, ree 19. yy= — Zz}, zy=7r—2, yy=y—1; O, (2, 1). 20. yj=2y, t= 
1 
S=t— Py y— as OF 4» 2d a4 h,;=9m. 


Chapter 5 


2.A(5, 0), BIZ VY 2,3 7 2), CO, 2), D(—2yY 2, —2Yy 2). 4. (a) p=sec g; 
(b) p=—2 cosecg; (c) e=> and o=—— Es ; (d) m=arctan 2 and g= 


Pp 
=ma-+arctan 2; (e) p=sec (o—F) ; ; (f) p=5. 5. o= cos (p—a) . 6 xc? 
-+y*=az; a circle with centre at point c( 5, 0) of radius r= 7. p= 


zt yp z2 oy 
=2x2+1 (parabola). 8. tp =! (ellipse). 9.73 —>ja =1 (hyperbola). 
10. y*?=416z (parabola). 14.505, (— 305, — 405). 


Chapter 6 


1. y= bx (1-3) 0<2 <n). 2. (a) x >2; (b) |x|>1; (c) O< ex; 
(d) z>—1. 3. f(O)=2, F(1)=0, f£(2)=0, £(83)=2, f(—z)=22432+2, 
1 1—3z-+ 2x 
j(—)=— SE te z+ 1)=22—-z. 4, —1.25. 5. y= 2x—10. 6. f (x)= 


x2 

5 4 
=x2-+2x—3. 7. @ [tp(x)]=22%, p [@(xz)]=2*". 8. fif(z)]=1—- J; Hf (f(z) ==. 
9. (a) rt, ; (b) c=7/1—y8, x=2 Arcsin y. 141. xy= —1.88; xg=0.35; 
Ly = 1.53. 12, 4.49. 13. 1.8796, 0.6928. 
43* 
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Chapter 7 
4 
4. (a) ie (b) —wxrx<0, 6S r4<+ 00; (c) g<r<i,1< 
abrid = ce —2<2r<—1, 1<2r<2. 2% 0.4%. 3. Two. 4. (a) 0; (b) 4; 
1 
J—> . 2 (a : (b 6. 0. 7. 5. 8 a. 9. cosa. 10.2. 41. lim z,= 
(c) (a) = (b) a ) fea 


= — ~; lim zg= 00. 13. 1. 14. 0. 15. e71. 16. e%. 17. e72. 18. em! 


u>Q 


Chapter 8 
1. Ax = 90, Ay=1. 5. —1, —2, —3. 6. = +5 (n= 0, +4, +2, ...). 
OO eT. ae 2 4 ae Siw Oe > 10. 2. 14. (a) x = 0, a point of discontinuity 


of the first kind; (6) x = 1, a point of discontinuity of the first kind; (c) x = 0, 
a point of discontinuity of the second kind. 


Chapter 10 

1. (a) y’=6x—1; (b) f’ (2) = — 2/23, f’ (1) = —2, f’ (—10) = 0.002. 2. y’= 
= 4 ee ee ee puetne 
Ya Va! eye!" Age ORY Siig tape OU =e Ore ce, y= 


= (32 -+ 1)/2 V cz. 7. y' =z? cosz+2zrsinzg. & y’=—2z/(1+22)%. 9% y= 
2(4-+ x?) 2 


— ‘= e ‘= i e e ‘=9 2, 
=Gaae . 10. y (ine cosa)i 414. y’=sin2z. 12. y x COS x 
13. y’=——sinzcos—. 14 ‘= —— x? Eee 15 Pape ae 
n= Si, Oe fre ge ed gp Ne ae 
eno , 2inz Pee Bo oun 37 Ie ieee 
16. y =a ey a 18. y a ~ 19. y rn . 20. Y =ner + 
x 
25 
+n*Inn, 21. y’ = —2zxe~*", 22. y= => e*, 23. y= TE ; 24, y= 
js 1 ee 16 cos 2x 
TVET if |2|>1. 25. Yy ~~ . 26. y= sin® 2x 
1 —— 1 
gs Se e _——e ® s— —— 2. e —— eS 
27. y’ Tis 28. y 7s 29. y’=Vi—z 30. y a 
31. y= 224. 32, y= Z—. 33, (a) yaaa (b) y’ = —3. 34. (a) y’, 
x— 2y xz— y? , a 


=—=. cot t (b) yah eat (c) yx=—i. 35. (a) y’ " — (442 — 2) e—*"; 
(b) y"=—4sin2z. 36. y"=—14/22. 37. y"=(22?—4r+-2) e-*, 38. f(0)=—14, 
f’ (0)=0, f" (0) = —9. 39 (a) y= 422—16; (b) y=u—z; (c) r—4y+8=0. 
40. + ae =1. 4. y= +° (20—2x). 42. (a) y= —z; (b) 4e+y—36=0; 
(c) 4a-+3y=0. 43. 40n m?/s. 44. ~0.8 m/s. 45. v=a+fPt, j=fP. 46. v= 
=1—cost, j=sini. 
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Chapter 11 
3. (— 0, 2), (2, -+ 00). 4. (— co, — 1), (—1, 1), (1, ee 3. (— 0, 1), 
(1, -+ 00). 6. : 4. Ins. 8. 3 9. —-. 10. O. 11. 0. 12, —. 13. 2. 44. 1/2. 


15. 4. 16. 1/e. 17. 1. 18. x=a/2, y=a?/4 (max). 19. c=1, y=1/3 (max); c=3, 
y=—1 (min). 20. c=1, y=1 (max); c=—1, y=—1 (min). 21. x=1/2, 
y = 3/2 (max). 22. x=1/2, y=1/2e (max). 23. Sides of rectangle: aY2 and 
aV 2/2. 24.aV 2, bY 2. 25. Altitude of cone is 4a/3. 26. a/6, 2a/3, 2a/3. 
27. x=1/3, y=2/27. 

28. Domain of definition: —oo<ar<+oo; lim y=-+o, 2 y = —0o, 


x-— co 


—> + 00 
Odd function. i points of discontinuity. Points of intersection with the 
coordinate axes: (— V3, 0), (0, 0) and (3, 0). Extremum ee Ymin= 


= —2 for ee and Ymax=2 for x=1. Inflection point (0, 
29. Domain of definition —o<4r<+ 00; lim y= lim, y= +00. 
x — 00 x>-+ 


Non-negative function. No points of discontinuity. Zeros of function: t= 0, 
and x,=2. Extremum points: ymin=0O for c=0, and t=2; ymax=1 for 


4 
=41. Inflection points: (i-¥3 ; =) an d (4 + —— i ; =} . 
30. Domain of definition: —-co< xr<+ oo; lim y= a0 y=1. Even 
x—+ — co —>+00 
function. No points of discontinuity. Zero of “function 0. Extremum 
ee | 
point ymin=O0 for «=O. Inflection points: (+ ard ' =). 
31. Domain of definition: —o <2<0 and 0<r<-+o; lim y=—o, 
x->— co 
lim y=—o, Re y=-+oo, lim y=-+oo. Odd function. Point of discon- 
x>—0 ++0 Xx > -- 00 
tinuity <=0. No zeros; the function is negative for z< 0 and positive for 
z>0. Extremum points: ymax= —2 for c=—1 and ymjin=2 for r=1. No 


points of inflection; concave downward for «<0, and upward for zx>0. 
32. Domain of definition: —o <2 << —1and—1<2<-+o0; lim y= 


= 4, lim y = +o, lim y = —oo, lim y= 1. * Point of 
x+—1--0 x>—1+0 x > + 00 
discontinuity « = —1. Zero of function z = 0. No extremum points; the func- 


tion increases in the intervals (—oo, —1) and (—1, +00). No inflection points; 
concave upward for z < —1 and downward for x > —1. 
33. Domain of definition: —o <2< —2, —2<2<2 and 2<2< 


< +00; lim y=0O, lim y = —oo, lim y = +o, 
x» —00 x+—-2—0 x>+—2+0 
lim y= +0, lim y= —o, lim y=0. Even function. Points 
x+2—0 x+2+0 x > + 00 
of discontinuity: x, = —2, and z, = 2. Extremum point ymin = 2 for z = 0. 


No inflection pote: concave downward for « < —2 and zx > 2; concave upward 
for —2<24< 2 

34. Domain of definition: —oo <7 es lim y= -—oo, y(1) = 0. 

xo CO 

No points of discontinuity. Zeros of function z; = 0 and z, = 1; the function 
is negative for x < 0 and positive for x > 0. No points of discontinuity. Extre- 
mum points: ymax = 43x 0.38 for z= = and Ymin= 0 (boundary) for 
z= 1. No inflection points; concave downward. 

35. Domain of definition: V<z<1; lim y=-+oo, y (1)=0. Discontinuity 

x>+0 
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point z=0. Zero of function t=1; the function is non-negative. Decreasing 


function; boundary minimum y=0 for z=1. Inflection point & ; a) 
36. Periodic function with period 21; y (0)=y(2n)=1. No points of discon- 


tinuity. Zeros of function: z= and t= . Extremum points: ymax= 

=YV2 for z= and ymin=—YV2_ for =2n . Inflection points: 
3m 75 

(+. 0) and (+, 0). 


37. Domain of definition: 0 <az<-+o; lim y=Oand lim y= 


x++ 0 Xx» +00 
= +oo. Removable singularity z = 0. Zero of function z = 1; the function 
is negative for 0 <x <1 and positive for 1<2z<-++oo. Extremum point 


Yimin = — — © —0.37 for <= No inflection points; concave upward. 


Hint. Using 1’ Hospital’s rule, it is proved that as N — -++oo the number N 
increases slower than its natural logarithm, i.e. 


lim ay =(). 
N--+00 N 
Therefore 
1 
=) 
lim y= lim zlnz= lim ———~=0. 
x>+9 x +0 x~+0 1 
x 
38. Domain of definition: —wo<r<+o; lim y=—oo, lim y=(0. No 


x>~ x> + CO 
points of discontinuity. Zero of function z=0; the function is negative for 


x<0 and positive for z>0. Extremum point Ymax = = © 0.37 for += 1. 


Inflection point { 2, =) , where = ~ 0.27. 


2 2 
Hint. To find the limit lim : y, take advantage of the hint to the pre- 
ceding example. Namely, eee 
lim y= lim zxe~*= lim — lim sl Pr 
x7 +00 x +00 x++00 & x— +00 
39. Domain of definition: —o <2z< +o; lim y=—o, lim y= 


Xf 00 x = 00 
= +oo. Odd function. No points of discontinuity. Zero of function z = 0; 
the function is negative for z < 0 and positive for c > 0. No extremum points; 
an increasing function. Inflection point (0, 0); concave upward for z < 0 and 
downward for z > 0. 


Chapter 12 
4+ 


. x ax 
1. dy =6zdz. Ze dy=xcoszdx. Je dy= Gat 4. i RET oer 
ax 


5. dy=——. 6. dy=2edz=2(2—t+1%)(—142i)dt. 7 (a) Ay=4, dy=2; 


(b) Ay=0.211, dy=0.2. 8. 30.301 m?, 30 m3. 9. (a) 0.983; (b) 0.495; (c) 0.795. 
10. Ay=0.07. 11. dy= —2zxe—*" dx, d®y = (422— 2) e~** dz?. 
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‘Chapter 13 
x3 3x? 1 Fe 3 12 
4; tape 2. x«—2ln|z PSG wie Te 3VR = 
3 2 (ab)* COS 32 sin 298 
= gee, hs ee Tea oe nae ee ee ar era 
1 VBt2V3 | 
6. tanz—cotx+C. 7. — arctan ——+C. 8. In | ———— |] + C 
e | me ya~ 2V6 | V2-2V3 x 
7 aresin ( V +)+e. 10. arcsinz+In (2+ VY 1+22)+C. 11. —a+ 
| ad 2 
+tanz+C. 12. in (1+ 2?)+C. 13. _4 V 2—32+C. 14. —(2+)— 
—In|i—az|+C. 15. x—arctanz+C. 16. >In ote —r+C. 17. 2+ 
+In (1+ 22)+C. 18. In ts +C. 19. |= 5|+¢. 20. 24 sin 102+ 
+C. 21. - cos 82 ++ 5 : 7 cos br-+C. 22. + sin 20 +1 sin 82+ C. 


5 
Bigg? 2 (c—1)°+C. 24. 2 z—2In (14+ /z)-+C. 25. 


Vi-# 
+C. 26. c—In (1+ 2e*)+C. 27. x arctan s—> In (1-+27)+C. 28. Eee 
2 
—-+¢. 29, —xcosz+sinz+C. 30. (r—1)e*+C. 31. ae ee. 


4 3 { 
32. 2 2 2 x C. 33. comune r t — GC. 34. ac x 
(x r+ 2) ex+ Vi ~ arctan (2 |/ >) + 4 STEN 


zy 5— 4 a 2 22+ 4 
X In zV8+V2 ve +e. 35. > arctan +C. 36. V3 arctan Wa C. 
22—3—Yy5 : fats [> 
37. — In| 28 V9 I, 38, , 
V5 "| 22-34V8 4+ 38. 75 In| FTG | +e. 99. m- E+ 
40. ee eee eee eer AA. SV Gate. 


+C. 44. Inject V 2?—2|+C. 


42. = V (ec +129—4V2+1+C. 43. arcsin 75 
45. n rt+o+ V x2-+ 2 


+C. 46.  arcsin 75 unre A 47, In|x+2+ 
+Y 2t+42+3/+C. 48. — cost 240. 49. gig sin de C. 


50. ‘—cos ot cost aC. of. Fatt sin 20+ a sin 4r+-C. 52. = cos a— 


Pree Dd. tan 2+ tan 2-+C. 94. —(r?-+27-+-2) e“*+C., 


55. (x23) ex-+-C. 56. i 


cos 2r-+—- sin 2e-+C. 57. wet (3 sin 32— 


se arccotz-+C. 59. 2x (In?2—2Inz+2)+C. 


—2cos3z)+C. 58. st 
60. x arcsinz+ VY 1—2?-+C. 
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Chapter 14 


1, 2.2.0.2. 3.4. 4. 4.5. 5. (a) e¥?; (b) —e*?. 6. 13/6. 7. (a) —mx; (b) —en-2. 
8. (a) a; (b) m/2. 10. (a) 4; (b) 22/3; (c) 2n/3Y 3. 


Chapter 15 
1 ‘ 4 : 2 { 
1. 3 e 2: a In 2. 3: 3 ° 4. ta ° 5. 4. 6. 2 ie 7. 5 = 8. —_ In2 ~ 0.56. 
4 3 1 1 ma 
( — =" 2 ar ar a 2 yaw, e ° ele e e 2. e 
), 21. 9.1. 3 wa*. 10. 17. 11. Zz +1) + 2.10. 11.1. 8a. 12. a?. 13 Z 


14. — V tm. 15. 8a. 16. [AB +ab+(4+a) (B-+b)}. 17. 4nR3/3. 


18. 160/15. 19. 12/2. 20. 2m. 24. 640/15. 22. ma2h/2. 23. 2m. 24. 25 m; 2.5 m/s. 
25. 25 cal. 26. 2qol/n. 27. ~ 17400 J. 28. 23/3. 


Chapter 16 


1. z= —F(i+ i Y 3). 2. (a) Vertical strip; (b) half-plane; (c) angle; 


(d) interior se a unit circle. 3. The represented domain is a curvilinear triangle 
bounded by the curves: W@=4(1—u), W@=4(1+ 4), and v=0 (w= 
= u + iv). 


Chapter 17 


eh) 1; (b) 4. 2. 2 = 280, y= —310. 3. 1) z= t, y= 1 —t(—wK< 
< -+oo) for a = 2; (2) no solutions for @ + 2. 4. r= (5 — 3ay/(25 + a), 


ym 18/25 a), ifa 4 —25: for ~ = —25 the lines are parallel. 5. x = 391, 
ee z= Bt (—wo <t < +00); z= 39, y= 23, z= 6 for t= 1. 
6. (a) 0; (b) 12; (c) 23. 7. 2, = —1, zy = 2. 8. D = 84, Dy = 14, Dy = —84, 
D, = 70; rpyys tz 2. 8 2 = 17, y= yo “1 (om < 


<t<-+t+oo). 10. x=0, y=0, z=0 fora+0; y= 
(—o0 <t<-+oo) for a=0. 11. 21 = B5/L27 0. 1331. a 948/127 = 
oe —1.9528, 2, = —183/127 ~ —1.4403, 2, = —70/427 ~ —0.5512. 


Chapter 18 
qt 27 Tt mt 7 
{ a= 2; eS at B= ca 2. F=10; a xz P 0 ion a 
3. 7 ~ 4.20.5 S=8 V3; cos p=>, sin p=— Y 3. 6 Noncoplanar, 


Chapter 19 


1. (a) A combination of the coordinate planes Oyz and Ozz; (b) a combi- 
nation of the coordinate pas Oxy and the bisecor plane of the dihedral angle 
between ie coordinate planes Ozxz and Oyz; (c) a pair of parallel planes y = —2 
and y = 1; (d) a parabolic cylinder; (e) a straight line parallel to the z-axis; 
(f) the Sees plane Oyz; (g) the z-axis; (h) the point O (0, 0, 0). 2. p = 4; 
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a= 60°, B=120°, p= 45°. 3. stoi. 4. 2=3. 5. 1.34. 6. 60°, 120°, 


135°. 7. (0, +, 0); (—1/3, 0, —2/3); (0, —4/2, 0). 8 2?+y2+22— 


—4zr+4y—2z=0. 9. xz=Reosacosg, y=Reosasing, z=—R sina. 

a a ee = ; /3. V3. AE C08 Ny 29 2 St bg 
10. a=2, b= V2, c=2/Y3. 11. 3 3/2, V3. 12 pani ene 
ee a©rccos 


ae Es El 
bb’ V a+b? 


; e2t+y2=—a2, r=acos P 5° 


; y=asin 


Chapter 20 


1. (a) A strip | y | < 4; (b) exterior of the circle x? + y? > 1; (c) half-plane 
z+y>O. 2. (a) Parallel straight lines; (b) straight lines passing through the 
origin excluding this origin; (c) hyperbolas whose axes coincide with the coordi- 
nate axes Ox and Oy; (d) parabolas with a common axis Oy. 3. (a) Parallel planes; 
(b) circular cylinders with a common axis Oz. 4. (a) du = 2 [(x — y) dx — 


“Gigi ja. Oa ou 


2 2lylpvu  ~—— al 
(x? + y2)° 
1 3 1 3 
=2cosa—sina, 2, —=, —1, ——=—, —-2, ——=-,1, -—<—, ; 
V2 V 2 V2 V2 
= 2 12 
| grad u(M,) |=Y 5. 6. | grad u(A) | + 50.5°/km. 7. (a) z ; = Pa aia ; 
Ox 4Y sin? x 
ju 1 fw 2. (b) 07u =, Ou d2u Oxy Au 1 
oxdy yy’ Oy? =~ = y?”’ ox® —” «so Gy2— ss z®—a Oe Oy?’ 
tu y Cu ar, (c) eu —1 Cu 2y 
Q@x0z2 0 23 ° oydz 2’ Ox2 (x+y2)2 dxdy = (x + y?)2 ’ 
0tu  2(x— yy?) (a) dtu au Otu 2y 
dy? (a+ y?)? ' 0x2 gg 8/g2’ Oxdy —* dy? —— (1-+-y?)? * 
9. 24.8 N/dm? + 2.6 N/dm3. 11. e=y=z=j/a. 12. Dimensions of parallele- 
: 2a 2a a : . : 2r V2 
iped: ——, ——, —-—. 13. Dimensions of parallelepiped ; 
Ce Ve Va eee 
zal v2 ; = 14. y=198.77—5.06z. 15. 2? ~ 62 — = - 16. minu=0= 


=u(—0.6, —0.8); max u=10=—u (0.6; 0.8). 


Chapter 21 


1. Diverges. 2. Diverges. 3. Converges. 4. Converges. 5. Diverges. 6. Con- 
verges. 7. Converges. 8. Converges. 9. Diverges. 10. Converges. 11. Converges. 
12. Converges. 13. Converges. 14. Converges. 15. Diverges. 16. Converges. 
17. —1<7<01. 18. —wocxr<to. 19. c=0. 20. —1<024<3. 21. ax¥= 

x? In2@ , 2x2 23x4 
=1+2In a a (—co <r<-+ 00). 22. sin? z= ——- — ——_— 

9576 


44—0875 
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1-3 3 —x? 2 
T+ ag7g (@— 1) +...0< HF <2). 24. e =1—2z agp ee ~(—ocmr< 
or* 2a* 
<-+oo), 25. Hint. cos = 5 (1+ cos 22) cos? 2=41— Ti ae a 
5 6 
1 - 1-3, "1.3.5 : 


2 3 
28. (a) 1.649; (b) oe (c) 1.037. 29. 0.5450. 30. f(z) 2-4. 


<x<i). 27. 


x sin x sin 2x sin 3x m2 
=—_ ars —s eee as ‘ 2— er ale 
31. (a) 5 ] z + 3 (—n<2< 1); (b)z 3 
COS x COs 22 COS 3x \ 
—4(43>--e te) (—nN<zr< QQ) 
Chapter 22 


3. yas at. A, (a) e2-+ y2=C; (b) zy=C; (c) y= C+1n 3a; (d) y=—2-+ Ce%; - 


(ec) y= —In(C—e*). 5. (a) y2?=222 In Cz; (b) y= axel tox, 6, y= (2—1). 
3 
7. (a) y= + Cz; (b) x=Ce¥—(y24+ 2y+4-2). 8 y=sinz. 9% «2+ y2=C. 
t 
= 4 , 1600 
10. yore *. AL i=: (=) 12. 100 g. 13. y (2)—=4.122; exact value 
of y(2)=1--e72?=1.1385. 14. y=C,+C.x—sin z. 15. y=C, sin (t+C,). 
(x -+-C',)? x xe { 
16. Y= Cian 17. gd Sg 18. (a) y=1+2 boy 


1 


1 354 ‘ mw, 1 por: | 4 7. = x I —2x — 
Ge meee 5 (b) ame a er + SOR Hb -|- ee 19, y=Cyj\e 4 Coe . 20. y= 
x 
ie /3 /% 
=e*(C,cosz-+C,sinz). 24. y=e : (C, cos = r+, in ae 
_F 1 
22. e? (C,+Cox). 23. y=2cosx—sinz. 24. l=s etx + CyeX+Coe*. 


a Ne a oe eee ae ee ae oe 
29. y=-> sin z+C,cos2z+C,sin2z. 26. y= Gx -- 19% + re % 
_ pt f ra 

3x. x oy / p? 
+Cye*, 27. y=i+a2—e*cosz. 28. r=Cye cos a! a—+-+¢2) : 


where g=k,/m, p=kg/m and ky, k, are proportionality factors. 


Chapter 23 
1. (a) 35/2; (b) (2¥ 2—1)/3; (c) i (d) al(n+4) Y 2—8]- 
2. es 3. WR. 4. ty=0, yo=—R. 5. Zee aoe © 1-42. 6. In = Fea’. 
. (a) 16/15; (b) 2; (c) 2n. 8. 9/2. 9. (a) —2; (b) 0; (c) 3/2; (d) e2—4. 


k IU 
ae ae eS ens (pace aed, ey : an ; ios 
10. 2nab. 11. A 5 (a b?), 12 ( 5 1) 13. In 14. 314 ae 
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Chapter 24 
1. (a) 3/20; (b) (1— er)? (c) m/2. 2. (a) 4(2 4 2— 1)/15; (b) 2/5; (©) Qn. 
x 1 


3. (a) | az | fe, wav= | ay | f(@, vac; @) [ae | FQ, wavt | ae x 
0 1 


0 0 y 0 0 
2 
r 4 2-y | Vi—x? 
x f(x, y)dy = \ dy f(z, y)dz; (c) \ dz f(z, y)dy = 
ae je | 
V 1-y? 2 d A Vy 2 
x \ f(a, y) des (a) jaz) fe, y) dy ={ dy ‘i f(a, yaa; (e) | ae x 
0 2 x2 0 -Vy 0 
V 2x—x2 14+Vi-y Vy 


~V2x—x a 1-Vi-y? 7] 


4 4 
x | tena=Sa | tenax & @ \° | £0, » aes 


Inx w—arcsin y 


JU 
e 1 “he 
(b) le | fe, wan ©) | ay )  f@ naz. 5. @) ‘ie résin px 
4 


enna ne 


0 arcsin y 


arctan bs = 
2 2 sec @ 4 COs? @~ 


<x cos? mdr; (b) \ dq \ r2dr; (c) | ae \ rf [r (cos p+ sin @)] dr.. 
0 0 0 


—arctan 3 


6. (a) — (b) — (c) 2—Y2In(itV2); (d) 16/5. 7. (a) 2m?; (b) m/4. 


8. (a) 1/3; (b) (3%—4)/6; (c) 88/105; '(d) 32/9; (e) 2abe/3. 9. I_=Iy= Rt 


10. x)=0, Y= eo. 11. 1/48. 12. 28/3. 


Chapter 25 
4. A+A=A, AA=A, A+C=A, AC=A. 2, P(A=—, P(B)=5, 


P(C)=—. 3 790. & (a) a (b) = 5. (a) 80%; (b) ~ 97%. 6. (a) 0.992: 


3 
32 _ 80 _ 80 _ 40 
(b) 0.876; (c) 0.008. 8. Po=aS = 953, ’ P,= 543.” Ps= 355 > 


10 1 
343° Ps=373 ° 9 Dt. 10. M=1.31, D=0.0049, o=—0.07. 


12. M(z)=0 for —w<crz<Q, @ (a) = a for 0<zr<xt, ® (2)=Fa—> 
for 1<2<2, M(r)=1 for 2<24<+ 0, M(X)=12, D(X)=3. 


P,= 


13. © (z)=— — , M(X)=0, D(X)=3 : 12, o(X)= Sb 05s. 15. =~ 0.384. 
16. The number of standard ae must be approximately 9540. 
44* 


Subject index 


A 


Abscissa, 17 
Absolute value, 110 
of a complex number, 325 
of a real number, 110 
properties of, 111 
of a vector, 360, 640 
Acceleration, average, 196 
of rectilinear motion, 196 
Addition, of approximate numbers, 
409 


of complex numbers, 325 
of vectors, 352 
roperties for, 352-353 
Algebraic adjunct, 338 
curve, 
line, 39 
operations on complex numbers, 
325-326 
Amplitude of a harmonic, 522 
Analytical geometry, 30 
Angle, polar, 72 
between a straight line and a 
plane, 384 
between two planes, 382 
ne two straight lines, formula 
or 
Approximate calculations, 456 
Approximate value of a quantity, 112 
ee major, 112 
minor, 
Arc len ne 307 
in polar coordinates, 313, 657 
in rectangular coordinates, 657 
represented parametrically, 657 
Archimedes spiral, 74 


Area, element of, 563 
of a curvilinear trapezoid, 657 
of a sector, 657 
of a triangle, 29, 651 
Argument of a complex number, 327 
of a function, 80 
Astroid, 312 
Asymptote( s), 144 
of a hyperbola, 61 
inclined, 144 
left-hand, 144 
right-hand, 144 
vertical, 157 
Average acceleration, 196 
velocity, 162 
Axis(es), 356 
of abscissas, 17 
imaginary, 326 
of ordinates, 17 
polar, 72 
real, 326 
of reals, 326 
a-, 17 
Y-, 17 
z-, 374 


B 


Barogram, 89 

Basic differentiation rules, 4174-179 
dynamical equation, 503 
limit theorems, 131-135, 652 

Basis of space, 

Bayes’ formula, 605 

Binomial coefficients, 607 

Boundary, 642 

Boundary conditions, 535 
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C 


Cartesian coordinates, 17 
Catenary, 309 
parameter of, 309 
Characteristic points, 228 
Circle, centre of, 32 
general equation of, 58 
parametric equation of, 75, 652 
Coefficients, binomial, 607 
Fourier, 470 
Cofactor of an element of a determi- 
nant, 338 
Combination, 606 
Combinatorial analysis, 672 
Comparison test for convergence of 
a series, 437-440 
Complex number(s), 325, 658 
argument of, 327 
arithmetic operations on, 325, 658 
conjugate number for, 
equality of, 658 
exponential form of, 658 
imaginary part of, 325 
modulus of, 325, 65 
real part of, 325 
root of, 658 
trigonometric form of, 658 
Complex plane, 326 
points of, 326 
Compound interest law, 141 
Concavity of the graph of a function, 
220, 
Condition(s), boundary, 535 
continuity, 653 
of a function, 662 
initial, 535 
of parallelism for straight lines, 
47, 654 
of planes, 383 
of perpendicularity for 
lines, 47, 651 
of planes, 383 
Constant quantity, 79 
Continuity, 147-157, 398-401, 653 
of basic elementary functions, 153 
Convergence, absolute, 444, 663 
radius of, 448, 664 
of series with complex terms, 664 
test for, 445 
eres of a graph of a function, 
0 


straight 


Coordinate axes, 17 
rotation of, 650 

Coordinate planes, 359 

Coordinate system(s), 419 
geocentric, 19 
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Coordinate system(s) (cont.) 

heliocentric, 19 

polar, 72 

rotation of, 20 

translation of, 20, 650 
Coordinates 

Cartesian, 17 

current, 33, 373 

of mid-point, 650 

origin of, 17 

of a point, 17, 664 

polar, 72, 652 

rectangular, 18 

rectangular Cartesian, 17, 652 

running, 33 

transformation of, 419 

of a vector, 641 
Correlation moment of variables, 624 
Cramer’s formulas, 334, 659 
Curve(s), 32 

central second-order, 58 

Gauss, 222 

integral, 482 

noncentral quadric, 66 
Cycloid, 76 


parametric equation of, 77, 652 
Cylinders, 561 
Cylindroid, 564 
D 
D’Alembert’s test for convergence, 
440-444, 663 
Derivative(s), 160, 163, 653 


of arccos zx, 191 

of arccot xz, 192 

of arcsin z, 191 

of arctan z, 192 

of a composite function, 179 

of a constant, 174 

of cosz, 173 

of cot z, 179 

directional, 410 

of an exponential function, 189 

of a function represented parametri- 
cally, 193 

geometrical meaning of, 165 

of higher orders, 195 

of an implicit function, 184 

of an independent variable, 174 

infinite, 168 

of an inverse function, 182 

of a trigonometric functions, 
194 


logarithmic, 188 
of a logarithmic function, 185 
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WDerivative(s) (cont.) 
‘of a natural logarithm, 187 
‘one-sided, 172 
‘partial, 404 
physical meaning of, 166 
‘of a power function, 190 
of a power with a negative integral 
exponent, 
of a product, 175 
of a quotient, 177 
second, 195 
of second order, 195 
of sin x, 172 
of a sum, 174 
of tan xz, 179 
third, 195 
of third order, 195 
oof a vector function, 388 
Determinant(s), additional, 342 
basic properties of, 339-342 
elements of, 3 
of the second order, 26, 333, 658 
of a system, 342 
of the third order, 337 
Deviation, 621 
Differential(s), 232 
applications to approximate com- 
putations, 409-410 
of an arc in rectangular coordi- 
nates, 309 
of a composite function, 244 
of a constant, 242 
of a fraction, 243 
of a function, 654 
geometrical meaning of, 237 
of higher orders, 245- 246 
of an independent variable, 654 
invariance of, 244 
physical meaning of, 237 
of a product, 243 
properties of, 242-244 
of a quotient, 243 
of a sum, 242 
table of, 244 
total, 403-404 
Differential calculus, 170 
Differential equation(s), 251, 4814 
first-order, 4 
homogeneous, 492, 666 
linear, 495 
general integral of, 483, 666 
eneral solution of, 483, 666, 667 
omogeneous linear, 482, 536 
linear, 481, 
of motion of a mass point, 504 
nonhomogeneous linear, 482, 667 
order of, 481 


Subject index 


Differential equation(s) (cont.) 
particular solution of, 483 
second-order, 502, 533, 654 

ee of reduction of the order 
or 
integrable cases of, 666 
with variables separable, 486, 666 

Differentiation, 170 
of implicit functions, 184 
of power series, 450 

Direction cosines, 360 

Direction numbers of a straight line, 

384 


Directrix, 384 
Discontinuity, infinite, 157 
point of, 149-150 
removable, 150 
unremovable, 150 
Distance between two points, 664 
in the plane, 22, 
in space, 362 
Distance from a point to a straight 
line, 53, 651 
Distance of a point from plane, 664 
Division of a line segment in a given 
ratio, 23 
Domain, 422 
bounded, 423 
of convergence, 432 
of definition of a function, 80 
of existence of a function, 80 
of permissible values, 646 
standard, 565 
of variation, 334 
Double integral 
geometrical applications of, 578 
physical applications of, 579 
in polar coordinates, 571-575 
in rectangular coordinates, 564 


E 


Eccentricity 
of an ellipse, 62, 654 
of a hyperbola, 63, 652 
Ellipse, 59 
canonical equation of, 59, 651 
characteristic property of, 63 
degenerate, 60 
eccentricity of, 62, 6514 
foci of, 62, 654 
imaginary, 60 
parametric equation of, 75, 652 
semi-axes of, 59 
vertices of, 59 
Ellipsoid, 391 
axes of, 392 


Subject index 


Ellipsoid (cont.) 
equation of, 392 
of revolution (spheroid), 392 
semi-axes of, 392 
three-axis, 391 

Equation(s), 31 
approximate solution of, 223 
basic dynamical, 
canonical, 651, 652 
characteristic, 5417 
of a circle, normal form, 57, 654 
geometrical image of, 36 
heat-conduction, 533, 539 
of a line in space, 375 
of a line in the plane, 31-33 
of mathematical physics, 533 
of motion, 223 
of a paraboloid of revolution, 

662 

of a plane in the vector form, 380, 

664 


root of, 223 
of a straight line, 42-43, 383-387, 
654 
of a tangent to a curve, 164 
of a three-axes ellipsoid, 662 
two-point form of, 49 
Equivalence sign, 240 
Error, 
absolute, 112-114 
limiting absolute, 114 
limiting relative, 114 
relative, 113 
Euler-Poisson integral, 575 
Euler. substitution, 268 


Euler’s 
formulas, 464, 665 
method (for differential equations), 
500 


polygon, 504 
Evaluation of indeterminacy, 156 
Expanding a given function into a 
power series, 490 
arctan z, 451 


binomial formula (1 -+ z)™, 454 
COS x, 

eX, 453 

in (4+ 2), 454 

sin x, 454 


Expansion theorem, 338 
Extremum, 213, 420 
absolute, 422 
boundary, 214 
of a function, 654 
one-sided, 214 
two-sided, 214 


687 
I 


Field, 414 
gradient of, 445 
potential, 556 


scalar, 414 
Focal radius, 62, 67, 654 
Formula(s) 
binomial, 602, 672 
Cramer's, 334, 659 
Euler’s, 464, 665 
for integrating by parts in the 
definite integral, 656, 672 
Newton-Leibniz, 655 
Poisson's, 615, 672 
for probability of 
(Bayes' formula), 605 
Simpson's, 297, 656 
for substituting the variable in the 
definite integral, 656 
of total probability (partition for- 


hypotheses 


mula), 603, 674 

trapezoid, 656 

Fourier 

coefficients, 470 

equation, 933, 539 

series, 468 
of ae and odd functions, 473- 
47 


of nonperiodic functions, 475-478 
trigonometric, 470 
Function(s), 79-80, 117 
algebraic, 
average rate of change olf, 166 
bounded, 122, 129 
of a complex variable, 331-332 
continuous, 148, 151, 167 
basic property of, 653 
decreasing, 136, 2041, 653 
derivative of, 662 
differentiable, 1641, 168, 170, 236 
the small increment of, 654, 662 
differentiation of, 170 
direct, 92 
discontinuous, 150 
distribution, 626, 673 
domain of definition of, 80 
elementary, 94 
even, 101 
explicit, 90 
exponential, 94, 140 
fractional-rational, 93 
harmonic analysis of, 468 
homogeneous linear, 83 
hyperbolic, 189 
implicit, 90-94 
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Function(s) (cont.) 
increasing, 136, 201, 653 
increment of, 653 
infinitely differentiable, 543 
infinitely large, 204 
infinitely small, 204 
integral-rational, 93 
intermediate, 135 
interpolation of, 88 
inverse, 91 
inverse-circular, 191 
inverse-trigonometric, 94, 191 
irrational, 94 
‘Jump of, 157 
limit of, 1417 
linear, 22, 83 
logarithmic, 94 
methods of representing of, 85-89 
monotone, 136, 203 
multiple-valued, 82 
mutually-inverse, 92, 1418 
odd, 102 
non-decreasing, 136 
non-increasing, 136 
particular value of, 117 
periodic, 102 
period of, 102 
piecewise continuous, 157, 464 
smooth, 168, 470 

point of discontinuity of, 156-157 
power, 95 

primitive (antiderivative) of, 248 
rate of change of, 164 
rational, 93 

of several variables, 395-398 
single-valued, 82 
transcendental, 94 
trigonometric, 94 

unbounded, 122 
zero of, 223 

Function symbol, 81 


G 


Gauss’ oe (elimination scheme), 
34 


direct operation of, 347 
reverse operation of, 347, 349 
General equation of a plane, 381 
term of a progression, 430 
Generality, 109 
Generatrix, 374 
Geometrical image of equation, 379 
Gradient, 4413 
of a scalar field, 663 
Graph(s), construction of, 227 


Subject index 


H 


Hodograph, 387 
Homogeneous linear function, 83 
Hyperbola, 60 
asymptotes of, 64-65, 652 
canonical equation of, 60 
characteristic property of, 63 
conjugate, 
degenerate, 60 
eccentricity of, 652 
equilateral, 65 
foci of, 652 
imaginary axis of, 60 
real axis of, 60 
transverse axis of, 60 
vertices of, 60 
Hypotheses (events), 603 


Imaginary increment, 305 
part of a complex number, 325 
unit, 325 
Inclination of an integral curve, 504 
Increment of a variable (function), 
147, 653 
partial, 399 
principal linear part of, 233, 403 
principal linear term of, 233 
total, 399 
Indeterminate forms, 205-208 
Infinitesimal(s), 4126 
basic properties of, 128 
limit of, 126 
Initial intercept, 43 
ordinate, 43 
phase of harmonic, 522 
Integral(s), 250 
definite, 275, 655 
approximate evaluation of, 293 
basic properties of, 282-285, 655 
geometrical meaning of, 279 
physical meaning of, 284 
double, 561-563, 669 
geometrical meaning of, 564 
in polar coordinates, 670 
in rectangular Cartesian coordi- 
nates, 669 
Euler-Poisson, 575 
improper, 298, 656 
indefinite, 250 
basic properties of, 251, 654 
inexpressible, 272 
iterated, 566 


Subject index 


intergral (cont.) 
line, of the first kind, 546-548, 668 
of the second kind, 548-552, 668 
proper, 298 
sum, 292 
triple, 584, 670 
physical meaning of, 584 
Integration, 258 
by change of variable (by substi- 
tution), 259 
domain of, 563 
by expansion, 258, 655 
interval of, 275 
of irrational functions, 267 
limits of, 275 
by parts, 262, 655 
of power series, 400 
by substitution, 259, 655 
of transcendental functions, 271 
of trigonometric functions, 269 
Interpolation, 104 
linear, 104 
quadratic, 105 
formula for, 106 
Interval(s), 80 
closed, 80, 642 
of decrease, 203 
half-open, 80 
of increase, 203 
of monotonicity of a function, 203 
Invariance of the form of the differen- 
tial, 244 
Isoline, 397 
Isosurface, 414 


J 
Jump of a function, 157 
K 


Kind of discontinuity, 150 


L 


Lagrange’s theorem (on finite incre- 
ments), 199, 653 

Laplace’s integral theorem, 6114 
equation, 534 

Law, 
binomial distribution, 672 
of change of current intensity, 499 
compound-interest, 141 
of motion, 1614 
normal, of distribution, 673 
parallelepiped, 352 
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Leibniz test for convergence of a se-. 
ries, 446, 663 

Level 

lines, 397, 414 

surfaces, 397, 414 
L’Hospital’s rule, 204, 653 
Limit(s), 120 

of integration (upper, lower), 

left-hand (on the left), 124 

one-sided, 123 

remarkable, 653 

right-hand (on the right), 124 

unilateral, 123 

of the vector function, 387 
Linear programming, 645-646 
Linearly independent solutions, 545: 
Local 

Maclaurin’s formula, 212 

Taylor formula, 212, 653 
Logarithm(s), 142 

natural (Napierian), 142 

modulus of, 143 


273. 


M 


Maclaurin’s series, 453, 664 
Mathematical expectation, 617, 673: 
basic properties of, 618-621, 673 

Maximum 
of a function of one variable, 213. 
of eee of several variables, 
0 


Mean-value theorem, 576, 656 
Mean value of a function, 577 
Method(s) 

approximate, for solving differen-. 

tial equations, 500 

of bisection, 224 

of chords, 225, 654 

coordinate, 31 

of differential, 302 

of elimination, 346 

Euler’s, 500 

Fourier, 543 

Gauss’, 346 

integration, 258 

of least squares, 425 

of mathematical physics, 534 

of separation of variables, 543 

of tangents (Newton’s), 226, 654 

of undetermined coefficients, 523- 
Minimum 

of a function of one variable, 213: 

of a function of several variables, 420° 
Minor 

of a determinant, 337 

of a matrix, 336 
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Modulus, 110 
Multiplication of a vector by a scalar, 
353-354, 660 
N 
Natural (Napierian) logarithms, 142 
Necessary condition for convergence of 
a series, 435, 663 
Necessary conditions for an extremum, 
214, 654 
Necessity test for increase (decrease) 
of a function, 202 
Neighbourhood, complete, 119 
deleted, 118 
left-hand, 1418 
o~, 119 
of a point, 118, 642 
punctured, 118 
right-hand, 118 
symmetrical, 119-120 
ee es equation of the plane, 
2 
Number(s), 109 
approximate, 112 
axis, 110 
characteristic, 542 
complex, 325, 658 
conjugate, 325, 658 
equality of, 658 
modulus of, 325, 658 
root of, 658 
irrational, 109 
line, 110 
precise, 1413 
rational, 109 
real, 109 
scale, 110 


ze) 


‘One-to-one correspondence, 147 
Ordinate, 17 
‘Origin of coordinates, 17 


P 


iParabola, 37, 66 
axis of, 66 
canonical 
652 
characteristic property of, 68 
cubic, 89 


equation of, 66-67, 


Subject index 


directrix of, 67 
focal property of, 67 
focal radius of point of, 652 
focus of, 67, 652 
parameter of, 66 
Parabola (cont.) 
with a vertical axis, 67 
vertex of, 66 
Parabolic formula, 297 
Paraboloid of revolution, 392 
equation of, 393 
Parallelogram law for addition of vec- 
tors, 352 
Parallelepiped law for addition of 
vectors, 352 
Parameter, 48, 74, 378 
Parametric equation(s) 
of a circle, 75, 652 
of a cycloid, 77, 652 
of an ellipse, 75, 652 
of a line in the plane, 74, 651 
of a line in space, 378, 654 
Partial 
derivative, 417 
sum, 432 
Pencil of integral curves, 503 
of straight lines, 48 
Perfect square, 264 
Pitch of a process, 5014 
of a table, 103 
Plane analytical geometry 
two fundamental problems of, 


area of, 670 
centre of gravity of, 670 
moments of inertia of, 670 
statical moments of, 670 
Point(s) 
of accummulation, 119 
of boundary, 422 
of convergence, 432 
of discontinuity 
of the first kind, 156 
of the second kind, 157 
of divergence, 432 
of extremum, 662 
of inflection, 224 
interior, 422 
of intersection of 
lines, 54 
non-singular, 416 
polar coordinates of, 652 
rectangular coordinates of, 652 
regular, 416 
singular, 416 
terminal, 645 
Primitive (antiderivative), 248 


two straight 


Subject index 


Probability, 594 
conditional, 600 
density, 628 
of event, 594, 674 
geometrical definition of, 632 
of an opposite event, 674 
a posteriori, 604 
a priori, 604 
properties of, 595-597 
Statistical definition of, 597 
theory of, 592 
Projections, 23 
Proper integral, 298 
Proportionality factor, 83 


Q 


Quantity, 109 
constant, 79 
infinitely-large, 127 
variable, 79 

Quadrants, 18 

Quadrature, 504 


R 


Radical, 95 

Radius vector, 18, 72, 359 

Random 

event(s), 591 
certain (sure), 591 
dependent, 601 
elementary, 593 
equiprobable, 594 
equivalent, 596 
impossible, 594 
independent, 601 
mutually exclusive, 593 
probability of, 594 
variable(s), 615 

continuous, 626 
dependent, 649 
discrete, 615 
independent, 619 
uniformly distributed, 634 

Rate of cooling, 167 

Reaction rate, 167 

Relation between common and natu- 
ral logarithms, 653 

Relationship between rectangular and 
polar coordinates, 73 

Remainder (term), 2411 
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Resonance, 929 

Rolle’s theorem, 204 

Rule for rounding off numbers, 116 
even-digit, 4117 


S 


Scalar, 354 
field, 414 
product of vectors, 364, 660 
properties of, 365-366 
Series, 430-478 
alternating, 444 
basic definition of, 663 
in complex domain, 664 
convergent, 432 
divergent, 432 
Fourier trigonometric, 665 
functional, 4314 
general term of, 431 
harmonic, 430, 663 
infinite, 434 
Series 
Maclaurin’s, 453, 664 
numerical, 434 
power, 447, 664 
sum of, 432 
Taylor's, 460, 664 
Set(s), 28, 641 
boundary for, 642 
closed, 642 
complement of, 30 
convex, 643, 644 
difference of, 30 
element of, 28 
empty, 28 : 
equal, 28 
in n-dimensional space, 641 
intersection of, 29 
member of, 28 
null, 28 
of numbers, 30 
open, 422, 642 
of points, 32 
product of, 29 
sum of, 29 
terminal point of, 645 
union of, 29 
of values, 3314 
Sign of double substitution, 276 
Signed minor, 338 
Simpson’s formula, 297, 656 
Sinusoid, 97 
Slope of a straight line, 43, 654 
Sphere, 389 
Spiral of Archimedes, 74 
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Sufficient conditions for an extremum, 
215-220, 654 
test for increase (decrease) of a 
function, 203 
Sum of vectors, 352 
Surface density, 579 
System, determinant of, 334 
matrix of coefficients of, 335 
of real numbers, 110 
solution of, 333, 342, 644, 658, 659 
standard, 333 
of three linear equations, 342 
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Table of differentiation formulas, 194 
of simplest indefinite integrals, 253 
Tabular integrals, 254 
Tangensoid, 97 
Tangent, 4159 
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Tangent line, 159 
Taylor’s formula for a polynomial, 
208-209 
local formula, 653 
polynomial, 460 
series, 460 
Theorem 
addition, 674 
basic limit, 652 
Cauchy’s, 272 
Chebyshev, 626 
expansion, 338 
Galilei’s, 305 
Lagrange’s (on finite increments), 
Laplace’s, 609 
Leibniz, 446 
mean-value, 286, 656 
on the modulus and argument, 658 
multiplication, 674 
Peano’s, 211 
Poisson’s, 645 
Rolle’s, 204 
Varignon’s, 580 
Theory of functions of a:complex va- 
riable, 332 
of probability, 592, 674 
Three-sigma rule, 636 
tee eae test for, 418-419, 
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probability, 603 
formula of, 603 
Triple scalar product of vectors, 374 
properties of, 372 
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Value, absolute, 110 
approximate, 112 
critical, 227 
extreme, 213 
initial, 147 
mean, 287 
neighbouring, 2413 
precise, 142 
principal, 327 
terminal, 147 
true, 156 
Variable(s), 79 
dependent, 79 
independent, 79, 4179 
Variance (dispersion), 622, 673 
Varignon’s theorem, 58 
Vector(s), 354 
absolute value of, 640 
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algebraic projection of, 357 
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component of, 356 
coordinates of, 360, 641 
coplanar, 355, 641 
difference of, 353 
direction, 380 
equal, 351 
free, 351 
geometric projection of, 356 
length of, 354 
linearly independent, 641 
modulus of, 360 
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operations on, 363 
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mixed, 660 
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projection of, 357 
scalar product of, 364-367, 660 
vector product of, 367, 660 
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of rectilinear motion, 162 
Volume of a solid of revolution, 316- 
318, 657, 674 
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